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Abstract – Recently developed high-fidelity finite element (FE) models represent a state-of-the-art approach
for gaining a deeper understanding of the vibrational behavior of musical instruments. They can also be used as
virtual prototypes. However, certain analyses, such as optimization or parameter identification, necessitate
numerous model evaluations, resulting in long computation times when utilizing the FE model. Projection-
based parametric model order reduction (PMOR) proves to be a powerful tool for enhancing the computational
efficiency of FE models while retaining parameter dependencies. Despite their advantages, projection-based
methods often require complete system matrices, which may have limited accessibility. Consequently, a system-
atic discrepancy is introduced in the reduced-order model compared to the original model. This contribution
introduces a discrepancy modeling method designed to approximate the parameter-dependent effect of a
radiating boundary condition in an FE model of a classical guitar that cannot be exported from the commercial
FE software Abaqus. To achieve this, a projection-based reduced-order model is augmented by a data-driven
model that captures the error in the approximation of eigenfrequencies and eigenmodes. Artificial neural
networks account for the data-driven discrepancy models. This methodology offers significant computational
savings and improved accuracy, making it highly suitable for far-reaching parametric studies and iterative
processes. The combination of PMOR and neural networks demonstrate greater accuracy than using either
approach alone.
This paper extends our prior research presented in the proceedings of Forum Acusticum 2023, offering a more
comprehensive examination and additional insights.

Keywords: Guitar, Data-driven model, Virtual prototype, Discrepancy modeling, Model order reduction

1 Introduction

In the last decades, various modeling approaches have
been explored for the bodies of string instruments, such as
finite differencemodels [1] andmultibodymodels [2–4]. How-
ever, the finite element method (FEM) has predominated
and has been used for a large number of studies [5]. The
FEM has been used to model the guitar at various stages
of its development process, to study the fluid- structure inter-
action between the body and the enclosed air [6, 7], and to
compare different kinds ofmusical instruments [8–10]. Other
works focus on model-based conservation of culturally
valuable instruments and the influence of design parameters
on the instrument’s natural frequencies [11–17].

Despite their broad potential, detailed finite element
models are computationally intensive. This makes them

impractical for extensive parametric studies, such as
parameter identification or optimization [18], where
thousands or more configurations need to be analyzed.

Projection-based parametric model order reduction
(PMOR) is a technique used to reduce the computation
time of FEM simulations while preserving the parameter
dependence of the model. This technique involves project-
ing the original high-dimensional model onto a lower-
dimensional subspace that captures the dominant features
of the model [19].

Projection-based methods necessitate access to the
complete system matrices, which can pose a limitation
when utilizing certain commercial finite element software.
Specifically, when employing the commercial finite element
software Abaqus [20], it is not feasible, for instance, to
export the full system matrices if the finite element model
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incorporates specific features like acoustic structural
coupling or radiating boundary conditions (BCs). To
address this challenge, the finite element model must
undergo slight adaptations before applying model order
reduction. The implementation of these adjustments,
combined with the PMOR procedure, inevitably results in
a systematic discrepancy between the reduced-order model
and the original one.

In conjunction with our earlier work presented at
Forum Acusticum 2023 [21], of which this is an extension,
this contribution presents a novel workflow to obliterate
the error between a full-order guitar model and its
reduced-order counterpart. This is achieved by modeling
the discrepancy between the reduced-order and full-order
models. A data-driven approach approximating the
parameter-dependent errors in eigenfrequencies and eigen-
modes is developed. This involves employing discrepancy
modeling, or closure modeling, using deep neural networks
as a closure learning framework for reduced-order systems
[22–24]. Artificial neural networks (NNs) have the potential
to predict certain features of the vibrational behavior of
musical instruments [25–27]. To the best of the authors’
knowledge, PMOR and NN methods have never been inte-
grated for the accurate prediction of musical instrument
behaviors. This novel combination offers enhanced predic-
tion accuracy over using either approach alone.

The workflow of this contribution involves several key
steps to develop an efficient and accurate model. First, a
full-order finite element model of the guitar is created to
capture its detailed dynamic behavior. From this, a
reduced-order model is derived to speedup the computa-
tions. Both models are then evaluated for 1000 different
parameter configurations to generate a comprehensive
dataset. NNs are trained on this dataset to learn the dis-
crepancies between the reduced and full-order models.
Finally, the trained NNs are used to correct the reduced-
order model, thereby enhancing its accuracy by addressing
the identified gaps. While the initial preprocessing step of
evaluating the models for 1000 configurations is computa-
tionally intensive, it is a one-time effort. Nonetheless, this
implies that the method is advantageous only when the
number of model evaluations is greater than a given thresh-
old. Therefore, in applications requiring a sufficiently large
number of evaluations, the approach becomes more efficient
than repeatedly solving the full-order model.

In contrast to [21], this study presents a more detailed
description of the order reduction procedure. Further,
substantial information has been added concerning the
various steps essential for deriving the model. These
extended insights are pivotal for a comprehensive under-
standing of the decision-making process behind the proce-
dure. Additionally, the work has been enriched in terms
of findings. Specifically, a comparative analysis has been
conducted between the proposed model and a surrogate
model employing solely a NN to characterize the guitar’s
modal parameters. This extension enables the establish-
ment of the preeminence of our developed model over a
purely data-driven model utilizing only NNs.

2 Model description

In this section, a finite element model of a classical
guitar is presented and a detailed description is provided.
This model will be referred to as the full-order model. Pro-
jection-based PMOR is then applied to the full-order model,
resulting in a reduced-order, or surrogate, model.

2.1 Full-order model

The geometry modeling and finite element discretiza-
tion are implemented using the commercial software
Abaqus. This software allows for the definition of material
characteristics, the imposition of acoustic and structural
boundary conditions, and the automatic generation of the
mesh.

Since it is not the aim of this contribution to study a
particular instrument, but to show the feasibility of the
method, a simplified model of the guitar is used. Details
about the model can be found in [28].

The model consists of three parts: a plane top plate or
soundboard with a sound hole, a planar back plate with
the same shape as the top plate, and the air inside the
cavity, shaped and sized like a classical guitar. The materi-
als for the top and back plates are chosen to be cedar and
mahogany, respectively. Figure 1 shows the geometry of
the guitar model after the three parts have been meshed.

The fluid-structure interaction between the plates and
the air cavity is accounted for by applying a tie constraint
between the surface of each plate and the corresponding
underlying surface of the air cavity. Using a tie constraint,
the pressure degree of freedom (DOF) of each node of the
surfaces of the air cavity is approximated by the interpo-
lated values of structural displacements at the nearby plate
nodes times the area of the air node [20].

Rather than modeling the actual sides of the guitar, a
homogeneous Dirichlet boundary condition is imposed on
the edges of both the top and back plates. A homogeneous
Neumann boundary condition has been imposed on the
sides of the air cavity. According to [7], the air cavity has
been modified with a length correction corresponding to
the sound hole, as depicted in Figure 1. This modification
allows for the consideration of effects due to the external

Figure 1. Assembled and meshed finite element model of a
classical guitar with different sections for the different parts.
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air. Acoustic infinite elements are applied to the surface of
the sound hole to simulate sound radiation in that specific
location as if the surrounding environment were infinitely
large. The model results in N = 19908 total DOFs.

The woods of the guitar plates can be considered as
orthotropic materials [29], characterizing their behavior
with ten material parameters for each plate: density q, three
Young’s moduli EL, ET, and ER, three Poisson ratios mLT,
mLR, and mTR, and three shear moduli, GLT, GLR, and
GTR. Thus, the finite element model of the solid parts is
parameterized with 20 material parameters, i.e., 10 for each
plate. The subscripts L, T, and R denote the longitudinal,
tangential, and radial directions with respect to the wood
growth rings. The material parameters are considered
homogeneous throughout the plates, following the approach
in [30]. The nominal parameter values, taken from [31], are
listed in Table 1. The air cavity is characterized by a
density qF = 1.2 kg/m3 and a bulk modulus KF = 142 kPa.

The final system of equations of motion for the full-order
model reads

MFEðp̂Þ€q þDFEðp̂Þ _q þKFEðp̂Þq ¼ f ; ð1Þ
where MFE 2 RN�N , DFE 2 RN�N and KFE 2 RN�N are
the mass, damping, and stiffness matrices of the full-order
model. The vector f 2 RN represents the external forces
acting on the system, while q 2 RN contains the displace-
ments of the N nodal DOFs. The parameter dependency
of the models is highlighted by the array p̂ 2 R20 contain-
ing the material parameters of both plates.

It is important to note that Abaqus can only evaluate
discrete values of p̂, therefore, an analytical parametric ver-
sion of the system matrices does not exist. Additionally,
when coupling the structure and the fluid, the system
matrices are not accessible for export in Abaqus.
Approaches to address these limitations will be discussed
in the following section.

The eigenfrequencies and eigenmodes of the system, as a
function of the material parameters, are computed solving
the eigenvalue problem

ðKFEðp̂Þ � x2
mMFEðp̂ÞÞ/m ¼ 0 ð2Þ

with xm and /m, being the m-th eigenfrequency and eigen-
mode of the system, respectively.

The use of acoustic infinite elements enables the consid-
eration of stiffness and mass contributions in the extraction
of eigenfrequencies and eigenmodes, while damping effects
are neglected [20]. Nevertheless, a previous study [30]
demonstrates that the employment of acoustic infinite
elements yields results consistent with experimental data.

The eigenfrequencies and eigenvectors were computed
using the Abaqus embedded eigenvalue solver. To compute

the first 50 eigenfrequencies and eigenmodes with the full-
order model, the computational time is approximately
14 s on a workstation equipped with an AMD Ryzen
9 5950X 16-Core Processor and 128 GB of RAM.

2.2 Surrogate model

The full-order model undergoes projection-based model
order reduction, resulting in a surrogate model. However,
this reduction method relies on the analytical parametric
version of the system matrices, which is not available from
Abaqus. Additionally, the system matrices at discrete
parameter values cannot be exported from the commercial
tool if the model incorporates acoustic infinite elements
and fluid-structure interaction. Therefore, a few preliminary
steps are required, namely:

(a) Modification of the boundary condition applied to the
sound hole;

(b) Fluid-structure interaction implementation following
the export of the structure and fluid matrices
individually;

(c) Analytical formulation of parametric system matrices.

One approach to tackle step a), in order to obtain accessible
system matrices, is to replace the acoustic infinite elements
at the sound hole with regular acoustic elements, to which a
Dirichlet boundary condition is applied, i.e., a pressure of
p = 0 on the entire sound hole surface. Regarding step
b), the matrices of the structural and acoustical parts are
exported separately, and the fluid-structure interaction
is computed using a numerical solver implemented in
Matlab, which operates independently of Abaqus, as
described in [28].

Within the scope of step c), it is beneficial to assume a
so-called affine parameter dependence (APD) form of the
system matrices [32]. It means that the parametric system
matrices

M ðpÞ ¼ M 0 þ
XJM
j¼1

ajðpÞM j;

KðpÞ ¼ K0 þ
XJK
j¼1

bjðpÞK j

ð3Þ

are expressed as a sum of products of scalar parameter-
dependent functions aj; bj 2 R and constant matrices
M 0;M j;K0;K j 2 RN�N . In previous research this turned
out to be a reasonable assumption [18]. From the funda-
mental FE equations [33] it can be seen that the mass
matrix depends linearly on the density q. So, the affinely
parameter dependent matrix of the system reads

M apd ¼ M 0 þ qCM 1 þ qMM 2; ð4Þ

Table 1. Nominal material parameter values for cedar and mahogany.

q [kg/m3] EL [GPa] ER [GPa] ET [GPa] mLR mLT mRT GLR [GPa] GLT [GPa] GRT [GPa]

Cedar 320 8.47 0.686 0.466 0.378 0.296 0.403 0.737 0.728 0.042
Mahogany 420 10.7 1.18 0.534 0.297 0.641 0.264 0.939 0.630 0.224
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Where qC and qM are the densities of the top and back
plate, respectively. Obtaining the APD formulation of the
stiffness matrix of an orthotropic material requires a more
elaborate procedure. The scalar parameter-dependent
functions correspond to the elements of the inverse of the
compliance matrix E�1, correlating stress ς and strain j,
see [31]. For the details of the computation, the reader is
referred to [34]. This procedure results in JM = 2 parame-
ter-dependent parametric functions and JM + 1 unknown
constant matrices M0, Mj for the mass, and JK = 18
parameter-dependent parametric functions and JK + 1
unknown constant matrices K0, Kj for the stiffness.

The entries of multiple discrete system matrices can be
expressed as a linear system of equations to estimate the
entries of the parameterized matrices. For the stiffness
matrix, this results into the following system of equations

See the Equation (5) bottom of the page

where kr;cFEðp̂iÞ are the matrix entries of row r and column c
exported from Abaqus for I = 1,. . .,JK + 1 discrete param-
eter points. Then, kr;c0 to kr;cJK are the entries of the unknown
matrices K0, Kj. Therefore, the entries can be computed as

kr;c ¼ A�1
stiffb

r;c
stiff : ð6Þ

The entriesmr,c, of the unknown mass matricesM0,Mj are
computed in the same fashion by solving

mr;c ¼ A�1
massb

r;c
mass ð7Þ

The parameter-dependent damping matrix is computed
using the proportional Rayleigh approach, as

DðpÞ ¼ aM ðpÞ þ bKðpÞ; ð8Þ
where a and b represent the Rayleigh coefficients, which are
set here to a = 0.44 1/s and b = 2.4�10�8 s.

After assembling the affinely dependent parametric
system matrices, the resulting equations of motion, written
as a second-order input-output system, read

M apdðpÞ€q þDapdðpÞ _q þKapdðpÞq ¼ Bu;

y ¼ Cq: ð9Þ
The system inputs u 2 Rk are distributed on the nodal
DOFs via the input matrix B 2 RN�k. The desired system
output points contained in the vector y 2 Rj are retrieved

via the output matrix C 2 Rj�N . The parameter depen-
dency is represented by the variable vector p 2 R20.

The core idea of model order reduction is, to obtain
a reduced vector of DOFs qr 2 Rn from which it is possible
to retrieve an approximation of the full-order solution q by
back-projecting it using a projection matrix V 2 RN�n.
This means that

q � Vqr ð10Þ
must hold for n � N . By substituting equation (10) into
equation (9), the resulting system is expressed as

M apdðpÞV €qr þDapdðpÞV _qr þKapdðpÞVqr ¼ Bu þ �;

ð11Þ
where the term � 2 RN represents the residual from the
approximation. It is possible to get rid of this term by
left-multiplying the system of equations with the transpose
of another projection matrix W 2 RN�n, where the rows
of WT are orthogonal to the residual term 2, such that
WT ϵ = 0. The resulting system reads

WTM apdðpÞV|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
M rðpÞ

€qr þWTDapdðpÞV|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
DrðpÞ

_qr þWTKapdðpÞV|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
K rðpÞ

qr

¼ WTB|fflfflffl{zfflfflffl}
Br

u þWT�|fflffl{zfflffl}
0

yr ¼ CV|ffl{zffl}
C r

qr: ð12Þ

The matrices M r 2 Rn�n, Dr 2 Rn�n, K r 2 Rn�n,
Br 2 Rn�k and C r 2 Rj�n represent the reduced-order
mass, damping, stiffness, input, and output matrices.

The identification of appropriate bases V and WT with
n � N is needed such that the original system is well
approximated. A worthwhile choice is to find appropriate
bases with the so-called moment-matching methods. In
[35], it is shown that using the projection matrices

See the Equation (13) bottom of the page

computed at discrete parameter expansion point pi and dis-
crete frequency expansion point xi, the reduced order trans-
fer function is equivalent to the full-order transfer function.
The bases in (13) can be concatenated as

~V ¼ ½V 1ðx1;p1Þ; V 2ðx2;p2Þ; . . .� and

~W ¼ ½W 1ðx1;p1Þ; W 2ðx2;p2Þ; . . .� ð14Þ

kr;cFEðp̂1Þ
kr;cFEðp̂2Þ

..

.

kr;cFEðp̂JKþ1Þ

2
66664

3
77775

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
br;cstiff

¼

1 b1ðp̂1Þ b2ðp̂1Þ . . . bJK ðp̂1Þ
1 b1ðp̂2Þ b2ðp̂2Þ . . . bJK ðp̂2Þ
..
. ..

. ..
. . .

. ..
.

1 b1ðp̂JKþ1Þ b2ðp̂JKþ1Þ . . . bJK ðp̂JKþ1Þ

2
66664

3
77775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Astiff

kr;c0
kr;c1

..

.

kr;cJK

2
666664

3
777775

|fflfflffl{zfflfflffl}
kr;c

; ð5Þ

spanðV iÞ ¼ spanðð�x2
iM ðpiÞ þ ixiDðpiÞ þKðpiÞÞ�1BðpÞÞ and

spanðW iÞ ¼ spanðCðpÞð�x2
iM ðpiÞ þ ixiDðpiÞ þKðpiÞÞ�1Þ;

ð13Þ
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to form global bases for the projection, in order to guarantee
matching transfer functions at all these points. However,
this procedure is likely to produce some linear dependent
columns, which should be prevented. To ensure that the
final projection matrices are solely composed by orthogonal
vectors, the truncated singular value decompositions
(SVDs) are computed, as

UVRVNV ¼ ~V andUWRWNW ¼ ~W : ð15Þ

The final bases for the PMOR are computed as the trun-
cated left singular vectors V = UV(:,1:n) and W =
UW(:,1:n). After the truncation, the conformity between
the reduced and full-order transfer function only holds
approximately. By selecting a sufficiently large number of
expansion points, it is possible to obtain a reduced-order
model that ensures a good approximation of the full-order
model within the parameter and frequency range of interest.

Only the dependence on six material parameters has
been taken into account, while the others have been fixed
to their nominal values. The density q and the longitudinal
Young’s modulus EL have been chosen as they have a high
influence on the eigenmodes [18], along with one of lesser
influence, namely the longitudinal-tangential shear modulus
GLT.

Different combinations of parameter and frequency
expansion points have been explored through a random
search. The combination offering the best balance between
accuracy and dimensionality has been selected. As parame-
ter expansion points, the first nparam = 50 samples of a
Sobol sequence [36] centered around the nominal values of
the free material parameters are used. As frequency expan-
sion points, nx = 25 points have been chosen equally dis-
tributed between 40 Hz and 320 Hz.

Also, the inputs and outputs need to be specified in the
matrices B and C. The same positions are chosen for input
and output, namely two on the back plate and three on the
top plate. The translation in all the three directions has
been considered, resulting in ninout =15.

The concatenated bases obtained from (14) are of the
size ~V ; ~WT 2 R37500�19908 where 37500 = 2 nparam nx ninput.
Figure 2 depicts the decaying singular values of the pro-
jection matrices. The final system order is chosen to be
n = 2471, since both matrices exhibit a very small decay
in singular values for the subsequent values. Therefore,
it can be inferred that increasing the system order would
not provide significant additional information about the
system.

As a result, the first n = 2471 left singular vectors com-
pose the final projection matrices V ; WT 2 R2471�19908.
The final reduced-order system has n = 2471 DOFs, which
is a number significantly smaller than the N = 19908 DOFs
of the full-order model.

The model order reduction procedure, as well as the
preliminary steps a), b) and c), involve additional approxi-
mations from the initial full-order model. Consequently, the
discrepancy between the final surrogate model and the full-
order model will be a result of the accumulation of errors
from each approximation step.

The eigenfrequencies xr;m and eigenmodes /r,m, of the
reduced-order model are found solving the eigenvalue
problem

ðK rðpÞ � x2
r;mM rðpÞÞ/r;m ¼ 0: ð16Þ

On the same workstation previously mentioned, the compu-
tational time for computing the first 50 eigenfrequencies
and eigenmodes is approximately 1.7 s. This is more than
eight times faster than doing the same computation for
the full-order model.

3 Discrepancy modeling

In this section, a data-based approach to learn the dis-
crepancy between the full-order and surrogate models in
terms of eigenfrequencies and eigenmodes is proposed.
Two distinct discrepancy models are developed based on
neural networks: one for the eigenfrequencies and one for
the eigenmodes.

To train the NNs, a dataset is generated by solving the
eigenvalue problems (2) and (16) for 1000 different param-
eter configurations, computing the first 50 eigenfrequencies
and eigenmodes. The configurations are computed using a
quasi-random Sobol sequence bounded between ±30% of
the nominal values. The hyperparameters of the two net-
works are tuned independently through a random hyperpa-
rameter search, using the mean squared error on the dataset
as the performance criterion.

3.1 Eigenfrequencies correction

The parameter-dependent difference between the eigen-
frequencies of the two models is written as

gmðpÞ ¼ xmðpÞ � xr;mðpÞ; ð17Þ
and a function ~gmðpÞ is searched, for each considered mode
m, that approximates the parameter dependent eigenfre-
quency error gm(p). This allows to compute an approxima-
tion of the eigenfrequencies of the reduced-order model as

~xmðpÞ ¼ xr;mðpÞ þ ~gmðpÞ � xmðpÞ: ð18Þ

Figure 2. Decaying singular values of the projection matrices ~V
and ~W . The dashed lines mark the finally selected system order.
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To model ~gm, a fully-connected multi-layer perceptron is
employed, featuring two hidden layers of dimension R10.
The input layer contains the parameter vector p 2 R6,
and the output layer contains the approximated eigenfre-
quency error ~gm 2 R, as depicted in Figure 3. The activa-
tion function of the inner layers of the proposed network
is a Rectified Linear Unit function, while the output layer
has a linear activation function. The backpropagation dur-
ing training is implemented using a Broyden-Fletcher-Gold-
farb-Shanno quasi-Newton algorithm. One neural network
is trained for each mode m over the training set. The train-
ing concludes after 1000 iterations to prevent overfitting.
Eighty percent of the data is used to train the networks,
while the remaining twenty percent is reserved as a test
set. After it has been trained, the evaluation of the network
takes approximately 30 ms for each mode.

Finally, the performance of the proposed method is com-
pared with the sole use of a neural network to predict the
parameter-dependent eigenfrequencies. To achieve this, a
neural network with the same architecture as the one previ-
ously described is trained with xm in the output layer. The
eigenfrequencies predicted by the model solely employing
the neural network are denoted as x̂m.

3.2 Eigenmodes correction

The eigenmodes error term is considered as

Dl ¼ �/lðpÞ � �/r;lðpÞ; ð19Þ
where �/l and �/r;l represent the l-th normalized eigen-
modes. The parameter-dependent function ~DlðpÞ that
approximates the discrepancy between the eigenmodes, in
order to compute a corrected version of the reduced-order
eigenmodes, is

~/lðpÞ ¼ �/r;lðpÞ þ ~DlðpÞ � �/lðpÞ: ð20Þ

3.2.1 Particle swarm optimization

Training a neural network can be computationally
expensive when considering all the structural nodal

displacements of the modeshapes. To handle this, a crite-
rion is needed to select a subset of nodal displacements
for comparing the modeshapes of the models.

In order to achieve this, a number D of nodal displace-
ments that adequately approximate the relationship
between the modeshapes of the full-order and reduced-order
models must be determined. Only the surface node displace-
ments (displacement in the direction normal to the plates of
the guitar) are considered, as they are more accessible for
possible comparisons with experimental measurements.
The modeshapes are compared using the Modal Assurance
Criterion (MAC) [37].

The search focuses on finding the minimum error
between the diagonals of two different MAC matrices.
The first matrix represents the MAC between the mode-
shapes of the two models computed on all structural nodal
displacements, while the second matrix considers only the
surface displacement of D nodes. To identify an optimal
set of nodes, a Particle Swarm Optimization (PSO) algo-
rithm [38] is employed.

In the PSO algorithm, each particle within the swarm is
associated with a position in the search space. The algo-
rithm operates in discrete time steps, updating the positions
and velocities of the particles with the objective of minimiz-
ing a specified objective function at each iteration. The
algorithm is known for its simplicity, efficiency, and ability
to explore complex search spaces [39], and it is inspired by
the behavior of bird flocking, fish schooling, and swarming
theory in general. Each particle in the swarm represents a
potential solution to the optimization problem. The parti-
cles adjust their positions based on their own experience
(personal best) and the collective knowledge of the swarm
(global best), allowing the swarm to converge toward
optimal solutions through collaborative exploration of the
solution space.

In this specific scenario, the search space corresponds to
the array containing all the surface nodes. The positions of
the particles correspond to D indices of the aforementioned
array. The position and velocity of the particles are updated
at each iteration with the aim of minimizing a specified
objective function J(x). This objective function is computed
for each time step, where x is the array containing the posi-
tion of all the particles. The objective function if we choose
the first 50 modeshapes is proposed as

JðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX50
l¼1

MACll �MACðxÞll
MACll

����
����2

vuut ; ð21Þ

where MACll represents the diagonal elements of the MAC
matrix considering all the structural DOFs, and MAC(x)ll
represents the MAC matrix considering the D surface node
displacements at position x.

The computation involves analyzing the modeshapes of
the full-order and surrogate model with the material param-
eters fixed at their nominal values. This process is con-
ducted with varying numbers of nodes in a range between
100 and 200. The solution with the lowest value of the
objective function is selected, namely D = 160. Although

Figure 3. Schematic neural network structure for learning the
discrepancy in the eigenfrequencies.
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the chosen configuration is adequate for approximating the
difference between the modeshapes of the models, it cannot
be ruled out that this particular solution of the PSO is a
local minimum rather than a global one.

3.2.2 Dictionary of modeshapes

Eigenmodes exhibit continuous variations within the
parameter space, and moreover, they appear and disappear
in certain parameter ranges. Therefore, it is crucial to use a
method to classify the modeshapes, exploring the regions
within the parameter space where they occur. To achieve
this, a so-called dictionary of modeshapes is established.
This dictionary encompasses all modeshapes within the
dataset, which are compared using the MAC. Similar
modeshapes are grouped together in clusters within the
dictionary. The dictionary is initially populated with mode-
shapes corresponding to parameter values fixed at their
nominal values. Subsequently, each modeshape in the data-
set is compared to the items in the dictionary. If the MAC is
greater than 0.8, indicating a high similarity, the modeshape
and its corresponding parameter configuration are stored.
Otherwise, a new record is created, and the modeshape is
added to this new item. Each record forms a category to
which a modeshape can belong. Using this methodology, a
regression model is learned for each dictionary item, rather
than for each mode number, as done for the eigenfrequen-
cies. Therefore, the symbol l in equations (19) and (20) does
not denote the mode number, as for the eigenfrequencies,
but it represents the dictionary item number.

3.2.3 Network architecture

A feedforward NN has been employed as the learning
method. The input layer of the network has a dimension
of R6 and contains the parameter array p. The network
comprises four hidden layers. The first two have dimension
R20, while the last two have dimension R160. A schematic of
the NN architecture is illustrated in Figure 4. The output
layer contains the approximated error for one dictionary
item, with a dimension of R160. In the first three hidden
layers, each neuron is characterized by a hyperbolic tangent
transfer function. The neurons in the last hidden layer use a
linear transfer function.

The first three hidden layers of the NN are fully con-
nected. Notably, between the two large hidden layers of
dimension R160, the weights are not learned but are prede-
fined in a neighborhood relation that can be expressed in
matrix form with the entries

wjiðxj; xiÞ ¼ 0:9 ð1� jjxj�xijj2
d Þ þ 0:1; if jjxj � xijj2 � d;

0; if jjxj � xijj2 > d;

(

ð22Þ
Where ||xj –xi||2 is the Euclidean distance between coordi-
nates of two nodes xi and xj of the mesh, and d = 5 cm
represents the threshold distance. Nodes within the thresh-
old distance from each other receive weights that increase
linearly from 0.1 to 1 as the Euclidean distance between

them decreases. Nodes outside the threshold distance will
have weight wji (xj, xi) = 0. The use of predefined weights
grants a significant reduction in training time. To validate
the usage of predefined weights inside the neural network,
its performance is compared to that of a fully connected
network with the same architecture.

One NN for each dictionary item is trained using the
Levenberg-Marquardt backpropagation algorithm. In con-
trast to the NN employed for the eigenfrequencies, this algo-
rithm has been chosen because of the larger NN size, due to
its fast convergence feature [40].

The layer weights are initialized randomly, and the
training finishes after 100 iterations. The difference in the
number of iterations, compared to the NN used for eigenfre-
quencies, is due to the different size of the networks. Each
training iteration for the eigenmode NN can take up to
900 times longer than for the eigenfrequency NN. A total
of 100 iterations was found to provide the best trade-off
between approximation accuracy and training time. All
the training runs converged and their error plateaued.
Eighty percent of the data is used for training the networks,
while the remaining twenty percent is used as test set. After
training, evaluating the NN takes 0.1 s for each dictionary
eigenmode.

4 Results

The preprocessing steps, which involve the computation
of the projection matrices V and WT the evaluation of the
full-order and the surrogate models for 1000 parameter
configurations to build the dataset, and the training of
the NNs, take about 15 h. Hence, despite the reduced online
effort, the usage of the model combining PMOR and NN is
advantageous over the full-order model only when perform-
ing more than 5600 evaluations.

On the test set, the eigenfrequencies x	 are computed
for three different study cases: x	 ¼ xr;m in case no correc-
tion is applied to the surrogate model, x	 ¼ x̂m in case the

Figure 4. Schematic neural network structure for learning the
discrepancy in the eigenmodes. Connections in orange highlight
predefined weights.
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model employing the sole NN is used, and x	 ¼ ~xm

computed using equation (18) if the eigenfrequencies of
the surrogate model are corrected via discrepancy modeling.
For all cases, the relative eigenfrequency error em is calcu-
lated as

em ¼ xm � x	

xm
: ð23Þ

The results are visualized using box plots, where each box
contains the data between the 25th and 75th percentiles,
with a central mark denoting the median. Whiskers extend-
ing from the box represent a distance of 1.5 times the
interquartile range. Outliers, data points lying beyond this
range, are depicted as scattered points.

In Figure 5, the box plots illustrate the relative eigenfre-
quency error for the first 20 modes across all study cases.
The eigenfrequencies of the PMOR model have a systemat-
ically lower value than the ones of the full-order model. The
most significant errors in the PMOR model occur in eigen-
frequencies 1 to 7 and 11 to 14, with the first eigenfrequency
having the highest relative error, averaging �21.35%.

The method combining PMOR and NN shows a marked
improvement over using PMOR alone. This combined
approach effectively adjusts all eigenfrequencies, shifting
the median value toward zero and reducing the variance.
After applying the discrepancy model correction, the
relative error for the eigenfrequencies is falls within
�1% < e <%, with an average value of 0.11%. Given that
the average relative error before correction is 1.73%,
discrepancy modeling reduces the average error by 94%.
Even the discrepancy of modes with relatively low absolute

relative error is further reduced. A comparison between the
combined method and the method employing only the NN
reveals a clear advantage of the former. The sole NN
method produces error distributions with median values
generally farther from zero, averaging 1.21%, and systemat-
ically higher variance values. In contrast, the combined
PMOR and NN method produces results that are over
10 times more accurate.

On the test set, the modeshapes are computed using
both the PMOR model and the combined PMOR and
NNmodel. Their performances are evaluated by calculating
their correlation with the modeshapes of the full-order
model. This correlation is computed as the normalized
scalar product between two modeshapes.

The evaluation of modeshape discrepancy modeling
performance is not straightforward. Therefore, Figure 6
provides a visual representation of a modeshape correction
example, specifically for the 9th dictionary eigenmode of a
particular parameter configuration p̂. In this instance, the
correction is evident as the possibly imprecise modeshape
from the reduced-order model is adjusted through the
discrepancy model, resulting in a final modeshape much
closer to the modeshape of the full-order model. The corre-
lation increases from 0.94 before correction to 0.99 after
correction.

Figure 7 shows the distribution of the correlations
between the full-order and reduced-order model, both
before and after the discrepancy model correction, for the
first 20 dictionary modes computed on the test set. The
data are presented as box plots. It is important to note that
the eigenmodes in this figure do not directly correspond to

Figure 5. Box plots representing the relative eigenfrequency errors for the first 20 modes using the PMOR model (a), the NN model
(b), and the PMOR model combined with the NN discrepancy model (c).
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the eigenfrequencies in Figure 5, as the ordering here is
determined by the dictionary of modeshapes. For dictionary
items where the modeshapes are already well approximated
with an average correlation greater than 0.99, the discrep-
ancy model correction does not result in significant
improvement. In fact, for dictionary items 6, 7, 9 to 11,
and 14, the corrected model performs slightly worse, show-
ing a higher number of outliers. However, for other dic-
tionary items, where the distribution of the correlation
values was not concentrated around one, the correction
leads to overall improvement, shifting the median values
closer to 1 and reducing variances. The only exception
is dictionary item 20, where the median value is closer to
1 after correction, but the variance is nearly doubled.

The performance of the NN with predefined weights are
compared with the performance of a fully-connected NN
with the same architecture. Specifically, the distributions
of the correlation values of the modeshapes obtained using
the two different networks for the discrepancy modeling are
compared. The distributions, with respect to the two
methods, are situated within a highly comparable range.
The difference is minimal and not appreciable. In spite of
this, on the aforementioned workstation a NN with prede-
fined weights grants a speedup in training of 100 with
respect to the fully connected NN.

5 Conclusions

The developed data-driven method for enhancing a
reduced-order model of a classical guitar by modeling the
discrepancy between full-order and reduced-order models

shows promising results. By integrating projection-based
parametric model order reduction with neural network
discrepancy modeling, our methodology addresses the
inherent discrepancies between full-order and reduced-order
models, particularly in predicting eigenfrequencies and
eigenmodes, by leveraging data-driven techniques. The
significant reduction in error for the first 50 eigenfrequen-
cies, particularly for crucial lower-order modes in character-
izing the guitar’s sound, makes this approach valuable [41].
The method provides a substantial improvement over the
surrogate model without any drawbacks.

A crucial aspect of the methodology is the establish-
ment of a dictionary of modeshapes, which facilitates the
classification and comparison of modeshapes within the
parameter space. By categorizing modeshapes based on
their similarity, discrepancy models can be developed for
each category, allowing for more precise and targeted
corrections. However, the effectiveness of the method varies
among different modeshapes. It is crucial to exercise great
care in its application, focusing on specific modeshapes
where it proves beneficial. Despite its efficacy, there is room
for further refinement, potentially through an improved
assembly procedure of the dictionary of modeshapes that
could leverage a classification learning model for assembling
clusters.

In terms of neural network architecture, an approach is
employed that incorporates predefined weights between
nodes based on spatial proximity. This solution significantly
reduces training time while maintaining comparable perfor-
mance to fully connected networks, enabling efficient and
accurate discrepancy modeling without compromising
computational resources.

Figure 7. Box plots representing the correlation values between full-order and surrogate model for the first 20 dictionary modes using
the PMOR model (a), and the PMOR model combined with the NN discrepancy model (b).

Figure 6. Visual example of modeshape correction for the 9th dictionary eigenmode of a specific parameter configuration p̂.
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The results demonstrate that the integration of PMOR
with neural network discrepancy modeling offers several
advantages over traditional PMOR or data-driven
approaches alone. Specifically, the approach achieves
improved predictive accuracy by systematically correcting
errors in eigenfrequencies and eigenmodes, resulting in more
reliable structural analysis results. Moreover, the discrep-
ancy modeling approach effectively reduces variance in both
eigenfrequency predictions and modeshape comparisons,
resulting in more consistent and reliable predictions across
different parameter configurations.

Due to the computationally intensive preprocessing
step, the approach combining PMOR and NN is beneficial
over the full-order model only when the number of evalua-
tions exceeds a certain threshold, which varies depending on
the model. While not universally applicable, the proposed
framework is well-suited for applications requiring numer-
ous model evaluations, such as optimization or possibilistic
uncertainty quantification [18].

In this study, the discrepancy modeling was applied to
parameter-dependent eigenfrequencies and eigenmodes of
full-order and surrogate models. Another direction for
exploration could involve applying the discrepancy model-
ing method directly to the mass and stiffness matrices of
the model. This would involve learning the missing terms
in the affine parametric matrices, resulting in an additional
parameter-dependent matrix term in the summation,
capturing the discrepancy between the two models.

Future research could extend the application of this
method to a fully-detailed finite element guitar model, such
as those developed in [30, 42–44]. This extension could lead
to better-approximated efficient models, enhancing our
understanding of existing instruments.
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