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Abstract – Recent numerical studies showed that the foot of flue organ pipes closed at one end acts as a
Helmholtz resonator and influences the acoustic oscillation in the pipe. Namely, the relative phase of oscillations
between the pipe and foot changes depending on the resonance frequency of the foot. This fact can be explained
by the theory of forced harmonic oscillators, in which the pipe works as a force driving the foot. However, in the
damping-controlled regime, in which the resonance frequency of the foot, fH, is nearly equal to the frequency of
acoustic oscillation, fa, the amplitude of the acoustic oscillation is smaller than those in the mass-controlled
regime fH < fa and the stiffness-controlled regime fH > fa, even though the pressure oscillation in the foot lags
behind that in the pipe by p/2. In this paper, to investigate this problem and to explore the role of the foot in
detail, using a three-dimensional model of a closed flue organ pipe, we numerically investigate the relative
phases among the pressure oscillation in the pipe, that in the foot and the jet velocity. We conclude that total
balance among them is crucial for sustaining acoustic and fluid oscillations in the sound generation process.
The oscillating jet drives the pipe with appropriate timing to sustain the acoustic oscillation for the
stiffness-controlled and mass-controlled regimes. In contrast, the jet inefficiently drives the pipe with inappro-
priate timing for the damping-controlled regime.
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1 Introduction

Studying the sounding mechanism of air-jet instruments
(flue instruments), such as flue organ pipes, recorders and
flutes, is one of the long-standing problems of musical
acoustics [1–3]. Many aspects of the sounding mechanism
have been clarified, such as the relationship of the acoustic
frequency of the pipe with the jet velocity, the details of the
attack transient, the behavior of the jet motion changing
with the jet velocity as well as the geometry of the mouth
opening, and the energy transition between the fluid and
acoustic fields near the mouth opening [3–11]. Concerning
flue organ pipes, there are several crucial points for under-
standing the acoustic and hydrodynamic properties in the
sound generation process [3, 10, 11]. As an example in the
problem of controllability of instruments, the influence of
the window way, e.g., flue length and chamfers, has been
studied by several authors [3, 9]. Ségoufin et al. experimen-
tally investigated the influence of the geometry of the flue
with or without chamfers on the jet motion and acoustic

oscillation for a recorder-like flue organ pipe [9]. Their result
indicated that shortening the flue allows better control of
the instrument and makes the sound spectrum richer in
higher harmonics however adding chamfers to the flue effec-
tively stabilizes oscillation only for a long flue but not for a
short flue.

Here, we focus on the role of the foot in the sound
generation process. The influence of the foot geometry on
the jet motion and acoustic oscillation has seemed to attract
less attention, although as a related issue, the effect of the
vocal tract on the sound production of recorders was
reported by several authors [12, 13]. In the previous work
[14], we found with numerical simulation of two-dimensional
(2D) models that the foot acts as a Helmholtz resonator and
the change of its resonance frequency affects the stability of
the acoustic oscillation and the relative phase between
the pressure oscillation in the pipe and that in the foot.
Such a change of the relative phase was explained by the
theory of forced harmonic oscillators (TFHO), in which we
assumed that the pipe works as a force driving the foot.
Indeed, in the case that the Helmholtz resonance frequency
fH of the foot is sufficiently smaller than the acoustic*Corresponding author: takahasi@acsioma.jp
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oscillation frequency fa of the pipe, the pressure in the foot
oscillates in anti-phase with that in the pipe. In the reso-
nance condition of fH � fa, the oscillation in the foot lags
behind that in the pipe by nearly p/2 but both oscillations
become relatively smaller in amplitude and considerably
unstable. Next, to explore the reason for this unexpected
fact, we investigated relative phases among the oscillation
in the foot, that in the pipe and the jet motion. However,
we did not find clear evidence owing to an inherent instabil-
ity of 2D fluid, e.g., inverse energy cascade [10, 15]. In the
study on three-dimensional (3D) models [16], we obtained
essentially the same result: the relative phases between the
oscillations in the foot and pipe changes depending on fH.
In the resonance condition of fH � fa, the oscillation in the
pipe becomes relatively smaller in amplitude but almost
stable because acoustic oscillations and fluid motions are
more stable in 3D systems than in 2D systems [10, 11].
Therefore, the 3D simulation provides more realistic and
reasonable results and is suitable to explore the influence
of the foot on the sound generation mechanism taking into
account the nonlinear interaction between the jet motion
and the acoustic oscillations.

In this paper, we consider that the study of relative
phases among the acoustic oscillation of the foot, that in
the pipe and jet velocity is the key to understanding the
change of the acoustic oscillations depending on the
Helmholtz resonance frequency of the foot. Using the same
3D model as the previous work [16], we numerically investi-
gate the relative phases in detail for the stiffness-controlled,
damping-controlled, and mass-controlled regimes, in partic-
ular focusing on the damping-controlled regime with fH� fa,
in which relatively smaller oscillations are observed. The
horizontal jet velocity vx at the flue exit is periodically per-
turbed by the acoustic oscillation in the foot and oscillates
in different phases with the vertical velocity of the jet vy.
We investigate the problem of how the change of the relative
phase between vx and vy affects the process for the jet to drive
the pipe. Furthermore, with the help of a negative-displace-
ment jet model [17–22], we estimate the relative timing of
injecting the maximum velocity flow to the pipe in the area
near the edge because according to recent studies based on
the Howe’s energy corollary, the acoustic energy is majorly
generated in this area [11, 23–26]. We show that consistency
in relative phases among vx, vy, the acoustic oscillation in the
pipe and that in the foot, i.e., total balance among them,
plays a crucial role in the sound generation process.

2 Model and numerical setting

In this paper, we study a model system similar to the
flue organ pipe experimentally studied by Ségoufin et al.
[9]. However, to reduce the mesh size, namely the computa-
tional task, our model takes a closed pipe with a length of
L = 141.5 mm so that its fundamental pitch is almost the
same as the open pipe with a length of 283 mm studied
by Ségoufin et al. [9, 14, 16]. The models studied in this
paper are the same as those studied in the previous work
[16]. Note that, as shown in the previous works [10, 11], a

model with a closed pipe has essentially the same funda-
mental features as air-jet instruments with an open pipe,
even though some non-negligible differences between open
and closed pipes were reported by several authors [27–30].
Figures 1a and 1b show a three-dimensional image of the
model called “Reference model” and dimensions in an area
of the mouth opening, respectively. The model consists of
an inlet (tube), a foot, a flue and a pipe. The volume labeled
“Outside” connected to the mouth opening indicates an out-
side space with the external atmosphere and its dimensions
are the same as those in the previous works [11]. The flue is
chamfered at its exit because the flue with chamfers rather
stabilizes the jet oscillation and acoustic oscillation [9, 14].
The distance between the flue exit and the edge is set as
l = 4 mm. The cross-section of the pipe is a square: the
height hp = 20 mm and width wp = 20 mm. By using the
method introduced by Verge et al. [5], the end correction
at the mouth opening is given as �Lpipe = 39.05 mm, and
the fundamental frequency of the closed pipe is estimated
as 481.3 Hz.

As shown in Figure 2, we prepare three models called
the “Reference model”, “Mid model” and “Short model”,
which are different in foot geometry. The foot consists of
a rectangular parallelepiped and a tapered channel connect-
ing with a flue, whose underside is formed by a quarter-
cylinder block. The rectangular part of the Reference model
is the same as that of the instrument studied by Ségoufin
et al. [9] and Ikoga et al. [16]: its length, height and width
are taken as lcb = 60 mm, hcb = 20.8 mm and
wcb = 20 mm, respectively. This quarter-cylinder block with
a radius of R = 19.8 mm is almost the same as that in the
experiment, while the length of the flue, lf = 3 mm, is
shorter than that in the experiment, i.e., 15 mm, [9]. This
is because, in the previous study of 2D models [14], a model
with a flue of lf = 3 mm length achieved a shorter attack
transient and was slightly more stable in the stationary
state than a model with lf = 15 mm. The other two models
are different in length of the rectangular part: the “Short
model” with a length of 30 mm and the “Mid model” with
a length of 45 mm. Since the foot acts as the Helmholtz
resonator, the three models are different in the foot
resonance frequency as will be shown in Section 3.1.

Aeroacoustic simulation is necessary for studying air-jet
instruments because the sound generation process is
described in terms of mutual interactions between the
acoustic and fluid fields [10, 11]. In this paper, we utilize
a compressible Large Eddy Simulation (LES) solver with
a one-equation eddy viscosity subgrid-scale model: the
rhoPimpleFoam in the OpenFOAM Ver.5.0 and v2006.
To achieve enough accuracy, the minimum grid size is set
as �x = 0.1 mm in an area of the mouth opening, the
number of cells is taken as 165,312,887 for the Reference
model, and the time step is set as �t = 5.0 � 10�8 s [16].
The temperature and pressure in equilibrium are set as
T0 = 300 K and p0 = 1.0 � 105 Pa, respectively. So, the
pressure fluctuation is defined as p � p0. The average
velocity in the flue is set at 6 m/s in the steady state. As
shown in the previous works [14, 16], acoustic oscillations
are well sustained in the pipe and foot at this flow velocity.
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A uniform flow is injected from the entrance of the inlet
and the flow speed takes a value of 4 m/s in the steady state,
since its cross-section, 3� 10mm2 (see the caption of Fig. 1),
is 1.5 times larger than that of the flue, 1� 20mm2. To avoid
an initial shock wave, the flow speed is gradually increased
until t = 2 ms to reach a uniform flow with a velocity of
4 m/s. The top and side walls of the Outside are set as the
wave transmissive outflow condition of the OpenFOAM,
which approximates theNavier-Stokes characteristic bound-
ary conditions [31]. As shown in the previous work [11], this
setting of the Outside with enough volume almost com-
pletely absorbs outgoing flow and acoustic waves; thus, res-
onance in the “outside” is not an issue. The other walls of the
model are set as non-slip solid walls [10]. Note that in Open-
FOAM the inlet boundary, i.e., the entrance cross-section of
the inlet, behaves as a diode, that is, it becomes a transpar-
ent wall for an incoming flow but a solid wall for an outgoing
flow [14]. We calculate the models with the supercomputer,
Fujitsu PRIMERGY CX2550/CX2560 M4 (3456
GFLOPS/node). For the cases of the Reference model, the
calculation of 40 ms using 32 nodes with 36 cores, namely
1152 parallel computing, takes about 600 h.

3 Numerical result
3.1 Resonance frequencies of the three foot models

First, we determine the Helmholtz resonance frequen-
cies of the three foot models detached from the pipe.
A Helmholtz resonator conceptionally consists of the body

and neck. The length and cross-section of the neck and
the volume of the body are necessary to calculate the
resonance frequency using the theoretical formula [1]. An
effective body of the foot should consist of the inlet, the
rectangular part, and a part of the channel between the
rectangular part and the flue, while an effective neck should
be formed by the flue and the remainder of the channel.
However, it is difficult to determine the boundary between
the body and neck owing to its intricate shape. Thus, we
numerically estimate the resonance frequency of the foot
without the pipe using the compressible LES [14]. As shown
in Figure 3a, we construct a Helmholtz resonator directly
connected to an outside space and drive it to estimate
resonance frequency by injecting into the inlet a periodically
changing flow as Uin(t) = U0 sinxt with U0 = 1 m/s, where
driving frequency f = x/2p is taken at intervals of 10 Hz
and obtained values include the ambiguity of ±5 Hz (for
details, see the Supplemental material, §1).

Figure 3a shows a pressure field of the resonance state
for the Reference foot model. Figure 3b shows pressure fluc-
tuations p� p0 of the resonance states observed at the point
A(see Fig. 3a) for the three foot models together with that
for the Reference foot model at the off-resonance condition
of f = 480 Hz. Note that the point A is set at the upper-left
side of the rectangular part at which an acoustic pressure
wave can take the maximum value in amplitude far from
its nodes owing to the Neumann boundary condition
imposed on the pressure field, and disturbances induced
by fluid flow are almost ignored. Table 1 shows the

Figure 1. Geometry of a flue organ pipe with a closed pipe of 141.5 mm in length (Reference model). (a) 3D view of the model with an
outer region. The length, height and width of the inlet are taken as lin = 50 mm, hin = 3 mm and win = 10 mm, respectively.
(b) Dimensions of the edge, flue with chamfers and foot channel on the 2D cross-section: hp = 20 mm, l = 4 mm, h = 20�,
wcf = 0.71 mm, hf = 1 mm, lf = 3 mm, hcb = 20.8 mm, R = 19.8 mm, he = 2.51 mm and ht = 1.71 mm; the widths of the pipe and foot
are taken as wp = 20 mm and wcb = 20 mm, respectively.

Figure 2. Geometry of three foot models. (a) Reference model. (b) Mid model. (c) Short model.
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Helmholtz resonance frequencies fH obtained for the three
foot models compared with the frequencies of acoustic oscil-
lations in the pipe, fa, which will be discussed in Section 3.2.
Then, fH seems to decrease with the volume of the effective
body of the Helmholtz resonator VH as/ 1=

ffiffiffiffiffiffiffi
V H

p
[1], where

VH can be roughly estimated by the sum of the volumes of
the rectangular part and inlet. For the Reference foot
model, the pressure amplitude at f = 480 Hz � fa is only
44% that at f = fH = 400 Hz. Namely, the amplitude at
f = 480 Hz is more than 6 dB smaller than that at
fH = 400 Hz. Thus, the oscillation at f = 480 Hz is out of
resonance (see also the Supplemental material, §2).
Note that the oscillation for the Mid foot model is disturbed
by high-frequency noise, which should be generated by
high-frequency modes excited by the nonlinear interaction
of the fluid with acoustic modes owing to a certain
geometry nature of the Mid foot model as discussed in the
Supplemental material, §1.6.

3.2 Pressure fluctuations in the pipe and foot for the
three models

Figure 4 shows the snapshots of spatial distributions of
velocity and pressure at t = 38.74 ms in the stationary state
for the Reference model. As shown in Figure 4a, the jet
spontaneously oscillates colliding with the edge and emits
aerodynamic sound to drive the resonance pipe. The flow
emanating from the inlet diffuses in the middle of the rect-
angular part of the foot (see also the Supplemental mate-
rial, §3). As shown in Figure 4b, the acoustic pressure
oscillations in the pipe and foot are well sustained, but
the pressure in the foot oscillates in anti-phase with that
in the pipe, as reported in the previous works [14–16].

Figure 5 shows pressure fluctuations, pf � p0 and
pp � p0, observed at the points A and B in Figure 4b
together with the averaged jet velocities �vx and �vy at the flue
exit, which will be discussed in Section 3.3, for the three
models in the left column, and Fourier spectra of these oscil-
lations in the range (20 � t � 40 ms) in the right column.
For all the models, stable pressure oscillations are observed
in the stationary state, and their frequencies fa are given in
Table 1. Since the calculation time is not long enough to
attain an acceptable resolution in frequency by the Fourier
transformation, we estimate the frequency from the mean

period in the stationary state after t = 20 ms (see the
Supplemental material, §1.3). The frequency of the acoustic
oscillation fa for the Reference model is around 481 Hz,
which is almost the same as the theoretical prediction of
481.3 Hz obtained in Section 2. However, as shown in
Table 1, the frequencies fa are slightly smaller than the
theoretical prediction for the Mid and Short models. This
is mainly because when the resonance frequencies of the
separated pipe and foot are close to each other, the reso-
nance frequencies for the combined system of the pipe
and foot considerably shift from the original frequencies,
and also because the interaction with the nonlinear element,
i.e., the oscillating jet, influences the resonance conditions
(see the Supplemental material, §1.7). Note that for
every model a large pressure peak is observed in the foot
during the attacking period 0 < t < 2 ms owing to the
increasing volume flow from the inlet(see the Supplemental
material, §3).

For the Reference model, the pressure in the foot oscil-
lates nearly in anti-phase with that in the pipe after a short
attack transient. The amplitude of oscillation in the foot is
almost half of that in the pipe in the stationary state. On
the other hand, the Short model has a relatively long attack
transient, and the pressure in the foot oscillates nearly in
phase with that in the pipe. The amplitude of oscillation
in the foot is almost half of that in the pipe. For both
models, the pressure oscillations in the pipe are very stable
and large in amplitude.

Let us consider the Fourier spectra of pressure oscilla-
tions in the foot and pipe labeled “foot pf” and “pipe pp”.
For the Reference model, the fundamental peaks labeled
“fa” are well formed and the small 3rd harmonic peaks
“3fa” are observed as a characteristic of the closed pipe.

Figure 3. Pressure in the Helmholtz resonator. (a) A snapshot of the distribution of pressure fluctuation p � p0 at f = 400 Hz for the
Reference foot model. The point A is an observation point at the center of the top-left edge of the rectangular parallelepiped. (b)
Pressure fluctuations p � p0 at resonance observed at the point A for the three foot models, and that for the Reference foot model at an
off-resonance condition of f = 480 Hz.

Table 1. Helmholtz resonance frequencies fH and acoustic
oscillation frequencies fa.

Model fH [Hz] fa
[Hz]

fa � fH
[Hz]

Reference 400 ± 5 481 81 ± 5
Mid 470 ± 5 469 �1 ± 5
Short 550 ± 5 461 �89 ± 5
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In contrast, the tiny 2nd harmonic peaks “2fa” appear due to
nonlinear interaction with the fluid flow. The sub-harmonic
peaks labeled “

fa
2 ” and “

3f a
2 ” appear only for the oscillation

in the pipe. This issue will be investigated relating to the
jet motion in Section 3.3. A peak observed around
2700 Hz for the oscillation in the foot is regarded as one

of the high-frequency modes of the foot as shown in the
Supplemental material, §1.3–1.5. Concerning the Fourier
spectra for the Short model, the fundamental peaks “fa”
and the tiny 2nd harmonic peaks “2fa” appear, while clear
peaks of the 3rd harmonic “3fa” are not observed. Further-
more, there are no clear sub-harmonic peaks.

Figure 4. Distributions of the magnitude of velocity v and pressure fluctuation p � p0 at t = 0.03874 s. (a) Magnitude of velocity v
(b) Pressure fluctuation p � p0. The points A (the same as in Fig. 3) and B (the center of the right end of the pipe) are observation
points of pressure in the foot and pipe, respectively.

Figure 5. Pressure fluctuations in the foot pf � p0 and those in the pipe pp � p0 together with averaged velocities �vx and �vy at the flue
exit. (a) Oscillations for the Reference model. (b) Fourier spectra of the oscillations in the range ð0.02 � t� 0.04) s for the Reference
model. (c) Oscillations for the Mid model. (d) Fourier spectra for the Mid model. (e) Oscillations for the Short model. (f) Fourier
spectra for the Short model.
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For the Mid model, the pressure oscillations in the pipe
and foot are still stable in the stationary state. However, the
oscillation in the foot is slightly smaller than those for the
other models. The oscillation in the pipe leads that in the
foot by nearly p/2, and is almost the same in amplitude
as that in the foot; thus, its amplitude is nearly half of
the amplitude of the oscillations in the pipe for the other
models. The oscillations in the pipe and foot behave in a
slightly complicated manner in a relatively long attack
transient. Indeed, except for the first large peak in the foot,
the oscillation in the pipe first grows, and that in the foot
follows. Then, they slightly reduce towards the stationary
state. From these facts, the Mid model is less stable than
the other two models. Concerning the Fourier spectra, the
fundamental peaks “fa” appear for the pressure oscillations
in the foot and pipe. However, the peaks of the 2nd and
3rd harmonics, “2fa” and “3fa”, appear only for the oscilla-
tion in the pipe. The sub-harmonic peaks labeled “

fa
2 ” and

“

3f a
2 ” appear for the oscillation in the pipe.
Therefore, the phase difference between the pressure

oscillation in the pipe and that in the foot changes depending
on the models, namely the volumes of the foot. As shown in
the previous works [14–16], the change in the phase
difference can be explained by relying on the theory of forced
harmonic oscillators (TFHO) [14]. Namely, we can assume
that the acoustic oscillation at f = fa in the pipe drives the
foot of the resonance frequency fH. Thus, the Short, Mid
and Reference models are considered to be in the stiffness-
controlled (fa < fH), damping-controlled (fa � fH), and
mass-controlled (fa > fH) regimes, respectively.

According to TFHO, the oscillation in the foot should
take the maximum amplitude for the Mid model, because
it is in resonance with that in the pipe. However, this is
not the case. Furthermore, the oscillation in the pipe, i.e.,
the driving force, is quite smaller than those for the other
two models. We can consider that the enhancement of
energy transfer from the pipe to the foot owing to resonance
consumes the acoustic energy in the pipe as a sort of Helm-
holtz silencer. As an alternative interpretation, the system
of the pipe and foot may be regarded as coupled linear oscil-
lators. Indeed, using coupled damped oscillators with the
same resonance frequencies driven by a periodic force,
which is the oscillating jet in this case, we can interpret
the complicated oscillations in the attack transient as alter-
nate energy transfer between the pipe and foot and also
explain that the damping force, e.g., the fluid viscosity,
makes the system soon converge to the stationary
oscillation, though the relative phase between the oscilla-
tion in the pipe and that in the foot is not reproduced
(see Supplemental material, §1.7). Unfortunately, these
interpretations cannot explain the reduction of the total
acoustic energy in the pipe and foot for the Mid model.
We consider how the jet drives the pipe as the key to
solving this problem. In the following subsections, we focus
on the jet motion, namely the jet velocity of the flue exit,
and investigate relative phases among the pressure oscilla-
tions in the pipe and foot, and the jet velocity [15].

Note that, for the 2D models studied in the previous
work [14], the resonance frequency of the foot is smaller

than that of a corresponding 3D model due to reasons dis-
cussed in the Supplemental material, §2. In the previous
work [14], we did not study a model corresponding to the
3D Mid model because a near resonance condition fa � fH
is satisfied for the 2D Short model, which corresponds to
the 3D Mid model.

3.3 Jet velocity at the flue exit

In this subsection, we consider the motion of the jet at
the flue exit as shown in Figure 6a, because the jet motion
is considerably affected by the acoustic oscillations in the
foot and pipe. Hereafter, we take the origin of the coordinate
system at the center of the flue exit: the x-coordinate is taken
in the longitudinal direction of the pipe, the y-coordinate is
in the vertical direction and the z-coordinate is in the
spanwise direction.

Figure 6b shows the fluctuations of the x component of
the velocity, vx, observed at the center of the flue exit,
namely the point C in Figure 6a, for the three models.
For the Reference model, vx stably oscillates with a large
amplitude at the same frequency as the pressure fluctua-
tions in the pipe and foot, although it rather behaves as a
subharmonic oscillation in the steady state, which will be
discussed later. For the Mid model, vx oscillates with a rel-
atively small amplitude, which undulates gradually. For the
Short model, vx oscillates a bit irregularly with a relatively
small amplitude. As shown in the inset, the flow emanating
from the exit of the inlet collides with the quarter cylinder
block, goes along it, and enters the flue. Thus, it disturbs
the jet velocity. Note that for all the models, the time aver-
ages of vx take values around 8 m/s, which are a little larger
than the average flow velocity of 6 m/s in the flue. Such an
enhancement of velocity at the center of a jet is often
observed, in particular for bell-shaped jets.

To investigate the relative phases of the jet velocity to
the pressure oscillations in the pipe and foot, we need data
on regularly oscillating velocities. To do this, we take the
averages of the x and y components of the velocity over
the cross-section of the flue exit, namely the sampling plane
in Figure 6a. As shown in Figure 5, the averaged velocity
components �vx and �vy regularly oscillate for all the models
including the Short model. For the three models, every �vx
oscillates around a value of 2.5 m/s. This is because the area
of the sampling plane, 20 � 2.42 mm2, is 2.42 times larger
than the cross-section of the flue, 20 � 1.0 mm2, and
�vx � 2:5 m=s times 2.42 is nearly equal to the averaged flow
velocity of 6 m/s in the flue. The oscillating amplitude of �vx
takes the largest value for the Reference model and the
smallest value for the Mid model because it is induced by
the difference of the pressure in the foot pf from that at
the mouth opening (� p0).

For the Reference model, �vy oscillates taking positive
and negative values, and behaves as a subharmonic oscilla-
tion in the steady state. Its time average is larger than zero
and such a net outgoing flow from the mouth opening is
expected for closed pipes [11]. In this case, �vx is not synchro-
nized with �vy , i.e., nearly anti-phase synchronization
between �vv and �vy . For the Mid model, �vy oscillates with a
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relatively smaller amplitude as a subharmonic oscillation in
the steady state and takes positive values in large parts of
the time evolution. This indicates that a smaller amount
of air is supplied to the pipe giving rise to an acoustic pres-
sure oscillation with a smaller amplitude. In this case, �vx
lags behind �vy by nearly 3p/4 (see Tab. 2). For the Short
model, �vy stably oscillates taking positive and negative
values, although its time average is larger than zero. In this
case, �vx lags behind �vy by about p/3 (see Tab. 2).

Let us consider subharmonics, which appear in oscilla-
tions of �vy . As shown in Figures 5b, 5d and 5f, the subhar-
monic of f = fa/2 appears in the spectra of �vy for the
Reference and Mid models, and almost disappears for the
Short model. Such a subharmonic is often observed for non-
linear systems and is caused by the common bifurcation
mechanism called the period-doubling bifurcation [32–34].
Subharmonics were observed in oscillations for flue organ
pipes and recorders [35–38]. For the Reference and Mid
models, the subharmonics of �vy should be caused by the
period-doubling bifurcation of the vertical oscillation of
the jet. Since the pipe is driven by the jet, the subharmonics
appear in the acoustic oscillation in the pipe. The subhar-
monic of f = 3fa/2 that appears in the spectra of �vy and
pp for the Reference model and pp for the Mid model should
be caused by the nonlinear interaction between the acoustic
oscillation of f = fa and the subharmonic of f = fa/2 [34].
The influence of the subharmonics on the pressure oscilla-
tion in the foot is limited and there are no clear peaks in
the spectra of pf for the Reference and Mid models. Since
the x component of the jet velocity vx is mainly induced
by the difference of pf from the pressure at the mouth
opening (�p0), a tiny peak of f = fa/2 appears only in the
spectrum of �vx for the Reference model. According to recent
work [35], the irregularity of the jet motion caused by a dis-
turbance rather suppresses the generation of subharmonics.

Thus, a similar mechanism should work for the Short model
and a bit irregular jet motion should suppress it. Finally, we
consider why sub-harmonics appear for vx but not for �vx for
the Reference model. The x component vx has a velocity
profile like a bell shape as a function of y and the profile
moves up and down almost keeping its shape owing to
the vertical oscillation of the jet involving subharmonics.
If vx is observed at a fixed point, its value changes according
to the up-and-down motion of the velocity profile; thus, a
subharmonic oscillation should be involved. On the other
hand, the influence of subharmonic components disappears
for �vx due to averaging.

3.4 Jet motion and relative phases among acoustic
oscillations in the pipe and foot and the jet velocity

In this subsection, we investigate relative phases among
the pressure fluctuation in the pipe pp � p0, that in the foot
pf � p0 and jet velocity. We also discuss the relative timing
of the injection of volume flow to the pipe via the jet oscil-
lation in detail. Table 2 shows the relative phases among
pp � p0, pf � p0, �vx, and �vy . Here, /A�B indicates a phase
difference between dynamical variables A and B, namely
/A�B = /A � /B, where /A and /B are the phases of oscil-
lations of A and B, respectively. Concretely, /p, /f, /vx and
/vy denote the phases of pp � p0, pf � p0, �vx and �vy , respec-
tively, and /p�f /f�vx, /p�vy and /vx�vy indicate the phase
differences between two corresponding dynamical variables.
The phase /J

x¼l will be defined later.
Concerning /p�f, it takes a value of 2.38 [rad] (�3p/4)

for the Reference model and pf � p0 and pp � p0 do not fall
in anti-phase synchronization completely, although the
system is in the mass-control regime. For the Mid model,
pf � p0 lags behind pp � p0 by 1.44 [rad], slightly less than
p/2, and the system is in the damping-controlled regime.

Figure 6. Jet velocity (vx, vy) at the flue exit. (a) The observation point C at the center of the flue exit and the sampling plane (the
cross-section of the flue opening) over which vx and vy are integrated to obtain the averaged values �vx and �vy, respectively.
(b) Fluctuations of vx at the point C for the three models. The inset shows the velocity distribution at t = 0.04 s in the operating
portion for the Short model.

Table 2. Relative phases among pf � p0, pp � p0, �vx and �vy together with the jet phase /J
x¼l � xl=V � h0 at x = l and the normalized

displacement sin/J
x¼l , where � takes small but nonnegligible positive values.

Model /p�f [rad] /f�vx [rad] /p�vy [rad] /vy�vx [rad] /J
x¼l [rad] sin/J

x¼l

Reference 2.38 (�3p/4) 1.54 (�p/2) 0.80 (�p/4) 3.12 (�p) �0.82 (��p/4) �0.73
Mid 1.44 (�p/2 � �) 1.61 (�p/2) 0.80 (�p/4) 2.25 (�3p/4 � �) 0.01 (�0) 0.01
Short 0.55 (�p/6) 1.61 (�p/2) 1.00 (�p/3) 1.16 (�p/3 + �) 1.07 (�p/3) 0.88
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For the Short model, /p�f takes a value of 0.55 [rad] (�p/6)
and pf � p0 does not completely synchronize with pp � p0,
although the system is in the stiffness-controlled regime.

Concerning /f�vx, it takes values close to p/2 for the
three models. From the fact that an outgoing acoustic
particle velocity at an open end lags behind an acoustic
pressure oscillation by p/2 for a stationary wave in a cavity,
the fluctuation of �vx is attributed to an acoustic particle
velocity ux induced by an acoustic pressure oscillation,
i.e., an acoustic portion of pressure, in the foot. Note that
the acoustic particle velocity u is defined as u ¼ @n

@t, where
n measures the displacement of the air owing to a sound
wave [1].

On the other hand, /p�vy takes values close to p/4 for
the Reference and Mid models and a value close to p/3
for the Short model. According to the discussion in the pre-
vious paragraph, the outgoing acoustic particle velocity uy
at the open end should lag behind the acoustic pressure fluc-
tuation pp � p0 in the pipe by p/2. As shown in Appendix
(for details, see Ref. [22]), the analysis based on a negative-
displacement jet model indicates that the vertical compo-
nent of jet velocity at the flue exit, namely �vy , leads uy by
p/4. Therefore, �vy should lag behind pp � p0 by p/4 and
the values of /p�vy close to p/4 obtained for the Reference
and Mid models are reasonable. For the Short model, the
slight difference of /p�vy from p/4 may be attributed to
some additional effects of the jet motion, which are not
included in the negative-displacement jet model, e.g., the
disturbance of the jet.

Therefore, the values of /vy�vx are obtained from the
above phase relations as shown in Table 2. For the Refer-
ence model, /vy�vx takes a value of 3.12 [rad] (�p) and �vx
oscillates in almost anti-phase with �vy . Then, when �vx takes
the maximum value in each period, �vy takes a large negative
value, and a large amount of volume flow is supplied to the
pipe at this moment as shown in Figure 7a. Thus, we can
expect the jet well to drive the pipe and an acoustic oscilla-
tion to be sustained stably. For the Mid model, /vy�vx takes
a value of 2.25 [rad], slightly less than 3p/4. Then, a consid-
erable amount of volume flow seems to be injected into the
pipe as the Reference model. However, as shown in
Figure 5c, �vy takes small negative values only in a tiny inter-
val near the locale minimum point in each period. As a
result, as shown in Figure 7b, �vy takes a small positive or
negative value when �vx takes the local maximum value;
thus, only a small amount of volume flow may be supplied

to the pipe even if �vy takes negative values. This fact should
cause the relatively smaller amplitude of pp � p0. For the
Short model, /vy�vx takes a value of 1.16 [rad], slightly
larger than p/3. Thus, as in Figure 7c, �vy takes positive
values when �vx takes the maximum value in each period.
Oppositely, �vy takes negative values in a certain interval
of each period, while �vx takes relatively small values. As
shown in Figure 5e, a considerable amount of volume flow
is injected into the pipe in this interval and should well
drive the pipe giving rise to a stable acoustic oscillation.

3.5 Motion of fluid particles on the oscillation jet
and relative timing of injecting the volume flow
into the pipe

In this subsection, we consider the path of a fluid parti-
cle starting from the center of the flue exit, i.e., particle
path. Note that the term “fluid particle”means a fluid parcel
that is an infinitesimal volume of fluid moving with the fluid
flow. Since the previous works based on Howe’s energy
corollary (HEC) showed that aerodynamic sound is mainly
generated in a downstream area of the jet near the edge
[11, 22, 24–26], we expect that the study of how a fluid par-
cel with the maximum value of �vx at the flue exit behaves
near the edge gives important knowledge on the generating
process of acoustic oscillation in the pipe. For this purpose,
we can use the negative-displacement jet model (see
Appendix). Indeed, from the previous work [22], the nega-
tive-displacement jet model provides a good approximation
of the jet motion, e.g., the good estimation of the relative
phase between the jet vertical velocity vy and the outgoing
acoustic particle velocity uy shown in Section 3.4, and can

Figure 7. Averaged velocity ð�vx ; �vyÞ at the flue exit, when �vx takes the local maximum value. (a) Reference model. (b) Mid model.
(c) Short model.

Figure 8. Jet displacement ŷðx; tÞ. ŷðl; tÞ indicates the dis-
placement at the edge (x = l).
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be used for the study on the acoustic energy generation
process based on HEC. Such a simple model allows us to
capture an essential feature of jet dynamics. Note that as
an alternative method, we may directly trace particle paths
with the numerical simulation. However, because of some
irregular behavior of the jet near the edge, in particular
for the Short model (see Fig. 9), one needs to take a sort
of ensemble average of particle paths starting from a parcel
with a finite volume near the flue exit, which requires addi-
tional post-processing and a careful setting of the ensemble.
So, we do not adopt this method in this paper.

First, we estimate the y-coordinate of the fluid particle,
when it reaches the vertical line through the center of the
edge at x = l as shown in Figure 8. Let us consider the
motion of the particle that leaves the center of the flue exit
at t = 0 at which �vx takes the local maximum value. To do
this, we assume that the x component of the velocity oscil-
lates as vx (x = 0, t) = V + �V0 cosxt at the center of the
flue exit, i.e., the origin of the coordinate system. As shown
in Figure 6b, V approximately takes a value of 8 m/s and
�V0 is significantly smaller than V; thus, vx (0, t) can be
approximated as vx (0, t) � V. We also assume that the
time average of the y component of the velocity at the
center of the flue exit is approximately zero. However, this
is not exactly the case for the Mid model. Then, taking the
phase difference /vy�vx into account, the y component of
velocity at the center of the flue exit is given as

v̂yðx ¼ 0; tÞ ¼ vyðx ¼ 0; tÞ ¼ vy0 cosðxt þ /vy�vxÞ
� 2

ffiffiffi
2

p
u0 cosðxt þ p=4þ h0Þ; ð1Þ

where v̂yðx; tÞ denotes the y component of the velocity of a
particle on the center line of the jet, vy0 is the amplitude
and the last term is given by equation (A3) in Appendix.
Namely, the last term is the y component of velocity at
the origin predicted by the negative-displacement jet
model under the assumption that a uniform acoustic
velocity field in the y direction, uy = u0 cos(xt + h0) with
an initial phase h0 and an amplitude u0, disturbs the jet.
From equation (1), h0 is obtained as h0 = /vy�vx � p/4.
The particle starting from the center of the flue at t = 0
reaches the vertical line through the center of the edge

at tl � l/V. From equation (A4), the y-coordinate of the
particle at x = l and t = tl is estimated as

ŷðl; tlÞ � � u0gðllÞ
x

sin xðtl � l=uwÞ þ h0ð Þ

� � u0gðllÞ
x

sin �xl=V þ /vy�vx � p=4
� �

� u0gðllÞ
x

sin /J
x¼l

� �
; ð2Þ

where uw is the phase speed of a hydrodynamic wave of
the jet, which is approximated as uw = V/2, and g(lx)
is an increasing function with a growth rate l and deter-
mines the envelope of the jet oscillation. In the last term,
we introduce the jet phase at t = tl and x = l defined by
/J

x¼l � xl=V � /vy�vx þ p=4 � �xðtl � l=uwÞ � /vy�vx þ p=4,
and the normalized displacement sin/J

x¼l , when
u0
x gðllÞ is

replaced with one. Table 2 shows /J
x¼l and sin/J

x¼l for the
three models.

According to the analysis based on HEC [11, 22, 24–26],
acoustic energy is generated twice in every period of the jet
motion. Namely, the dominant acoustic energy generation
occurs when the jet reaches an area below the edge in a
downstroke process and the subdominant one occurs in an
area just above the edge in an upstroke process [11]. For
the Reference model, /J

x¼l takes a value of �0.82 [rad]
(� �p/4), and sin/J

x¼l takes a value of �0.73; thus, the
dominant condition is satisfied. Indeed, the particle exists
on the jet diving under the edge at t = tl, where the acoustic
energy is largely generated. This fact shows that the
oscillating jet drives the pipe with appropriate timing to
sustain the acoustic oscillation, which is demonstrated by
the oscillation of pp � p0 in Figure 5a.

For the Mid model, /J
x¼l takes a value of 0.01 [rad] and

sin/J
x¼l takes a value of 0.01. Thus, when the particle

arrives close to the edge, the jet takes an almost horizontal
position while going downward. The dominant condition of
acoustic energy generation is not satisfied sufficiently; thus,
only a little acoustic energy is generated at this moment
giving rise to an acoustic oscillation with small ampli-
tude. Since the oscillation of �vy is induced by the acoustic
oscillation uy, the oscillating amplitude of �vy should become

Figure 9. Jet velocity distributions at the lowest positions on two cross-sections: vertical plane along the center line of the pipe and
vertical plane along the top of the edge. (a) Reference model at t = 39.4 ms. (b) Mid model at t = 38.2 ms. (c) Short model at
t = 38.66 ms.
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smaller, while the averaged outgoing flow should be non-
negligible. Indeed, �vy takes positive values in large parts
of the time evolution, and a small amount of volume flow
is supplied to the pipe as shown in Figure 5c. In the station-
ary state, this inappropriate cycle should be repeated,
namely falling into a negative cycle. In this sense, the jet
drives the pipe with improper timing.

For the Short model, /J
x¼l takes a value of 1.07 [rad]

(�p/3) and sin/J
x¼l takes a value of 0.88. Thus, the particle

reaches the upper part of the edge at t = tl but the jet is
going downward. No volume flow is substantially supplied
to the pipe at this moment and even the subdominant
condition of the acoustic energy generation may not be
satisfied. However, a particle that starts from the flue exit
in the opposite phase reaches the lower part of the edge.
Thus, for each period of the jet motion, there is a short
interval in which the dominant condition is satisfied: fluid
particles taking relatively small values in vx at the flue exit
reach an area below the edge in a downstroke process.
Then, a considerable amount of acoustic energy should arise
enough to drive the pipe and an acoustic oscillation is well
sustained as shown in Figure 5e. In this sense, the Short
model can generate acoustic energy under the dominant
condition, while the efficiency of the production of acoustic
energy by the jet is less than that of the Reference model.
The relatively long attack transient should be attributed
to the mismatching between the maximum volume flow
injection and the dominant condition of acoustic energy
generation.

These theoretical predictions are supported by numeri-
cal evidence. Figure 9 shows the jet velocity distributions
at the lowest positions for the three models. The jet behaves
in different manners for the three models. For the Reference
model, the strong jet flow dives under the edge and forms a
clear envelope. Thus, the jet should drive the pipe generat-
ing aerodynamic sound in the dominant condition. For the
Mid model, the jet collides with the edge and a large piece of
the jet flow goes over the edge. Then, the remaining piece of
the jet flow supplied to the pipe is relatively weak and
unstable compared to that of the Reference model. Thus,
the jet overshoots the edge in large parts of the time evolu-
tion and does not sufficiently satisfy the dominant condition
at any moment. This fact indicates that the jet drives the
pipe with inappropriate timing. For the Short model, a
major part of the jet flow dives under the edge but is weak
and significantly unstable. This is because the jet is dis-
turbed by the inlet flow in the channel part of the foot as
shown in Figure 6b, and a fluid parcel with almost the
minimum values of �vx at the flue exit reaches near the edge
at this moment. The dominant condition is satisfied when
the jet dives under the edge despite being weak and unsta-
ble. Thus, the jet can drive the pipe fairly well in the sta-
tionary state after a relatively long attack transient.
Although it is not shown in the figure, when the jet takes
an upper position, the relatively strong flow goes over the
edge because a parcel with almost the maximum values of
�vx at the flue exit reaches near the edge at this moment.

Further study on the relative timing between the jet
motion and acoustic energy generation based on HEC

combined with the numerical method of tracing particle
paths is postponed for future work.

4 Discussion

In this paper, we numerically studied the 3D flue organ
pipe model, focusing on the problem of what role the foot,
which acts as a Helmholtz resonator, plays in the sound gen-
eration process. First, we showed how the detuning of the
acoustic oscillation frequency from the resonance frequency
of the foot affects the phase difference between the acoustic
oscillation in the pipe and the pressure oscillation in the foot.
Indeed, the change in the relative phase between the pipe
and the foot can be explained by the theory of forced
harmonic oscillators (TFHO) [14, 16]. In this scenario, we
assumed that the acoustic oscillation in the pipe drives the
foot. Thus, the relationship of the Helmholtz resonance fre-
quency fH of the foot to the acoustic frequency fa determines
the relative phase between the oscillations in the pipe and
foot. We observed the three types of responses of the foot
to the driving force: the stiffness-controlled response
(fa < fH) for the Short model, the damping-controlled one
(fa � fH) for the Mid model, and the mass-controlled one
(fa> fH) for the Referencemodel. However, for the resonance
condition, fa � fH, the acoustic oscillation in the pipe and
that in the foot become smaller in amplitude than those
for the other models, which contradicts the prediction of
TFHO. For this fact, we gave an intuitive explanation that
the enhancement of energy transfer from the pipe to the foot
owing to resonance consumes the acoustic energy in the pipe
as a sort of Helmholtz silencer. We also tried to examine this
fact from the viewpoint of forced coupled damped oscilla-
tors. However, these interpretations did not clarify the
mechanism of reducing the total acoustic energy in the pipe
and foot. Thus, this process should be induced by the nonlin-
ear interaction of the jet motion with the acoustic oscilla-
tions in the foot and pipe.

Thus, we considered that relative phases among the
pressure oscillation in the pipe, that in the foot and the
jet velocity are the key to understanding the overall picture
of this problem, and showed that total balance among them
plays a crucial role in the sound generation process and
affects the properties of acoustic and fluid oscillations.
Namely, the change of the Helmholtz resonance frequency
of the foot changes the relative phase between the pressure
oscillation in the pipe and that in the foot so that the rela-
tive phase between the x and y components of the jet veloc-
ity at the flue exit changes. In other words, the relative
timings of the injection of the maximum velocity from the
flue against the vertical oscillations of the jet changes
depending on the Helmholtz resonance frequency of the
foot. The analysis using the negative-displacement jet
model indicated that such a change in the relative timing
affects the acoustic energy generation process occurring in
the downstream area near the edge. Indeed, the jet drives
the pipe with appropriate and quasi-appropriate timings
to sustain the acoustic oscillations for the Reference and
Short models, respectively. Namely, the dominant condition
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of the acoustic energy generation given by the analysis
based on Howe’s energy corollary is more or less satisfied
for these models [11]. In contrast, for the Mid model, the
dominant condition of the acoustic energy generation is
not satisfied sufficiently. Thus, the jet inefficiently drives
the pipe with inappropriate timing for generating acoustic
energy, and the feedback from the generated acoustic
oscillation with a small amplitude makes the jet oscillation
smaller in amplitude. Therefore, a small amount of volume
flow is supplied to the pipe. This inappropriate cycle should
be repeated in the stationary state. These theoretical
predictions were supported by numerical evidence.

In this paper, we treated the model with a closed organ
pipe. It is worthwhile discussing whether our results apply
to open organ pipes. We expect that the results in the
mass-controlled and stiffness-controlled regimes are applica-
ble to open flue pipes owing to the stability of oscillations.
However, we should pay close attention to treating open flue
pipes in the damping-controlled regime for the following
reasons. For closed flue pipes, there is a mean upward flow
through the mouth opening owing to the effect of feedback
from the pipe resonance and recirculation of the airflow
[28]. In contrast, a mean upward flow should be reduced
for open flue pipes. As a result, the volume flow is supplied
more to an open pipe than a closed pipe; thus, more acoustic
energy should be generated. On the other hand, Paál et al.
reported that the jet osculation becomes larger in amplitude
and more unstable for an open flue pipe [27]. Furthermore, it
was also reported that the so-called “auto-direction” effect
arises for closed flue pipes and the air-jet oscillation is
stabilized [29, 30]. From these facts, the jet and acoustic
oscillations may become larger in amplitude but more
unstable for open flue pipes in the damping-controlled
regime. In any case, it should be desirable for both open
and closed pipes to operate in either the mass-controlled
or stiffness-controlled regimes. These issues should be clari-
fied in future work.

The result of this paper may stimulate one to develop a
dynamical model of coupled oscillators combined with the
nonlinear jet motion to capture the basic nature of flue
organ pipes and to explore relative phases among the acous-
tic oscillations and the jet motion. Dynamical models
involving the propagation of the hydrodynamic wave of
the jet as a delay component have been recently developed
for flute-like and recorder-like instruments [38, 39]. Such
delay models may provide an important clue for modeling
flue organ pipes.

An additional but important finding in this paper is the
appearance of subharmonics for the vertical jet velocity �vy
and acoustic oscillation in the pipe for the Reference and
Mid models. A dynamical model with delay as mentioned
above may explain the bifurcation mechanism of subhar-
monics. However, the bifurcation of subharmonics is
suppressed for the Short model possibly because of the dis-
turbance in the formation of the jet induced by the flow from
the inlet in the foot. This suppression mechanism is essen-
tially the same as that reported by Giordano and Saenger
[35]. Solving this mechanism is a problem for future work.

Our numerical results may not be directly applied to the
sound generation process of real flue organ pipes. Namely,
the pipes are arranged over a wind chest and a set of the
pipes selected by a given slider’s position are pronounced.
Even in this case, the foot should still work as a Helmholtz
resonator with two necks, and to understand the whole
sound generation process we need to consider the phase
relationship in oscillations among the pipe, foot and wind-
chest, perhaps including the other pipes connected to the
same windchest. If numerical simulation including the effect
of the windchest is possible, we may find important knowl-
edge applicable to the design of flue organ pipes. This is an
interesting and important problem for future work. For this
purpose, an artificial modeling technique for an enclosed
volume of gas outside of an open end may be applicable
for modeling the volume effect of a windchest. For example,
the plenumPressure in OpenFOAM provides, as a pressure
boundary condition, a plenum pressure inlet condition using
a zero-dimensional model of an enclosed volume of gas
upstream of the inlet [40].

In comparing our results with the properties of real flue
organ pipes, it is necessary to check which regime, the mass-
controlled or the stiffness-controlled regime, real flue organ
pipes operate in if it is confirmed that their feet act as
Helmholtz resonators. This is because it is more suitable
for voicing and tuning adjustments if all pipes or at least
pipes in each tonal family, e.g., flutes, diapasons (princi-
pals), and strings, have the same characteristics in phase
responses. In our numerical calculation, the acoustic oscilla-
tion frequencies considerably change depending on the
geometry of the foot owing to the coupling between the pipe
and foot as shown in Table 1. Therefore, it is important to
investigate how the acoustic oscillation frequencies of real
flue organ pipes change depending on the geometry of their
feet in the mass-controlled and stiffness-controlled regimes
from the viewpoint of voicing and tuning adjustments
and design of flue organ pipes.

Concerning recorders, the oral cavity and vocal track
seem to play the same role as the foot and affect the stabil-
ity and phase change of acoustic oscillations [12, 13]. It can
be assumed that a nearly constant flow is supplied from the
lungs to the vocal track. Thus, the situation is similar to our
numerical model. Indeed, similar synchronization and anti-
phase synchronization were observed experimentally and
discussed theoretically [13]. Our numerical results and
prediction should be checked by experiments on recorders
in future work.
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Appendix
A1 Jet model

According to the textbook written by Fletcher and
Rossing [1] and recent studies [17–22], the motion of the
center-line of the jet is approximated by a negative-
displacement jet model. As shown in Figure 8, when the
jet is driven by a uniform acoustic field in the y direction
with the velocity uy = u0 cos(xt + h0) with an initial phase
h0 and an amplitude u0, the displacement in the y-direction
of the center-line of the jet is given by

ŷðx; tÞ ¼ u0
x

sinðxt þ h0Þ � gðlxÞ sin xðt � x=uwÞ þ h0ð Þð Þ;
ðA1Þ

where the origin of the coordinate system is taken at the
center of the flue exit, uw is the phase speed of a hydrody-
namic wave formed by the jet in the semi-infinite space
x > 0, and g(lx) is an increasing function with a growth
rate l, which is typically taken as an exponential function
g(lx) = explx or a polynomial approximation to it. If the
jet velocity V is given at the flue exit, the phase speed uw
is approximately obtained as uw � V/2, and the approxi-
mation l � k = x/uw is also used when the jet is not extre-
mely narrow [1, 22].

Ignoring the fluctuation of the x component of flow
velocity, we assume that the jet velocity at the center of
the flue exit at ðx = 0, y = 0) takes a constant value of
V. When a fluid particle starts from the point (x = 0,
y = 0) at t = 0, its x-coordinate is approximated as
x � Vt. Substituting x � Vt into equation (A1) and taking
the total differential of ŷðx; tÞ with respect to t, we obtain
the y component of the fluid particle velocity on the center
line [22]:

v̂yðx; tÞ ¼ @

@t
ŷðx; tÞ þ vx

@

@x
ŷðx; tÞ

¼ u0ðcosðxt þ h0Þ þ ðvx=uw � 1ÞgðlxÞ cos xðt � x=uwÞ þ h0ð Þ

� lvx
x

g0ðlxÞ sin xðt � x=uwÞ þ h0ð ÞÞ ðA2Þ

where g0(x) denotes the derivative of g(x). At x = 0,
equation (A2) gives the y component of the fluid velocity
at the flue exit,

v̂yðx ¼ 0; tÞ ¼ u0 1þ vx
uw

� 1
� �

gð0Þ
� �

cosðxt þ h0Þ
	

� lvx
x

g0ð0Þ sinðxt þ h0Þ
)

� 2
ffiffiffi
2

p
u0 cosðxt þ p=4þ h0Þ; ðA3Þ

where we make use of vx � V, uw � V/2 and l � k = x/uw,
and also use g(0) = 1 and g0(0) = 1 in the last line, which
are available when g(lx) is an exponential function or a
polynomial approximation to it. It is numerically con-
firmed that v̂y is synchronized with uy not at the flue exit
but at a small distance from the flue exit [11, 22].

Combining equation (A1) with the approximation
x � Vt provides the trace of the fluid particle
ðxðtÞ; ŷðxðtÞ; tÞÞ that starts from the center of the flue exit
at t = 0. Since the particle reaches a position x = l at
tl = l/V, the y component, ŷðxðtlÞ; tlÞ, is approximately
obtained as

ŷðx ¼ l; tlÞ ¼ u0
x

sinðxl=V þ h0Þ � gðllÞð

� sin xðl=V � l=uwÞ þ h0ð ÞÞ

� u0
x

sinðxl=V þ h0Þ � gðllÞ sin �xl=V þ h0ð Þð Þ

� � u0
x
gðllÞ sin �xl=V þ h0ð Þ; ðA4Þ

where we assumed that g(ll) � 1 in the last line.
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