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Abstract

Sound-absorptive materials such as foam can be described by the equivalent fluid (EF) model. The homogenized fluid’s acoustic behavior is thereby described by complex-valued, frequency-dependent acoustic material parameters. When transforming the acoustic wave equation for the EF model from the frequency domain to the time domain, convolution integrals arise. The auxiliary differential equation (ADE) method is used to circumvent the direct calculation of these convolution integrals. The wave equation and the coupled set of ordinary ADEs are solved in the time domain using the finite element (FE) method. The approach relies on approximating the complex-valued frequency response functions of the inverse equivalent bulk modulus and density by a sum of rational functions consisting of real and complex poles. The order of the rational function approximation defines the number of additionally introduced auxiliary variables per nodal degree of freedom. The presented FE formulation includes a narrow-band non-reflecting boundary condition (NRBC) for normal incidence. The implementation in openCFS shows optimal temporal and spatial convergence for a semi-infinite duct based on the analytic plane wave solution for harmonic excitation. The simulation of a pressure pulse propagating in an infinite EF domain with a scatterer demonstrates the capability for multidimensional, actual transient problems.
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1 Introduction
Although acoustic waves can be typically described by harmonic oscillations of fluid particles, the solution of certain problems relies on time-domain simulations. Time-domain acoustic simulations are inevitable in hybrid computational aeroacoustics (CAA) when the transformation of the sources obtained from unsteady flow simulations into the frequency domain (e.g., via fast-Fourier transformation) should be avoided [1]. Moreover, employing transient simulations in room acoustics to directly compute room impulse response might be advantageous in terms of computational efficiency [2, 3]. Also, real-time applications such as virtual sensing [4, 5] or digital sound reconstruction [6] rely on numerical solutions in the time domain. In acoustic field simulations, the impact of porous material or acoustic metamaterials on an adjacent propagation domain is either considered by an impedance boundary condition or an EF model. The latter approach requires a discretization of the EF domain, resulting in a larger number of degrees of freedom (DoF) and increased computational effort. The more general EF model allows modelling non-locally reacting absorber configurations such as perforated sheets with an adjacent air cavity. Both the impedance boundary condition and the EF model entail convolution integrals when transforming the governing equations from the frequency domain to the time domain due to the frequency-dependent material parameters. Numerous time-domain impedance boundary conditions (TDIBC) can be found in the literature. Among them are transmission boundary conditions [7, 8], an alternative approach to the EF model for simulating perforated sheets with an adjacent air cavity. Other formulations considering background flow [9–16] or a non-linear impedance, depending on the sound pressure [17–19], are also known. Despite a similar purpose and the same challenge, only a few publications on time-domain formulations of an equivalent fluid (TDEF) are available. Both approaches model frequency-dependent acoustic characteristics (e.g., impedance or EF model parameters), which entail time convolution integrals with the physical unknowns when transforming the governing equations into the time domain. The substantial difference is that the convolution integrals of TDIBCs arise only in the boundary condition. In contrast, convolution integrals have to be solved in the entire TDEF domain representing the sound-absorptive material. Several approaches are available to represent the convolution integrals of TDIBCs to efficiently compute the arising convolution integrals. Among them are the auxiliary differential equation (ADE) method [7, 13, 14, 17, 18, 20–22], generalized recursive convolution [20, 23–29], or methods based on the Z-transform [9, 10, 30]. The last two concepts are very similar and require storing the history of a number of previous time steps. In terms of temporal discretization, they are at best second-order accurate due to the assumption of piece-wise constant acoustic variables [20]. In contrast to that, the accuracy of the numerical solution is not degraded when using the ADE method while maintaining low memory requirements [13]. From a computational perspective, all strategies cause an additional computational workload compared to the ordinary wave equation. Either additional auxiliary unknowns are introduced, or the solution history has to be stored for several time steps [20].
A first time-domain approach to simulate the propagation of acoustic waves in porous media based on an EF model was proposed by Fellah and Depollier for the linearized Euler equations [31]. The drawback of the proposed method is that it is split into a high- and low-frequency asymptotic approximation, where isothermal and adiabatic change is assumed, respectively. Wilson et al. developed a time-domain version of the relaxation model for sound propagation in rigid-frame porous media, without any restriction on the frequency range [32]. The model reduces to the asymptotic approximations given by [31]. The formulation involves convolution integrals, whereby an approach to overcome the direct solution of the convolutions is not provided. A first one-dimensional (1D) field simulation of sound propagation in rigid porous material was presented by Umnova and Turo using the finite difference method (FDM) [33]. Based on the Johnson-Champoux-Allard-Lafarge (JCAL) model [34–36], they derived a set of equations corresponding to a time-domain expression of the EF model. Also, no approach to circumvent the direct computation of the convolution integrals was proposed. Therefore, an application to multi-dimensional problems is not feasible. To the best of the authors’ knowledge, Zhao et al. derived the first time-domain formulation of the EF, which circumvents the direct convolution computation by introducing a rational function approximation and exploiting the shifting properties of the Z-transform [37]. They solved the conservation equations of mass and momentum using FDM and a first model applicable to real-world problems, as demonstrated in [38, 39]. Bellis and Lombard developed a time-domain formulation for sound propagation in acoustic metamaterials [40]. Motivated by the eigenfrequencies of the Helmholtz resonators composing the metamaterial, they used specific rational functions to approximate the EF parameters. Similarly to the ADE method, auxiliary partial differential equations (PDEs) are coupled to the governing PDE. These ADEs are obtained by a suitable choice of variable substitution, motivated by the metamaterial’s frequency response functions (FRFs) of the EF parameters. Alomar et al. [41] proposed a pole identification method to extract the rational function approximation of EF parameters used in a TDEF from measurements. They showed that elastic resonances of the sample induce complex poles, which wave to be discarded for proper material characterization of porous materials exhibiting no local resonance. A formulation based on the linearized Euler equations (LEE) is given in [42], allowing the modelling of a mean flow with an adjacent dissipative liner. In [43], another ADE-based TDEF approach is derived based on the acoustic conservation equations. In [44], an ADE-based approach using the discontinuous Galerkin (DG) method is presented. TDEF formulations for the scalar wave equation are rare. Recently, Cai et al. [5] presented an approach based on an interconnection of passive systems representing the losses in the equivalent fluid, focusing on a model order reduction approach to enhance numerical efficiency. Furthermore, Yoshida et al. [45] proposed an FE formulation applying the ADE method on the scalar acoustic wave equation. The ADEs are coupled to the wave equation via a right-hand side and are solved by an external Runge-Kutta solver for ordinary differential equations (ODE). We propose a similar FE formulation based on the ADE method. Unlike in [45], the ADEs are treated as additional FE unknowns, allowing to straightforwardly implement the formulation into an existing FE framework without the need for additional solvers. It is also shown that for complex-conjugated poles of the rational function approximation, one of the two induced auxiliary variables can be eliminated to enhance the computational efficiency. Moreover, a narrowband NRBC for normal incidence is derived and verified for a 1D and 2D problem, which particularly differentiates the work from the mentioned publications.
The article is organized as follows. Section 2 describes the theoretical background of the TDEF and the numerical discretization using the FE method. In Section 3.1, the spatial and temporal convergence rates are evaluated based on 1D wave propagation in a duct with harmonic excitation. Section 3.2 addresses wave propagation of a transient pressure pulse in a dissipative medium, where the TDEF formulation and the NRBC are verified for a two-dimensional problem. Conclusions on the implementation and numerical results are drawn in Section 4.
2 Theory
Applying the inverse Fourier transform to the Helmholtz equation for an inhomogeneous domain with space- and frequency-dependent equivalent bulk modulus Keq and density ρeq yields
[image: thumbnail](1)
with pac denoting the acoustic pressure, * the time-convolution operator, and the dots above the variable indicating the second-order partial time derivative. Since the EF parameters occur in their inverse form in the wave equation (1), the rational function approximation is applied to the reciprocal of the EF model parameters. In doing so, the FRF of the equivalent compressibility [image: equation] being the inverse of the equivalent compression modulus [image: equation] and the equivalent specific volume [image: equation] being the inverse of the equivalent density [image: equation] are approximated by a sum of rational functions
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Herein, the superscripts C and v indicate the assignment of coefficients and variables to the equivalent compressibility Ceq and specific volume veq and i denotes the imaginary unit. The order of the approximation is defined by the number of real poles NC and Nv and complex conjugate pole pairs MC and Mv, respectively. Different methods for the parameter fitting process of the rational functions are available, where special attention must be paid to maintain the conditions for passivity, reality, and causality [46, 47]. The inverse Fourier transforms [image: equation] of the FRFs (2a) and (2b) read
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with Δ(t) and H(t) being the Dirac and Heaviside distributions, respectively. By looking at the inverse Fourier transforms of the FRFs, it becomes clear that the real poles cause a damped response, while the complex poles entail an oscillatory response damped with time. The first is the behavior expected from sound-absorptive materials, whereas the latter is typical of acoustic metamaterials, which exhibit local resonances. A study on transient wave propagation in an acoustic metamaterial composed of homogenized Helmholtz resonators entailing a local resonance is given by Bellis and Lombard [40]. The constants C∞ and ρ∞ in (3a) and (3b) constitute the high-frequency limit of the FRFs and corresponds to the instantaneous response to the excitation. Considering the time convolution integrals, the wave equation (1) becomes
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Plugging (3a) and (3b) into (4) yields a modified form of the wave equation representing a time-domain formulation of the EF
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where the scalar auxiliary variables [image: equation], [image: equation], and [image: equation] substitute the convolutions entailed by the rational approximation of the equivalent compressibility
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The vector-valued accumulator variables [image: equation], [image: equation], and [image: equation] represent the convolutions assigned to the equivalent specific volume
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2.1 Application of the ADE method
Instead of directly solving the convolution integrals of the accumulator variables, the sets of integrals are differentiated with respect to time according to the ADE method [20]. Therewith, (6a) and (7a) become
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and
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resulting in a total of N = NC + 2MC + Nv + 2Mv auxiliary differential equations. Scalar potentials can be introduced for the vector auxiliary variables ([image: equation]) justified by applying a Helmholtz decomposition to the vector auxiliary variables, which only act on the acoustic pressure by its divergence [48] in (5). Moreover, we can rearrange (8c) to isolate the auxiliary variable [image: equation] and plug it together with its time derivative [image: equation] into (8b) and (5). By doing the same for [image: equation] in (9b) and (9c), the auxiliary variables [image: equation] and [image: equation] can be eliminated.
2.2 Scalar wave equation for a time-domain equivalent fluid (TDEF)
Finally, the wave equation for the EF reads
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The corresponding set of ADEs assigned to the equivalent compressibility Ceq are found to be
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and for the equivalent specific volume veq we arrive at
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Therein, the constants
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were introduced for better readability and the gradients in (12) were canceled out. The elimination of the auxiliary variables reduces the number of additional unknowns to MC + Mv and induces a second-order time derivative of the auxiliary variables [image: equation] and [image: equation]. With the introduction of the potential and the elimination of variables, only one scalar auxiliary variable per real and complex pole is introduced, respectively. Note that by considering (1) and invoking the linearized balance of momentum, the acoustic particle acceleration aac can be determined, as emphasized in (10). In the case of multiple media (to another equivalent fluid or a non-dissipative medium), the continuity of the normal acoustic particle acceleration [image: equation] at the interface which results in vanishing surface integrals, which arise from integration by parts of the divergence term (see next section).
2.3 Weak Form of the TDEF wave equation
Next, the variational form of the system of differential equations is derived for a homogeneous EF domain Ω as displayed in Figure 1. The boundary Γ = ΓSH ∪ ΓEX ∪ ΓNR is composed of a rigid (sound-hard) boundary aac · n = 0, a boundary with excitation [image: equation], and a non-reflecting boundary NNR. We introduce appropriate test functions [image: equation] for the wave equation and ADEs, respectively. The space and time dependence of the unknowns [image: equation] are described by considering them as elements of the function spaces [image: equation], and [image: equation] for each time t ≥ 0. The test functions [image: equation] are elements of the function spaces [image: equation], [image: equation], and [image: equation], where zero Dirichlet values are assumed at the boundary Γ i.e.,
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	[image: thumbnail]	Figure 1 Computational domain consisting of an EF with with non-reflecting boundary NNR, excitation boundary ΓEX, sound-hard boundary ΓSH and normal vector n.



L2 denotes the space of square-integrable functions, and H1 the space of square-integrable functions with square-integrable first derivatives. The additional subscript 0 in (14) denotes zero boundary values.
The modified wave equation (10) is multiplied by the test function p′ and integrated over the subdomains to obtain its weak form
[image: thumbnail](15)
where the acoustic particle acceleration aac emphasized in (10) is substituted and n denotes the normal vector at the boundary. The submatrices resulting from applying the Galerkin procedure are emphasized by the underbraces indicating the coupling between the variables. The underlined variables are vectors of unknowns collecting the nodal degrees of freedom. The boundary term on the excitation boundary ΓEX becomes
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The boundary term on the non-reflecting boundary ΓNR is derived in Section 2.4. In case of an adjacent non-dispersive domain, the term becomes an interface condition. When the continuity of the normal acceleration is enforced, the interface term vanishes due to the opposite direction of the normal vectors of the connected domains at the interface.
The ADEs related to the equivalent compressibility (i.e., bulk modulus) read as
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and for the ADEs related to the equivalent specific volume (i.e., density) as
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2.4 Non-reflecting boundary condition
Analogous to an absorbing boundary condition (ABC), a boundary condition can be established for the TDEF formulation, where outgoing plane waves with normal incidence are fully absorbed. However, due to the dispersive nature of an equivalent fluid, the proposed non-reflecting boundary condition (NRBC) is only exact at a specified target frequency ftr. Hence, the applicability of the introduced NRBC is restricted to problems where the bandwidth of interest is limited. As for the conventional ABC, the knowledge of the plane wave solution for 1D wave propagation in positive x-direction
[image: thumbnail](21)
is exploited, where αtr and βtr denote the real and imaginary part of the complex wavenumber
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at the target angular frequency ωtr = 2πftr, respectively. For strongly damped materials, the exponentially decaying term entailed by the imaginary part of the wavenumber βtr becomes relevant and must be considered in the NRBC. Hence, assuming normal incidence of an outgoing wave on ΓNR, the normal derivative computes as
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where the relation [image: equation] was considered. Consequently, the boundary integral on ΓNR in (15) becomes
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Unlike for the pressure, where the plane wave solution is exploited, no physical boundary condition can be found for the auxiliary variables. However, this is not required since spatial derivatives only occur in the primary PDE (for the primary variable pac). Hence, the surface normal derivative operator [image: equation] remains for the auxiliary variables Φv and [image: equation] resulting in a bilinear form ∫DNi∇Nj dΓ after applying the Galerkin procedure, where D denotes a coefficient. It is noted that the NRBC is tailored to a specific frequency because the material parameters are evaluated at this discrete angular frequency ωtr. Consequently, the narrow-band NRBC is only applicable for harmonic excitation with target frequency ftrg when transients have vanished. According to [49], multiple narrow-band NRBC operators can be combined to achieve an extended effective bandwidth (Huygens ABC [50]).
In the case of narrow-band excitation, the NRBC can be used to model a thick absorber, where the sound waves are approximately decayed when reaching the end of the absorptive medium. Applying the NRBC allows modeling only a part of the EF, resulting in a reduced number of unknowns and hence computational effort. Typically, the sound propagation in the EF is not of interest, but the impact on the adjacent air domain. In this case, the absorber can be modeled using a few element layers in combination with a narrow-band NRBC resulting in a computational effort comparable to a TDIBC. For oblique incidence, the NRBC is not applicable. In this case, PMLs are necessary, which require special treatment for dispersive material [51].
2.5 Semidiscrete system of equations
Using nodal finite elements, the acoustic pressure as well as the auxiliary variables are approximated as
[image: thumbnail](25)
using FE-Ansatz functions (basis functions) Na according the FEM with n1 being the number of nodes with unknown acoustic pressure (existing in the full domain) and n2 the number of nodes with unknown auxiliary variables (existing in the EF domain only). Applying the Galerkin procedure, we arrive at the following semidiscrete system of equations with the sub-system matrices defined in (15)–(20)
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where 0 and 0 denote a zero matrix and vector of appropriate dimension, respectively. In matrix form, the semidiscrete Galerkin formulation reads
[image: thumbnail](27)
where u collects all nodal unknowns. Observation of the elements of the system matrices reveals, that for the case of a non-locally resonant material having only real poles, no damping term is present in the wave equation itself when no NRBC is used. The only contribution to the damping matrix is given by the ADEs. Therefrom, we can conclude, that energy dissipation is achieved by the ADEs coupled to the wave equation. The imaginary part of complex pole pairs additionally contributes to the stiffness matrix. For time integration of the derived second-order system of ODEs (26), the Newmark-β method is applied.
3 Results
3.1 Study of spatial and temporal convergence
In the following, plane wave propagation in a semi-infinite duct with a strongly damped EF is computed to evaluate the temporal and spatial convergence rates and to demonstrate the effect of the NRBC. The FE mesh of the 2D problem consisting of a 1D arrangement of square elements is depicted in Figure 2. At Γe, a time-harmonic pressure excitation of the form
[image: thumbnail](28)
with a pressure amplitude [image: equation] Pa and excitation frequency fexc = 1 kHz is imposed. The remaining wall boundary ΓW is assumed sound-hard (vac = 0). Zero initial conditions are considered for the pressure and the auxiliary variables. Hence, the simulation result is expected to match the time-harmonic analytical solution (21) after a sufficiently long simulation time. For the analysis, the fictitious porous material mat1 derived from Yoshida et al. [45] is considered. The EF model exhibits strong damping to emphasize the role of the stiffness term (entailed by the imaginary part of the wave number) and the normal derivatives of the auxiliary variables in the NRBC. The FRFs of the equivalent compressibility [image: equation] and specific volume [image: equation] are depicted in Figure 3, where the excitation frequency fexc is highlighted. The corresponding rational function approximation coefficients of the EF parameters according to the rational function definition (2a) and (2b) are listed in Table 1.
	[image: thumbnail]	Figure 2 2D computational domain of a duct considered for the convergence study with a generic mesh consisting of Nel square quadrilateral elements.



	[image: thumbnail]	Figure 3 Real and imaginary parts of the equivalent compressibility [image: equation] (left) and equivalent specific volume [image: equation] (right) as a function of frequency for the fictitious porous material mat1.



Table 1 
Coefficients of the rational function approximation of the equivalent parameters of the fictitious material mat1: residues A, poles α, and constants C∞ and v∞.

In the convergence study, the four different discretization parameters are investigated. The target element size htrg,k determining the spatial discretization is varied as
[image: thumbnail](29)
The initial discretization h0 with htrg,0 = 0.05 m resolving the wavelength λeq = 0.1459 m by approximately 2.9 elements. To verify the NRBC, the duct length L = μl λeq is varied between the maximum length discretization l0 and minimum length discretization l6, where the factor μl ∈ [4, 2, 1, 0.5, 0.25, 0.125, 0.0625] determines the length of the duct. The actually resulting element size hel,k depends on the length discretization l. A comprehensive overview of the resulting actual element sizes is provided by Table 2 for each combination of the spatial discretization h and length discretization l. Three configurations with larger element sizes than the duct length are excluded from the study. In doing so, 33 transient simulations of different element size and duct length were carried out. FE basis functions of polynomial degrees p = 1 (linear elements) and p = 2 (quadratic elements) are considered, denoted as p1 and p2, respectively. Gauss quadrature with the integration order nint = p + 1 is deployed for the numerical integration of the element matrices within the FE procedure [52]. Finally, the time discretization (t0 to t5) of the Newmark time stepping scheme is determined by the time step size Δt = T/μt, where the T denotes the oscillation period and μt ∈ [4, 8, 16, 32, 64, 128] the discretization factor. The initial discretization t0 with a time step size Δt0 = 250 ms resolves one period of oscillation T = 1/fexc = 1 ms by four time steps.
Table 2 
Overview of resulting element sizes hel for the given combinations of length discretizations l0 to l6 and spatial discretization h0 to h5 considered in the convergence study.

The resulting 1D pressure field in the duct is depicted in Figures 4a–4d at selected time steps for the lengths l1, l3, and l5 with discretizations h2, p1, t5.
	[image: thumbnail]	Figure 4 1D acoustic pressure field pac(x, t) in a duct filled with homogeneous, sound absorptive material of configurations h2, p1 and temporal discretization t5 for harmonic excitation with fexc. Duct lengths l1, l3, and l5 are considered. The crosses indicate the nodes of the FE mesh. (a) = 0.25 ms ≈ 0.25T; (b) = 1.00 ms ≈ 1.00T; (c) = 2.00 ms ≈ 2.00T; (d) =4.00 ms ≈ 4.00T.



A strong decay along the x-axis can be observed due to the strong damping in the EF, which essentially wipes out the sound wave over one wavelength λ. The TDEF-based transient simulation matches the analytic solution after about four periods T. The quadratic error
[image: thumbnail](30)
is introduced to quantify the deviation of the transient simulations from the analytical solution. For the computation of the integral, Gauss quadrature with integration order nint = 2p is used, analogous to the FE procedure. The time course of the error ϵΩ(t) is shown exemplarily in Figure 5 for configuration h2, l1, t5 with linear (p1) and quadratic (p2) FE basis functions.
	[image: thumbnail]	Figure 5 Temporal convergence of the quadratic error ϵΩ for time-harmonic excitation of the configuration h2, l1, t5 for linear (p1) and quadratic elements (p2), respectively. After physical transients vanished, the error attributed to the numerical schemes (discretization of time and space) remains.



The error varies during one period due to the harmonic oscillation of the reference signal [image: equation]. Therefore, a period-average is computed by applying a moving-mean filter with a sample number corresponding to one period T. The deviation of the transient simulations from the time-harmonic analytic reference decreases non-monotonic due to vanishing transients until the numerical error of the simulation remains. Additionally, a oscillation of the error with a period of approximately 4.3T is superimposed, as indicated in the plot. The subharmonic oscillation is related to the duration of the sound wave inside the duct and therefore depends on the duct length. The remaining error (indicated by the horizontal dashed horizontal lines) can be attributed to the numerical solution.
Figure 6a depicts the quadratic error ϵΩ for the configuration h5, p2, l0 depending on the temporal discretization (t0 to t5). It shows the convergence with second order as expected for the second-order Newmark time integration scheme. Figure 6b reveals that also optimal spatial convergence of order p + 1 is achieved for duct lengths L ≥ λeq (l0 to l2) apart from the highest resolutions where the time discretization prevents the error from falling below 2 × 10−4 (see Fig. 6a). For a duct length shorter than the wavelength (L < λeq), the NRBC becomes relevant, reducing the order of convergence by one due to the normal derivative of the auxiliary variables (see Sect. 2.4). Obviously, the impact of the NRBC on the error is insignificant for lengths larger than the wavelength because the amplitudes nearly vanish at the non-reflecting boundary ΓNR due to the strong damping in the EF, making the NRBC irrelevant (see Fig. 4).
	[image: thumbnail]	Figure 6 Convergence rates of time and space. For the latter, linear (p1) and quadratic (p2) FE basis functions and different duct lengths (l0 to l6) are considered. The dashed grey lines indicate specific orders of convergence. (a) Temporal convergence of configuration h5, p2, l0; (b) Spatial convergence with the finest considered time discretization t5 (Δt = 7.8125 μs).



3.2 Transient sound propagation in a 2D dissipative domain
Having studied the convergence of the formulation based on harmonic plane-wave propagation, it is now applied to a 2D problem with transient excitation [53]. A smooth pressure pulse defined as (see Fig. 7)
[image: thumbnail](31)
is prescribed at the inner boundary Γe with a radius ri = 0.05 m of the disc, depicted in Figure 8. The transient excitation is chosen according to [40] with the center frequency [image: equation], and the coefficients a1 = 1, a2 = −21/32, a3 = 63/768, a4 = −1/512, and βm = 2m−1. The disc with an outer radius of ro = 2.5 m is discretized by approximately 15,800 quadrilateral elements with linear shape functions (p1) and an approximate size of hel = 0.025 m. At the left side of the disc (see Fig. 8), a scatterer with a shape according to [40] is located. At the boundary of the scatterer, the natural sound-hard boundary condition aac · n = 0 is imposed. The dissipative material introduced in Section 3.1 is assigned to the propagation domain (see Tab. 1). At the outer boundary [image: equation], the narrowband NRBC (see Sect. 2.4) is applied. Due to the dispersive nature of an equivalent fluid, the dominating (center) frequency of the excitation signal shifts from fc = 700 Hz to ftr = 40 Hz until the wave reaches the non-reflecting boundary. This target frequency ftr is determined by a preliminary simulation with an extended domain by computing the FFT of a time signal at the position of the boundary r = r0. The NRBC parameters αtr and βtr in (23) are then obtained according to (22) by evaluating the rational function approximations of the equivalent fluid parameters (2a) and (2b) at the target frequency ωtr.
	[image: thumbnail]	Figure 7 Smooth transient excitation signal according to Bellis and Lombard [40].



	[image: thumbnail]	Figure 8 Close-up of the FE mesh with the scatterer according to Bellis and Lombard [40].



Before the wave reaches the scatterer, the analytic solution on the positive x-axis (y = 0) is given by [53]
[image: thumbnail](32)
where [image: equation] is the adapted coefficient for satisfying the inhomogeneous Dirichlet boundary condition on Γe at x = ri, and [image: equation] denotes the zeroth Hankel function of second kind. The Fourier transformed excitation [image: equation] is obtained by applying the fast-Fourier transformation (FFT) to the time signal (31). Computing the inverse FFT of (32) finally yields the semi-analytical solution of (32). The numerical result based on the TDEF formulation is shown in Figure 9 at three selected time steps where the wave has not reached the scatterer. Excellent agreement with the semi-analytical result is achieved apart from the numerical solution at t = 3 ms due to the relatively coarse resolution of the inner boundary Γe, which causes a slight deviation from the semi-analytical solution. Figure 10 shows the instantaneous pressure field at three selected time steps. In the first instance, the wave has not reached the scatterer, while reflections caused by the scatterer are visible in the second instance. To verify the NRBC, the resulting pressure field for a disc with extended radius r0 = 3.75 m is additionally presented in Figure 10b at the time instance t = 36 μs, where the wave pulse has nearly passed the non-reflecting boundary ΓNR. The matching fields inside ΓNR prove the effectiveness of the NRBC for the given application. Note that special care must be taken when setting up the NRBC because the dominating (center) frequency substantially depends on the distance from the source due to the strong dispersive character of the given equivalent fluid. The shift towards smaller frequencies becomes apparent when comparing the changing wavelength in Figure 9. It can be explained by stronger damping at higher frequencies due to an increasing imaginary part of the equivalent compressibility [image: equation] and the equivalent specific volume [image: equation] (see Fig. 3).
	[image: thumbnail]	Figure 9 Resulting acoustic pressure along the x-axis of the disc at selected time steps before impingement of the wave at the scatterer.



	[image: thumbnail]	Figure 10 Results of 2D wave propagation in a dissipative medium with a sound-hard scatterer at three selected time instances. In (b), the result for an extended domain is shown with an indication of the original size of the disc to verify the NRBC. (a) Acoustic pressure fields at t = 7.5 μs (left) and t = 13.5 μs (right); (b) Acoustic pressure fields at t = 36 μs for the original (left) and extended domain (right).



4 Conclusions
A time-domain formulation of the equivalent fluid model was derived for the wave equation, allowing the transient analysis of wave propagation in dispersive, sound-absorptive media such as foam. An efficient computation of the arising convolution integral is ensured by applying the auxiliary differential equation method. This method relies on an approximation of the complex-valued frequency response functions of the inverse equivalent bulk modulus (compressibility) and inverse density (specific volume) by a sum of rational functions. The proposed formulation introduces one additional unknown per real or complex-valued pole of the rationals. The ordinary auxiliary equations, indirectly solving the convolution integrals, are coupled to the wave equation, and the auxiliary variables are treated as additional unknowns in the finite element method. Additionally, a narrow-band non-reflective boundary condition for normal incidence is proposed. The derived finite element formulation is implemented and published publicly in openCFS. The validation against the analytical solution for plane wave propagation in a semi-infinite duct showed optimal temporal and spatial convergence rates. Applying it to a 2D wave propagation in an infinite domain with a scatterer further validates the TDEF formulation, including the NRBC. A disadvantage of the proposed NRBC is that it must be tuned to the dominating frequency of the waves passing the non-reflecting boundary. Hence, preliminary knowledge of the frequency content of the wave reaching the boundary is required for dispersive materials because it depends on the distance from the source. Nevertheless, it is favorable regarding computational efficiency because no additional degrees of freedom have to be introduced.
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        1D acoustic pressure field pac(x, t) in a duct filled with homogeneous, sound absorptive material of configurations h2, p1 and temporal discretization t5 for harmonic excitation with fexc. Duct lengths l1, l3, and l5 are considered. The crosses indicate the nodes of the FE mesh. (a) = 0.25 ms ≈ 0.25T; (b) = 1.00 ms ≈ 1.00T; (c) = 2.00 ms ≈ 2.00T; (d) =4.00 ms ≈ 4.00T.
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        Temporal convergence of the quadratic error ϵΩ for time-harmonic excitation of the configuration h2, l1, t5 for linear (p1) and quadratic elements (p2), respectively. After physical transients vanished, the error attributed to the numerical schemes (discretization of time and space) remains.
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        Convergence rates of time and space. For the latter, linear (p1) and quadratic (p2) FE basis functions and different duct lengths (l0 to l6) are considered. The dashed grey lines indicate specific orders of convergence. (a) Temporal convergence of configuration h5, p2, l0; (b) Spatial convergence with the finest considered time discretization t5 (Δt = 7.8125 μs).
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        Resulting acoustic pressure along the x-axis of the disc at selected time steps before impingement of the wave at the scatterer.
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        Results of 2D wave propagation in a dissipative medium with a sound-hard scatterer at three selected time instances. In (b), the result for an extended domain is shown with an indication of the original size of the disc to verify the NRBC. (a) Acoustic pressure fields at t = 7.5 μs (left) and t = 13.5 μs (right); (b) Acoustic pressure fields at t = 36 μs for the original (left) and extended domain (right).
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