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Abstract – Rolling noise is the dominant source for railway vehicles at medium train speeds. In order to reduce
the contribution radiated by the rail, this paper investigates how structural irregularities affect sound propa-
gation by varying the superstructure properties along a ballasted track. The so-called disorder is therefore used
to optimise the track decay rate (TDR) and thus achieve a lower mean square velocity of the rail. Track param-
eters included in the analysis are the pad stiffness, the sleeper mass and the sleeper spacing. Structure-borne
sound propagation in the rail is computed using a fast finite-difference method. Both periodically repeating
and stochastically distributed variations are considered for parameter variation along the track, with up to
three parameters being varied simultaneously. The most promising variation schemes are identified with the
help of parameter optimisation using the brute-force method. It has been shown that a high TDR over a wider
frequency range and a lower TDR drop in the pinned-pinned frequency range can be achieved due to the pres-
ence of disorder. The study indicates that variations of the superstructure parameters along the track are a
promising method in order to reduce track vibration levels.

Keywords: Time-domain finite-difference method, Railway superstructure variation, Railway superstructure
optimisation, Disorder

1 Introduction

The noise generated by rail vehicles can be attributed to
various sources. In general, the primary noise sources
include the engine and power units of the rail vehicle, the
aerodynamic noise and the rolling noise. In the lower speed
range up to 50 km/h, engine and aggregate noises predom-
inate, whereas in the speed range from 50 to 250 km/h, roll-
ing noises dominate and aerodynamic noises only from
250 km/h upwards [1]. This study’s approach to reduce roll-
ing noise emissions is limited to an active measure by mod-
ifying the superstructure. The main components of the
track, and therefore the main opportunities for variation,
are the rails, the sleepers, the pads, and the ballast. Each
of these components affects the vibration behaviour of the
rail in different frequency ranges [1].

The present work adopts the approach of modifying the
superstructure by varying the superstructure properties,
which lead to structural irregularities, also known as disor-
der. It is known that disorder has a major influence on
sound propagation. For instance, it can result in the con-
finement of energy in the vicinity of the source. This phe-
nomenon called Anderson localisation [2] limits the

propagation of vibration at large distances from the loca-
tion of excitation and is the subject of extensive research,
which is comprehensively summarised by SenGupta [3].
For example, Pierre and Dowell [4] have shown that certain
modes are perturbed in a small region when structural irreg-
ularities are present.

The track parameters of a conventional superstructure
are generally considered to be approximately constant
along the railway track. However, there are already indica-
tions that the targeted placement of structural irregularities
along the track can influence rail vibrations. First, Heckl [5]
analysed the influence of random sleeper spacing. It was
shown that when the rail is excited in the region of the very
dominant pinned-pinned frequency (half the wavelength of
this frequency corresponds approximately to the sleeper
spacing LS), the deflection along the beam decreases faster
with a high variation in sleeper spacing, but the deflection
amplitude increases in the region of the excitation. A signif-
icant decrease in the mean square velocity, which is related
to the sound radiation of the rail, was observed over a wide
frequency range [5]. Subsequently, Nordborg [6] discussed
the influence of track-support irregularities on the paramet-
ric excitation by a moving load mass. He concluded that a
high degree of irregularity contributes to higher vibration
levels up to 100 Hz. According to him, an optimisation*Corresponding author: maximilian.mantel@tu-berlin.de
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measure, such as a variation in pad stiffness, is not a suit-
able method to reduce noise. Furthermore, Wu and
Thompson [7] considered the effects of random ballast stiff-
ness and sleeper spacing along the track, as they inevitably
occur in practical applications. According to them, one pos-
sible reason for different sleeper spacings is a lack of preci-
sion in the installation and an increase in deviations due
to maintenance work. Furthermore, variations in ballast
stiffness were mentioned to depend on the state of contact
between the sleeper and the ballast. However, it was shown
that random stiffness of the ballast only influences the fre-
quency range below 300 Hz, whereas the random spacing of
the sleepers affects the frequency range between 50 Hz and
1500 Hz. This was identified as the influence of the sleeper
spacing on the effective sleeper mass, ballast and padding
stiffness per unit length. Furthermore, it was observed that
the pinned-pinned frequency is significantly reduced and
sometimes even completely suppressed in some cases [7].
Abe et al. [8] carried out a further investigation to assess
the effect of stochastically arranged sleepers according to
a Gaussian distribution. The deflection amplitude at the
excitation point was shown to decrease with significant
variations in sleeper spacing during harmonic excitation of
the pinned-pinned frequency. However, the opposite effect
occurred with low variation, as higher amplitudes were
obtained [8]. Batjargal et al. [9] conducted the only non-sto-
chastic optimisation of various sleeper spacings. A transmis-
sion coefficient could be calculated using the model used.
The researchers identified a nine-part sleeper group with
different sleeper spacings, resulting in lower dominance of
the pinned-pinned frequency than random sleeper spacings
[9]. Additionally, a study by Abe et al. [10] compared the
vibration behaviour of the nine-part sleeper group with
two other random sleeper distributions and the resulting
wheel-rail interaction. They confirmed a significant reduc-
tion in the amplitude of the rail deflection by using the opti-
mal sleeper group. Nevertheless, when the perfectly periodic
structure was disturbed, an increase in sound generation in
the low-frequency range was observed during the interac-
tion analysis [10].

These results indicate that variation of superstructure
properties along the track can lead to an increased localisa-
tion of vibration, resulting in reduced structure-borne sound
propagation. Therefore, this idea is extended by the varia-
tion of further superstructure properties and the investiga-
tion of additional variation schemes. In the following, the
effects of different variations on the rail vibrational beha-
viour are analysed based on a numerical finite-difference
method (FDM) model for calculating bending waves of an
infinitely elastically supported beam [11]. An optimisation
is performed, which considers the effects on the characteris-
tic vibration parameters of the rail.

The remainder of the paper is organised as follows:
First, the rail model with vibrational quantities and the
finite-difference method is revisited. The method of this
analysis is then described in detail, including the choice of
the range of variation of the superstructure parameters,
the optimisation criteria, the optimisation method, and
the approach taken for parameter variation. Ultimately,

the computational results are discussed and conclusions
are drawn.

2 Rail model

Numerous models and methods for the simulation of rail
vibrations are described in the literature; an overview can
be found in [12]. The following sections investigate a bal-
lasted track, which is a widely used track superstructure.
For this type of track superstructure, it is assumed that
the rail rests on the sleepers, with a pad between the sleep-
ers and the rail. The sleepers are placed on ballast. Since the
aim is to use a model that requires low computational effort,
one of the most common models is used [1, 13] (see Fig. 1).
This model only considers one rail whose vibration in the
vertical direction is independent of the other rail. Pads
and ballast are described by their spring stiffness and damp-
ing properties. A mass weighing half the sleeper mass ms is
considered to simplify the sleeper. According to [1, 11], the
rail is approximated by an infinite Euler-Bernoulli beam,
where the bending wave propagation is given by
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The transverse deflection u depends on both x, the coordi-
nate along the beam axis, and the time t. E is the rail
Young’s modulus, Ir is the rail cross-section area moment
of inertia, and m0

r is the beam mass per unit length. q repre-
sents the excitation force per unit length and dr is the vis-
cous damping coefficient per unit beam length. sp and dp
are the stiffness and the viscous damping coefficient of the
pads. The transverse deflection of the sleeper us is given by
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with the stiffness sb and the viscous damping coefficient db
of the ballast.

No further assumptions are required to model the super-
structure. Therefore, the superstructure can be arbitrarily
varied along the rail.

The characteristic frequencies for a continuous two-
layer model are described in Thompson et al. [1]. For the
discrete rail model used, these characteristic frequencies
can also be used as orientation. The resonance of the rail
mass with the stiffness of the pad is thus described by
x0 ¼

ffiffiffiffi
sp
m
0
r

q
, whereby the frequency x1 ¼

ffiffiffiffi
sb
ms

q
indicates the

resonance of the sleeper mass with the stiffness of the
ballast. Furthermore, an anti-resonance occurs at
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The cut-off frequencies of this model are
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where almost no wave propagation below xc1 and
between x2 and xc2 takes place [1]. Another relevant fre-
quency is the so-called pinned-pinned frequency fpp. Half
the wavelength of this frequency corresponds approxi-
mately to the sleeper spacing LS, resulting in almost
unhindered propagation of the bending wave along the
rail for this frequency [1].

2.1 Characteristic vibration quantities

To compare different track structures acoustically, it is
useful to consider the decay behaviour of the bending waves
along the track. According to standard EN 15461 [14], the
track decay rate (TDR) can be used for this comparison.
For this, a point input impedance is set in relation to trans-
fer impedances, whose impact points are defined in the stan-
dard [14]. On the one hand, it is advantageous from an
acoustic point of view if the TDR is as high as possible over
a wide frequency range, as this ensures that the induced
vibrations decrease rapidly along the track. A low TDR
over a wider frequency range, on the other hand, has a dis-
advantageous effect. In contrast to the standard, frequency
spectra rather than third-octave bands are used to analyse
the TDR in this work, as a more precise analysis requires a
better frequency resolution. In addition, only track decay
rates in the vertical direction are considered.

Another quantity used to describe rail vibration is the
mean square velocity (MSV), which has also been used by
[5] and [7] in the study of random sleeper spacing. This fre-
quency dependent quantity is defined by

v2ðf Þ ¼ 1
l� 2lB

Z l�lB

lB

jvðx; f Þ2jdx ð5Þ

and depends on the beam length l, the boundary length lB
and the spatial and frequency dependent beam velocity.

In this study, the mean square velocity is averaged over
the finite beam as a frequency dependent function. The
boundary areas with length lB are excluded, as no repre-
sentative vibration behaviour of the rail can be expected
in this region. In the application of the mean square veloc-
ity, it is assumed that this quantity is proportional to the
radiated sound power [1]. The results of preliminary tests
have indicated that, in certain instances, it may be bene-
ficial to consider the mean squared velocity as an alterna-
tive or in conjunction with the track decay rate. In
contrast to the track decay rate, an analysis is carried
out at all local discretisation points of the beam. Further-
more, the track decay rate only describes the decay beha-
viour of the track vibration in contrast to the mean square
velocity, which is proportional to the sound actually emit-
ted [1]. It is similarly desirable to achieve the lowest pos-
sible mean square velocity value over a wide frequency
range. In the following consideration, the MSV is used
exclusively as a level value Lv with the reference velocity
v0 ¼ 5 � 10�5 m

s .

2.2 Finite-difference method (FDM)

To simulate the propagation of the bending vibrations
along the infinite rail, the finite-difference method presented
by Stampka and Sarradj [11] is applied. The model
described in Section 2 is discretised to a uniform grid in
space and time. The application of finite-differences allows
the approximation of the derivatives in the equations of
motion equations (1) and (2). A central finite-difference
scheme of second-order accuracy is used to approximate
the rail in space, while the implicit Crank-Nicolson method
is utilised for the time approximation. This results in a sys-
tem of equations which can be solved by specifying the
deflections of the rail of the last two previous time steps
or initial conditions in order to calculate the subsequent
deflections for the next time step under a given force excita-
tion. Further details of the method and the validation using
analytical results can be found in [11].

In addition to several other models which enable the cal-
culation of beam vibration with structural irregularities,
this model is characterised particularly by its high compu-
tational efficiency. Taking into account the multitude of
optimisation dimensions and the considerable range of vari-
ation delineated in Section 3.1, this property is of significant
importance for the optimisation problem at hand.

3 Method
3.1 Superstructure parameters

In order to identify the most optimal superstructure
designs, it is reasonable to limit the search space as much
as possible. Consequently, the investigation focusses on
the most influential superstructure properties. This means
that only those structure properties that have the potential
to contribute to a high TDR or low MSV level over a wide
frequency range are considered. Furthermore, the variation
of these properties must be practical for potential

Figure 1. Two-layer elastic foundation model with discrete
support.
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implementation. The definition of the variation range
should therefore be based on parameter values that can
be found in practice.

The initial superstructure property to be examined is
the stiffness of the pad, which has the potential to impact
the blocked zone frequency limits in accordance with the
resonant frequencies (Eqs. (3) and (4)). According to [1],
the use of pads with different stiffness can be expected to
influence the width of the blocked zone and thus contribute
to the desired optimisation goal. The range of variation is
defined based on practical parameter values taken from a
series of measurements of Czolbe [15]. Since the specified
static pad stiffness are of a comparable order of magnitude
to dynamic values, these are used and limited to the varia-
tion range of 200 to 700 MN/s. The mean value of the vari-
ation range 450 MN/s represents the pad stiffness value of
the reference superstructure. It can be assumed that an
increased damping of the pad leads to a higher TDR in
certain frequency ranges. However, the variation of the
pad damping along the track is not expected to result in
improved decay behaviour. Therefore, pad damping is not
considered to be variable along the track.

The same approach to influence the blocked zone can be
expected with the variation of the sleeper mass within a cer-
tain range according to the blocked zone frequency limits
(Eqs. (3) and (4)). The initial reference value is defined
by the conventional B 70 concrete sleeper, whose half-slee-
per mass is 150 kg. The range of variation, which includes
the weight of equally common B 58 and B 90 sleeper types,
is therefore limited to 120–180 kg [16].

Additionally, the vibration behaviour of the rail can be
modified by influencing the pinned-pinned frequency. This
variable can be most significantly altered by modifying the
sleeper spacing. In this case, it can be assumed that the
pinned-pinned frequency is distributed over several frequen-
cies due to the variation in sleeper spacings. The reference
value is the sleeper spacing of 0.6 m used for conventional
railway tracks [16]. According to Sañudo et al. [17], other

sleeper spacings in the range of 0.5–0.7 m are also found in
practice. It should be noted that the choice of the location
increment Dx in the numerical method (Tab. A1) dictates
that sleeper spacings are a multiple of Dx. Accordingly, the
variation limits of the sleeper spacing in the analysis are
0.491 m and 0.709 m.

The variation of the ballast along the track is difficult to
realise in practice. According to [1], the ballast stiffness and
damping primarily affect the frequency range below 200 Hz
and are, therefore, not the main determinants of the noise
generated along the track. Thus, the properties of the
ballast are not considered variable.

Changing the rail properties along the track seems
impractical for safety and manufacturing reasons. There-
fore, all rail parameters are chosen to be constant. All other
constant values of the superstructure are listed in Table 1.

3.2 Optimisation criteria

In order to facilitate the optimisation process, it is
necessary to evaluate and quantify the quality of all super-
structure designs. For this purpose, two specific optimisa-
tion criteria are used to make a statement about an
improvement. Accordingly, the first optimisation criterion
is the width of the blocked zone and the second is the dom-
inance of the pinned-pinned frequency. These two optimisa-
tion criteria have to be quantified using respective objective
functions, which can later be optimised using an optimisa-
tion algorithm. The first objective function describes the
average difference between the TDR values and a reference
value R over the frequency range between f1 = 200 Hz and
f2 = 2000 Hz (Fig. 2a). This reference value R is derived
from the properties of the TDR reference curve, which is
a non-variable reference superstructure whose properties
were previously defined in Section 3.1. By calculating the
mean value of the minimum and maximum value of the
TDR reference curve within the frequencies f1 and f2, this
value is R = 6.45 dB/m. This approach is used to widen

Figure 2. Clarification of the objective function approaches for optimising the TDR and the MSV according to the defined
optimisation criteria. The grey area indicates the frequency ranges not considered. (a) TDR with deviation from a defined reference
value. The objective function is calculated using the mean deviation within a defined frequency range. (b) Absolute value of the second
degree derivative of the MSV level (v0 ¼ 5 � 10�5 m

s ). The objective function is calculated using the mean value within a defined
frequency range.
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the blocked zone during the optimisation process by min-
imising the objective function

F 1 TDRð Þ ¼ 1
f2 � f1

Z f2

f1

TDR fð Þ � Rj jdf : ð6Þ

Furthermore, the second objective function value calculates
the mean absolute value of the second MSV level derivative
over the influential frequency range of the pinned-pinned
frequency from f3 = 800 Hz to f4 = 2300 Hz (Eq. (7)).
The second derivative is used to determine the objective
function value, as this strongly emphasises the influence
of the pinned-pinned frequency and reduces the influence
of the other frequency ranges (Fig. 2b).

F 2ðLvÞ ¼ 1
f4 � f3

Z f4

f3

d2

d2f
Lv

����
����df : ð7Þ

3.3 Optimisation method

The optimisation method used is the brute force algo-
rithm. This is a combinatorial approach that divides the
search space into a regular grid. Each search space optimi-
sation variable is assigned a grid factor N, which divides the
defined variation range into N values. Only these values are
used during the optimisation. When considering a single
periodic variation of a superstructure property, the defined
grid factors result in a total quantity M of superstructure
states by means of the definition of a period length np using
the equation

M ¼ Nnp : ð8Þ
Each of these states can be assigned an objective func-

tion value via the defined objective functions, which can
be used to assess the quality of the superstructure. Accord-
ingly, all objective function values of the corresponding
variation scheme are compared during optimisation, with
the state exhibiting the lowest objective function values
considered the optimum [18, 19]. The same procedure is
used to vary different superstructure properties, but differ-
ent grid factors are applied.

3.4 Variation approach

Different variation schemes are taken into account dur-
ing the optimisation process. A basic distinction is made
between the variation of a single superstructure property

(S), the pairwise variation of two superstructure properties
(P), and the joint variation of all superstructure properties
(T). For single and pair variations, periodic and stochastic
variation approaches are analysed. Finally, the results of
single and pair variations are to be specifically combined
in the overall variation.

3.4.1 Single variation (periodic)

In the case of a periodic single variation, different grid
factors are assigned to different period lengths. Conse-
quently, the grid factors are chosen to ensure that the total
number of superstructure designs remains within a range
that leads to an acceptable computational effort. The
selected grid factors can be found in Table 2. For example,
in the variation approach of the periodically varying pad
stiffness, the grid factor N = 5 is selected for the period
length np = 6. Consequently, the pad stiffness can have five
different values at each of the six sleeper positions within a
period. This results in a total ofM = 15,625 different super-
structure designs for this variation scheme according to
equation (8).

As can be seen in Table 2, the grid factor for the varia-
tion in sleeper spacing is N = 5 for all the periods men-
tioned. This is due to the fact that the sleeper spacings
can only assume discrete values anyway due to the numer-
ical discretisation of the rail, and therefore all possible slee-
per spacings within the defined period range can be covered
with this factor.

When evaluating a superstructure, it must also be taken
into account that, with varying superstructure properties,
the rail vibration behaviour is strongly dependent on the
location of the excitation. On the one hand, this is due to
the fact that the superstructure properties in the surround-
ing area of the excitation are particularly decisive for calcu-
lating the TDR. Furthermore, because of the discretisation
of the beam, the location of the excitation is not exactly in

Table 2. Grid factors Ns for all analysed period lengths for the
periodic single variation of the superstructure properties selected
in Section 3.1.

Ns

np 2 3 4 5 6

sp 20 10 8 6 5
ms 20 10 8 6 5
ds 5 5 5 5 5

Table 1. Superstructure parameters for beam and non-variable superstructure properties.

Beam

Beam bending stiffness B 6.38 MN/m2

Beam mass per unit length m0
r 60.21 kg/m

Viscous damping coefficient per unit length dr 1000 Ns/m2

Superstructure

Pad damping coefficient dp 33000 Ns/m
Pad stiffness coefficient sp 450 MN/m
Ballast damping coefficient db 75000 Ns/m
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the centre of a sleeper compartment and changes with dif-
ferent sleeper spacing variations. When periodic variations
are implemented, the superstructure is excited at all centres
of the sleeper compartments, with a subsequent average of
the respective results. Accordingly, the corresponding objec-
tive function value is only calculated after averaging the
two vibration quantities for all runs. This approach necessi-
tates an increased number of calculation runs.

A closer look at the total number of superstructure
designs M to be calculated shows that the required averag-
ing results in some superstructure designs that correspond
to redundant results. It can therefore be assumed that mir-
roring a period will result in an identical objective function
value due to the intended averaging. If the start of the per-
iod is phase-shifted, this also leads to redundant results due
to the excitation at all sleeper centres. Consequently, com-
binations that lead to redundant results can be excluded.
The total quantity from the previous example of the peri-
odic variation of the pad stiffness at period np = 6 is
reduced from M = 15,625 to Mred = 2635 by neglecting
all redundant superstructure designs.

3.4.2 Single variation (stochastic)

When performing stochastic variations, a Gaussian dis-
tribution is used whose expectation value represents the
respective reference value. Likewise, no values outside the
variation limits specified in Section 3.1 are allowed. All
stochastic variations are given the grid factor N= 20, which
gradually increases the variation range of the standard devi-
ation from zero to the parameter variation limit. Since the
parameter values of the corresponding superstructure prop-
erties around the point of excitation in particular influence
the vibration behaviour of the rail, the distribution of the
most influential superstructure components does not corre-
spond to a Gaussian distribution due to the insufficient
number. In order to reduce the random influence, the vibra-
tion behaviour of 2000 randomly generated superstructures
is averaged for each standard deviation value.

3.4.3 Pairwise variation (periodic)

In the case of periodic pair variation, the period length
for the joint periodic variation of several superstrucutre
properties is assumed to be the same, and thus the total
number of superstructure designs is M ¼ N 1 � N 2ð Þnp . This
assumption is used to limit the search space and thus save
computing capacity. An example of a superstructure with
several varying superstructure properties with a defined
period length is shown in Figure 3. The grid factors for all
period lengths analysed can be found in Table 3. For exam-
ple, the grid factors Nsp ¼ 3 and Nms ¼ 3 are defined for the
periodic variation of the pad stiffness and the sleeper mass
for the period length np = 4. This means that both pad stiff-
ness and sleeper mass can have three different values at all
four sleeper positions. This leads to M = 6561 different
superstructure variants, whereby after subtracting all vari-
ants that lead to redundant results, only Mred = 1665 need
to be calculated.

Since the maximum period length of the combinatorial
approach is limited to np = 4 so far, an extension is planned
to allow investigating larger periods. In the case where two
superstructure properties with np� 4 were previously inves-
tigated and yielded only two parameter values each, it can
be assumed that this also applies to longer periods. In this
particular instance, additional period lengths can be inves-
tigated by setting the grid factors to N1 = N2 = 2, whereby
no regular grid is required.

A further simplification can be derived from the param-
eter pairs that appear in the results with a shorter period.
Thereby, for example, the case can arise that a certain hard
pad always appears with a specific low sleeper mass or a cer-
tain soft pad always appears with a specific high sleeper
mass. When the period length is extended to np > 4, the
grid factors remain N1 = N2 = 3. However, this results in
a reduction in the number of possible superstructure
designs, since the parameters associated with the pairs must
still appear as pairs.

3.4.4 Pairwise variation (stochastic)

The pairwise stochastic variation of two structural
properties follows the same procedure as single stochastic
variation. The grid factor still corresponds to N = 20 for
both superstructure properties. This means that the varia-
tion ranges of both superstructure properties are divided
into twenty possible standard deviations. The relative stan-
dard deviation in relation to the respective maximum stan-
dard deviation is constant for both superstructure
properties. Consequently, only twenty superstructure
designs are examined for each pair.

3.4.5 Total variation

Following the completion of single and pair variations,
the results can be employed to vary all three superstructure
properties. Combinations of stochastic and periodic super-
structure properties are also permitted. This signifies that
the rail vibration is averaged with respect to both the exci-
tation across all sleeper centres and the random recalcula-
tion with 2000 repetitions of the stochastic parameter
values.

4 Results and discussion

Overall, a total of 43 different variation schemes were
examined and the optimal result from each variation
scheme was selected. In order to explain the effects of vary-
ing the single superstructure properties alone, the optimal
results for all variation schemes analysed for the single vari-
ations are presented first. The results from the most suc-
cessful variation schemes of the single variations are then
presented together with the best schemes of the pair and
total variations. All numerical parameters used in the calcu-
lations are listed in Table A1.

The optimised variation schemes for the single variation
in pad stiffness are shown in Figure 4a. These were
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optimised according to the first optimisation criterion. A
significant extension of the blocked zone can be achieved
by varying only the pad stiffness. The optimal superstruc-
ture designs of the periodic variations mix very soft and
very hard pads (Tab. B1). This is reasonable because ana-
lytical resonance frequencies (Eqs. (3) and (4)) for constant
stiffness suggest that soft pads shift the lower boundary of
the blocked zone into the lower frequency range and hard
pads shift the upper boundary of the blocked zone into
the higher frequency range using hard pads. However, the
widening of the blocked zone is accompanied by a reduction
in the TDR peak.

However, when considering the optimised variation
schemes according to the first optimisation criterion for
the periodic sleeper mass variation (Fig. 4b), the widening
of the blocked zone does not occur, but the TDR peak still
decreases slightly. Despite the exclusive appearance of the
extreme values 120 kg and 180 kg (Tab. B2) in the optimal
designs, there is no significant widening of the blocking
zone.

The optimised variation schemes with respect to the sec-
ond optimisation criterion for the periodic sleeper spacing
show the expected behaviour (Fig. 4c). For the optimal
designs, the pinned-pinned frequency dip is divided into sev-
eral dips and is less dominant. The second optimisation cri-
terion is met accordingly. The resulting parameter values
are again almost solely limit values of the specified value
range (Tab. B3). However, there are no decisive effects on
the blocked zone range. This result is very similar to the
study by Batjargal et al. [9]. Although the range of varia-
tion for the periodic variation of sleeper spacing was smal-
ler, only the smallest and largest possible sleeper spacing

values appeared. By modifying the superstructure, it was
possible to reduce the degree of transmission and thus sig-
nificantly reduce the rail vibration in the frequency range
around the pinned-pinned frequency.

The best candidates from the stochastic variation of a
single superstructure property are shown in Figure 4d.
The evaluation by the corresponding objective function
was carried out according to the same assignment as for
the previous periodic variations. The best result is obtained
with the highest reduction in the dominance of the pinned-
pinned frequency at the maximum standard deviation.
However, the only effective stochastic variation is the slee-
per spacing variation. In this case, the pinned-pinned fre-
quency dip in the resulting TDR curve is not split into
several dips, as with periodic variation. Instead, the dip
loses dominance and appears as an apparent attenuation.
The study by Heckl [5] also showed a reduced manifestation
of the pinned-pinned frequency dip, but this was divided
into several clearly visible peaks and dips. However, it must
be taken into account that a different numerical model was
used and the probability distribution did not resemble a
Gaussian distribution. In contrast, the study by Wu and
Thompson [7] used a Gaussian distribution which, as in this
study, resulted in a comparable behaviour of the TDR
around the pinned-pinned frequency. However, it was found
that a small deviation resulted in an increase in deflection at
the excitation point and only larger deviations resulted in a
reduction. Such a negative effect on the objective function
value with a low standard deviation is not apparent in this
investigation. The comparison of Abe et al. [10] between the
investigation already mentioned of the ideal periodic sleeper
spacing of Batjargal et al. [9] and the effect of the stochastic
sleeper spacing variation of Abe et al. [8] should also be con-
sidered. The results indicated that the periodic variation
was more effective than the stochastic variation. This is
inconsistent with the findings of this study, which indicate
that stochastic variation in sleeper spacing is more effective
than periodic variation.

Compared to the stochastic variation of the pad stiffness
and the sleeper mass, the results for the corresponding
periodic variations were better able to meet the optimisa-
tion criteria. For these superstructure properties, it can be

Table 3. Grid factors (Ns,1, Ns,2) for pairwise periodic variation
of two superstructure properties with corresponding period
lengths.

(Ns,1, Ns,2)

np 2 3 4

(sp, ms) (10, 8) (5, 5) (3, 3)
(ms, ds) (12, 5) (5, 5) (3, 3)
(sp, ds) (12, 5) (5, 5) (3, 3)

Figure 3. Example of variation scheme for a periodic change of the pad stiffness and the sleeper mass with same period length np = 3.
The representation of the superstructure is based on the superstructure model described in Figure 1. The degree of colour transparency
is directly proportional to the parameter value indicated on the colour scale.
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stated that the correlated disorder approach leads to a more
desirable rail vibration behaviour than with uncorrelated
disorder. This has already been observed in other studies,
such as the investigation of correlated disorder in rainbow
metamaterials by Fabro et al. [20].

In the following, the most successful variation schemes
of the single variations are compared with those of the pair-
wise and total variation. The best optimised variation
schemes of the entire study are listed in Table 4. All super-
structure variation schemes of the pair and total variation
were evaluated according to the first target criterion

The optimal result from the pairwise periodic variation
of the pad stiffness and the sleeper mass (P1opt) leads to a
further widening of the blocked zone compared to the peri-
odic variation of the pad stiffness (S1opt) alone (Fig. 5).
This indicates that the analytical relationship (Eqs. (3)
and (4)) is effective, as a high pad stiffness with a low slee-
per mass and a low pad stiffness with a high sleeper mass
often result. Due to the occurrence of certain pairs of
parameters, the duration of the period could be extended
to np = 8 in the investigation, as described in Section 3.4.

The optimal result for the pairwise periodic variation of
pad stiffness and sleeper spacing (P2opt) shows that both
optimisation criteria can be influenced (Fig. 5). This results
in an extension of the blocked zone and a decrease in the
dominance of the pinned-pinned frequency. The parameter
values again consist almost exclusively of the limit values
(Tab. B5). Thus, as described in Section 3.4, the assump-

tion was made that only these limit values may occur for
the period lengths np > 4, which allowed an extension to
the period length np = 7.

The last variation scheme includes the periodic varia-
tion of the pad stiffness and the sleeper mass, as well as
the stochastic variation of the sleeper spacing (Fig. 5,
T1opt). This varies all selected superstructure properties,
building on the previous results. Since the periodic variation
in pad stiffness and sleeper spacing (P2opt) showed that
both optimisation criteria can be influenced independently
of each other, it can be assumed that this also applies to
the combination of the variation of all three superstructure
properties. The periodic variation schemes of pad stiffness
and sleeper mass were re-examined for n = 2. . .8 with a
stochastically varying sleeper spacing at the maximum
standard deviation. In addition to meeting both optimisa-
tion criteria, further widening of the blocking zone can be
observed compared to P2opt.

Finally, when looking at Figure 5, it is not clear which of
the superstructure designs leads to the best rail vibration
behaviour. In general, the designs P1opt, P2opt, and T1opt
give good results. However, which of these designs could
be used in practice depends on the corresponding boundary
conditions and requirements.

In summary, it can be stated that the effects of disorder
described by SenGupta [3] are also evident in the present
results. Thus, it can be assumed that the presence of
structural irregularities serves to concentrate the energy

Figure 4. Resulting TDRs for optimised variation schemes for single variations: Stochastic variation of the sleeper spacing.
(a) Periodic variation of pad stiffness. (b) Periodic variation of sleeper mass. (c) Periodic variation of sleeper spacing. (d) Stochastic
variation of all three superstructure properties with the standard deviations rsp ¼ 223:7 MN=s; rms ¼ 26:8 kg and rds ¼ 0:109 m.
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at the site of excitation, thereby exerting a positive influ-
ence on the TDR. In addition, the optimisation of all vari-
ation schemes led to the frequent occurrence of limit values
within the specified variation ranges. This result is consis-
tent with the observations of Cha and Pierre [21], who
demonstrated that the degree of localisation is dependent
on the strength of disorder.

Generally, varying superstructure properties have some
practical implications that need to be considered if such a
design is to be implemented. According to Dahlberg [22],
variations in stiffness along the superstructure lead to faster
track wear and therefore higher maintenance and life cycle
costs. It should also be noted that according to Sol-Sánchez
et al. [23], hard pads generally protect the fastening system
due to lower rail deflections and reduce energy loss during
the journey, but also contribute to higher stiffness fluctua-
tions and faster track wear. Soft pads, on the other hand,
reduce stiffness fluctuations but lead to higher energy loss
during the journey. The effect of combining soft and hard
pads on non-acoustic aspects remains uncertain. Further-
more, the use of low sleeper masses must be carefully con-
sidered. According to Fendrich and Fengler [24], a sleeper
mass that is too low can lead to insufficient resistance to
track displacement, which in the worst case can result in
track distortion. Therefore, safety aspects must be taken
into account. In addition, a greater construction effort is
also expected when building the track with variable
parameters.

5 Conclusion

In this work, the effects of structural irregularities in the
superstructure on structure-borne noise reduction were
analysed. The investigation of correlated and uncorrelated
disorder through the periodic and stochastic variation of
the superstructure properties was able to show the potential
of possible noise reduction measures. It was shown that
periodic variation of the pad stiffness can achieve a signifi-
cant widening of the TDR blocked zone. Furthermore, the
periodic variation in sleeper mass demonstrated only minor
effects. The dominance of the pinned-pinned frequency
could also be clearly influenced by the periodic and stochas-
tic variation in sleeper spacing. In the case of the periodic
variation, the pinned-pinned frequency dip was divided into
several less pronounced dips. In addition, an apparent
attenuation occurred in the case of stochastically varied
sleeper spacing, which significantly mitigated the dip. The
combined variation of several superstructure properties also
showed that the blocked zone and the surrounding area of
the pinned-pinned frequency can be independently influ-
enced. Thus, the periodic variation of the pad stiffness
and of the sleeper spacing resulted in a widening of the
blocked zone and a simultaneous reduction of the domi-
nance of the pinned-pinned frequency. In conclusion, the
approach of introducing disorder by varying one or more
superstructure properties along the track can be regarded
as an effective method for enhancing the decay behaviour
of the rail.
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Appendix B

Optimised superstructure designs with different variation schemes

Table B1. Parameters of the optimised superstructure designs with periodically varying pad
stiffness at the corresponding period length np. The optimisation was carried out according to the
first optimisation criterion.

np Prop Sleeper positions Unit

1 2 3 4 5 6 7 8

1

sp

450 (Reference)

MN/s

2 226 700 . . .
3 256 311 700 . . .
4 271 342 271 700 . . .
5 200 300 700 300 700 . . .
6 200 325 700 325 325 700 . . .
7 200 200 325 325 700 325 700 . . .
8 200 325 700 325 325 700 200 700

Table B3. Parameters of the optimised superstructure designs with periodically varying sleeper
spacing at the corresponding period length np. The optimisation was carried out according to the
second optimisation criterion.

np Prop Sleeper positions Unit

1 2 3 4 5 6

1

ds

0.6 (Reference)

m

2 0.491 0.709 . . .
3 0.491 0.491 0.709 . . .
4 0.491 0.491 0.491 0.709 . . .
5 0.491 0.491 0.491 0.6 0.709 . . .
6 0.491 0.491 0.491 0.709 0.709 0.709

Table B2. Parameters of the optimised superstructure designs with periodically varying sleeper
mass at the corresponding period length np. The optimisation was carried out according to the
first optimisation criterion.

np Prop Sleeper positions Unit

1 2 3 4 5 6

1

ms

150 (Reference)

kg

2 120 120 . . .
3 120 120 180 . . .
4 120 120 120 180 . . .
5 120 120 120 120 180 . . .
6 120 120 120 120 120 180
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Table B4. Parameters of the optimised superstructure designs with periodically varying pad
stiffness and sleeper mass in pairs. The optimisation was carried out according to the second
optimisation criterion.

np Prop. Sleeper positions Unit

1 2 3 4 5 6 7 8

1 sp 450 (Reference) MN/s
ms 150 (Reference) kg

2 sp 255.6 700 . . . MN/s
ms 171.4 137.1 kg

3 sp 200 450 700 . . . MN/s
ms 180 180 120 kg

4 sp 200 450 450 700 . . . MN/s
ms 180 120 180 120 kg

5 sp 200 200 700 450 700 . . . MN/s
ms 180 180 120 180 120 kg

6 sp 200 700 450 450 200 700 . . . MN/s
ms 180 120 180 180 180 120 kg

7 sp 200 450 450 450 700 200 700 . . . MN/s
ms 180 120 180 180 120 180 120 kg

8 sp 200 200 450 450 700 700 200 700 MN/s
ms 180 180 180 180 120 120 120 120 kg

Table B5. Parameters of the optimised superstructure designs with periodically varying pad
stiffness and sleeper spacings in pairs. The optimisation was carried out according to the second
optimisation criterion.

np Prop. Sleeper positions Unit

1 2 3 4 5 6 7

1 sp 450 (Reference) MN/s
ds 0.709 (Reference) m

2 sp 700 700 . . . MN/s
ds 0.491 0.709 m

3 sp 200 200 700 . . . MN/s
ds 0.491 0.709 0.491 m

4 sp 200 200 700 700 . . . MN/s
ds 0.491 0.709 0.491 0.491 m

5 sp 291 291 291 700 700 . . . MN/s
ds 0.709 0.709 0.709 0.491 0.491 m

6 sp 291 291 291 291 291 700 . . . MN/s
ds 0.709 0.709 0.709 0.491 0.491 0.491 m

7 sp 291 291 700 291 700 291 700 MN/s
ms 0.491 0.709 0.491 0.709 0.491 0.709 0.709 m
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Appendix C

Overview of best designs

Cite this article as: Mantel M. Stampka K. & Sarradj E. 2024. Acoustic optimisation of the rail track by targeted variation of
continuous superstructure parameters along the track. Acta Acustica, 8, 61. https://doi.org/10.1051/aacus/2024058.

Table C1. Parameter values of the superstructure designs with the most successful variation
schemes; the corresponding vibration quantities are shown in Figure 5 and the associated
variation schemes of the corresponding acronyms can be found in Table 4.

Acronym Prop. Sleeper positions Unit

1 2 3 4 5 6 7 8

S1opt sp 200 325 700 325 325 700 . . . MN/s

S2opt ms 120 120 120 120 180 . . . kg

S3opt ds 0.491 0.491 0.491 0.709 0.709 0.709 . . . m

S4opt ds 0.6 (r = 0.109 m) m

P1opt
sp 200 700 450 450 200 700 . . . MN/s

ms 180 120 180 180 180 120 kg

P2opt
sp 291 291 291 700 700

. . .
MN/s

ds 0.709 0.709 0.709 0.491 0.491 kg

T1opt
sp 200 200 450 450 700 700 200 700 MN/s

ms 180 180 180 180 120 120 180 120 kg
ds 0.6 (r = 0.109 m) m

Table B6. Parameters of the optimised superstructure designs of the total variation consisting
of the periodic pair variation of the pad stiffness and the sleeper mass as well as the parallel
stochastic variation in the sleeper spacing using r = 0.109 m. The optimisation was carried out
according to the first optimisation criterion.

np Prop. Sleeper positions Unit

1 2 3 4 5 6 7 8

1
sp 450 (Reference) MN/s
ms 150 (Reference) kg
ds 0.6 (Reference) m

4
sp 200 450 450 700

. . .
MN/s

ms 180 120 180 120 kg
ds 0.6 (r = 0.109 m) m

6
sp 200 700 450 450 200 700

. . .
MN/s

ms 180 120 180 180 180 120 kg
ds 0.6 (r = 0.109 m) m

7
sp 200 450 450 450 700 200 700

. . .
MN/s

ms 180 120 180 180 120 180 120 kg
ds 0.6 (r = 0.109 m) m

8
sp 200 200 450 450 700 700 200 700 MN/s
ms 180 180 180 180 120 120 180 120 kg
ds 0.6 (r = 0.109 m) m
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