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Abstract

Numerical sound propagation models include a wide range of methods with their own advantages depending on the physical phenomena under consideration. Due to its low-order scheme characteristic, the transmission line matrix (TLM) model is considered for coarse modeling of sound fields in complex outdoor environments. However, the space-time integration scheme of the method is dispersive and affects the free-field predictions. This paper extends a previous study of the numerical dispersion effect on the acoustic pressure field. An ideal case with specular reflections on a perfectly reflective ground is considered to represent the worst-case scenario, as the absence of absorption by the boundary maximizes the influence of numerical dispersion. First, a reminder of the model boundary conditions for specular reflection is provided, and the corresponding analytical solution is introduced as a reference to evaluate the reliability of the model. Then, a numerical experiment is presented and performed for different sound source characteristics. The result analysis shows that dispersion can induce misplaced interferences in the numerically simulated sound fields and the resulting errors are quantified in terms of sound pressure levels (SPL). Finally, an analytical comparison with a well-known finite difference numerical scheme gives a perspective on the TLM model performance regarding several applications.
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1 Introduction
Although the negative impact of noise pollution on human health is established [1], the effects of anthropogenic noise on biodiversity are under study [2, 3]. Researching the impact of noise on wildlife communications (mainly birds and mammals) brings together various scientific fields and leads to cooperations. The study of sound propagation in forests is part of this effort because it can support in-situ recordings of sound signals made by eco acousticians [4]. To better address this topic, several long-range outdoor sound propagation models are available and provide quantitative noise predictions. Usually, noise maps are produced using physics-based engineering methods which present limitations in specific cases, e.g. for porous ground and/or diffuse field [5].
More generally, outdoor sound environment modeling is frequently performed with a large panel of numerical methods, presenting various advantages and limitations, either wave-based methods in the time domain (e.g. FDTD) or wave-based methods in the frequency domain (e.g. BEM, PE) or analytical methods (e.g. Weyl–Van der Pol formulation) or ray-tracing methods [6–8]. Depending on the specificities (symmetry, frequency range...) of the scenario to be modeled, frequency domain, time domain or modal decomposition methods can be chosen for their assets [8, 9]. Among these methods, the Boundary Element Method (BEM) stands out for its efficiency in boundary-dominated scenarios, as it avoids numerical dispersion errors within the volume and requires discretization of only the boundaries, reducing the dimensionality of the problems by one. However, the Transmission Line Matrix (TLM) method is considered to model complex sound environments with a high number of reflections (such as with tree trunks in forests) using impedance boundary conditions. Its computational cost scales with the size of the domain, but it is better suited to handle broadband scenarios with in-volume complexities. The low order characteristic of this scheme and its implementation makes it a potential candidate to solve the wave equation on such scenarios taking into account the backscattered components of the sound field [10, 11]. It has already been used to model realistic outdoor propagation with meteorological effects or multiple reflections by cylinder arrays normal to an impedance plane [12, 13] with source-receiver distances on the order of hundreds of times the minimum modeled wavelength [14].
The main issue of using a low-order spatial integration scheme, such as TLM or centered finite differences in the time domain (FDTD) on a Cartesian mesh is the apparition of numerical dispersion [15]. This pure discretization-induced artifact leads to spurious waves whose phase and group speeds depend on frequency [16]. To solve this problem, there are techniques to avoid or reduce numerical dispersion but all of them have a cost in either efficiency or complexity. For instance, increasing the number of points in a fixed-order FDTD scheme and optimizing the numerical dispersion equation is commonly done in aeroacoustics [17, 18]. For the TLM method, attempts have been made to modify the geometry of the mesh, but it increases the complexity of the implementation [19, 20]. In most cases, the method remains second-order, with the computational complexity similar to that of a matrix-vector product [11]. The effect of the numerical dispersion on TLM results has been highlighted from the free-field case [11]. This paper investigates the performance with respect to a singular reflection to assess the impact of numerical dispersion on the modeling of boundaries. This is a step toward realistic simulations of sound propagation in forests.
The study presented below focuses on the TLM model and its limitations in specific application domains. Instead of increasing the order of the model (i.e. numerical complexity at the boundaries), this paper thoroughly analyzes the effect of numerical dispersion on long-range modeling with specular reflection included. The approach aims to understand how much numerical dispersion affects the results so that the low-order scheme can be used knowingly.
First, a brief overview, complementary to the literature, is given on the theory and the implementation process of a boundary condition in the TLM method. Then the analytical solution of the specific case considered is given, together with some implementation details. Next, the setup of the numerical experiment is presented, and the results are analyzed for three different sound source characteristics. Finally, a theoretical comparison between the TLM model and a common FDTD method is given in the last part.
2 Theoretical background
The TLM method is based on the Huygens-Fresnel wavefront decomposition to model the propagation of sound waves within a fluid as an iterative process of spreading pressure pulses through a Cartesian mesh [21]. The simulated domain is decomposed into transmission lines connecting nodes located by the vector of indices: [image: equation] where d is the dimension of the problem. The spatial step Δℓ between the lines is equal in every Cartesian directions and the time is decomposed into steps Δt such as [image: equation]. This nomenclature allows writing the incident pressure pulse to the node r along the line m ∈ {1,…,2d} at the time step n as [image: equation]. Similarly, [image: equation] represents the scattered pulse reflected instantaneously. From their modelling, it is possible to calculate 
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2.1 Relation to the wave equation
Deriving from the TLM model pressure pulses definition, the equivalent numerical pressure scheme can be formulated as follows [11]:
[image: thumbnail](1)

where δ denotes the Kronecker delta. To analyze the order of approximation of this scheme, and to derive the solved wave equation, Taylor expansions are applied to all the terms of equation (1) [14, 21], leading to:
[image: thumbnail](2)

where [image: equation]. This reveals the wave equation and shows that the TLM model is a second-order approximation method in both time and space. It also highlights that the TLM solves the wave equation only if the condition c
2
TLM = c
0
2 is satisfied. Expanding this condition yields:
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which corresponds with the Courant–Friedrichs–Lewy (CFL) stability condition of the so-called finite difference Leap-Frog scheme [7].
2.2 Numerical dispersion
To assess the model stability, the numerical dispersion relation of the method can be expressed as:

[image: thumbnail](4)

This equation indicates that the TLM method is unconditionally stable in a homogeneous, non-dissipative medium. However, it also reveals that the model exhibits numerical dispersion along the primary grid directions (e.g., in the 2D case, [image: equation], where θ is the angle between the plane wave vector and the horizontal direction of the grid). Equation (4) is equivalent to the dispersion relation of a second-order FDTD scheme centered in space and time. More theoretical aspects of the homogeneous and inhomogeneous TLM model are thoroughly described for the free field case in [11]. The following will focus on the modeling of a reflection boundary condition within the method.
2.3 Reflection condition
To model a simple specular interaction on a reflective boundary, the TLM model uses a pressure reflection coefficient [22]. Compared to the free-field connection laws [11], the formula governing the transmission line between a boundary and the nearest node (Fig. 1) is modified as described in equation (5). Figure 1 shows additionally that the considered node is located at a distance Δℓ/2 from the boundary. This specificity ensures synchronization between the arrival of pulses reflected from a boundary and the regular pulses traveling along transmission lines of length Δℓ.
	[image: thumbnail]	Figure 1. Representation of the 2D simple boundary reflection at the local node r = (j1, j2) close to a boundary of reflection coefficient R1. On the line m = 1, scattered pulse “S” (orange) at time step n becomes a reflected incident pulse “I” (blue) at next step n+1.



The energetic absorption coefficient α for the boundary is described by:

[image: thumbnail](6)
where Rm corresponds to the plane wave reflection coefficient assigned to the boundary perpendicular to the branch m. The condition Rm = 1 describes an infinitely rigid boundary (zero particle velocity), Rm = −1 a free boundary (zero acoustic pressure), and Rm = 0 a completely absorbing boundary.
3 Analytical solution – image source theory
The analytical solution of the pressure field with specular reflection on a perfectly reflective ground surface for an omnidirectional point source is used as a reference to estimate the reliability of the numerical results. The time-domain formulation of the pressure at a point r is relatively straightforward and can be written as [11, 23, 24]:

[image: thumbnail](7)
with TF−1 {} the inverse Fourier transform, ρ0 the medium density, [image: equation] the mass flow and [image: equation] the sum of two Green functions of the free-field given by:
[image: thumbnail](8)


[image: equation] being the Hankel function of the first kind, kw the wavenumber and rs′ is the image source location.
This formulation of the analytical solution is based on the image source theory. This formulation is valid only for purely reflective boundaries, i.e. with pressure reflection coefficients Rm = 1 (reflective boundary), Rm = −1 (soft boundary) and Rm = 0 (absorbing boundary) [25]. Thus, the values needed to calculate the pressure field p(r,t) are the distances ‖r − rs‖ and [image: equation] between the source S and the receiver and the image source S’ and the receiver, respectively (Fig. 2). In equation (8), the second term H0(1)(kω∥r − rs′∥) accounts for the reflection on the surface, modeling a contribution from an image source in free field.
	[image: thumbnail]	Figure 2. Numerical experiment setup with the image source theory. The dotted lines represent free boundaries and the orange line a perfectly reflective boundary.



For a simulation setup as in Figure 2, with a boundary condition located at y = 0, r = ‖r − rs‖ and [image: equation] become: 
[image: thumbnail](9a)
[image: thumbnail](9b)
However, when these distances are discretized throughout the TLM model, special care must be taken because of the spatial discretization of the domain. Indeed, as shown in Figure 3, the distance to the boundary surface is not exactly Δxi = jiΔℓ because the meshing process introduces two artificial nodes to interface with the solver code [26]. The presence of the marker nodes (“outside” and “boundary”) leads to:
	[image: thumbnail]	Figure 3. Modeling of the boundaries in the TLM implementation. Orange dots: “outside” nodes; black dots: “boundary” nodes; blue dots: “fluid” nodes. The red dotted line represents the boundary as modeled in the concept representation of Figure 1.
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Thus, the distances of interest on the grid (noted r and r′ for clarity) are computed as: 
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[image: thumbnail](11b)

 Reintroducing these distances in equation (8) gives the solution for the analytical pressure on the grid [image: equation].
4 Numerical experiment
A numerical experiment is now carried out with the introduction of a perfectly reflective surface. The numerical results from the TLM model are compared to the image source formulation of the analytical solution described in Section 3.
4.1 Simulation setup
The numerical experiment setup displayed in Figure 4 is implemented for two main geometric parameters: the height h between the ground and the source and the maximum distance rmax between the last receiver point and the source. The number of receivers in the array is also determinant since a too-coarse matrix can lead to a lack of precision in the detection of the interference patterns. For the following experiments, a matrix of 100 ×100 receivers is used. Thus, the most important modeling parameter for the analysis is the number of points per wavelength Nppw = λ/Δℓ which is set to 10 at the maximal frequency fmax of the source emission.
	[image: thumbnail]	Figure 4. Numerical experiment setup.



4.2 Data processing
Various approaches are available to evaluate the numerical dispersion error. In order to introduce the method, two third-order tensors [image: equation] and [image: equation] are introduced to represent numerical (TLM simulations) and analytical results respectively. They are consistent with the formalism used before (Sect. 3): [image: equation] is the pressure signal at the receiver r = (j1,j2) and at the time step n. The tensors are filled with real values that are the analytical and modeled pressure, their size is the number of time steps and the number of microphones along the two axes of the mesh.
4.2.1 Attenuation relative to a reference receiver
The SPL attenuation relative to a reference receiver is used as a metric to assess the discrepancies between simulated pressure signals and their corresponding analytical solutions. Errors are evaluated using sound attenuation levels rather than acoustic pressure to reduce sensitivity to small pressure variations that can cause disproportionate local errors, following standard practice in environmental acoustics. For every line of receivers, the reference receiver is the closest to the source. The SPL attenuation is calculated as:
[image: thumbnail](12)

Equation (12) can also be written for [image: equation]. To compare the numerical results to the analytical solutions, the following SPL absolute error is used:

[image: thumbnail](13)

For a better normalization process, a polar array of receivers is chosen to ensure that all the receivers of an arc are at the same distance from the source.
5 Results
Since the numerical dispersion affects more the high frequencies during the sound propagation [11] the analysis is performed by comparing different sources, regarding distinct spectral distributions. For a better understanding of the results, the number of points per wavelength Nppw is presented for each source. An overview of one simulation is displayed in Figure 5 for a Gaussian pulse.
	[image: thumbnail]	Figure 5. Sound pressure field for a Gaussian source at the end of the TLM simulation. The whole calculation domain is represented. At the last iteration of the calculation, reflected and incident waves have passed through all the receivers (blue dots) in the network.



In the following subsections, the absolute errors εj1,j2 on the SPL attenuation at each receiver are displayed (cf. Eq. (13)). The objective is to determine whether dispersion-induced delayed interferences occur in the receivers’ matrix. Indeed, if there is an interference pattern for one of the delayed frequencies at a receiver, a lack of energy compared to the analytical solution will appear in the simulated signals. The following results are presented for fmax = 500 Hz, h = 2m and the sound speed c0 = 344.24 m.s−1. The simulation time is tsim = 4.19e–01 s with Δℓ = 6.88e–02 m and Δt = 4.14e–04 s. The height of the source, h is equal for all the simulations since it has been shown to affect mostly the interference patterns between the direct and reflected wavefront, leading to similar order of magnitude in the errors [14].
	[image: thumbnail]	Figure 6. (a) Time signal according to time (top) and spectral distribution (bottom) of a Gaussian pulse compared to Nppw (orange dashed line) according to normalized frequency. (b) Polar map of the SPL absolute error εj1,j2 (Eq. (13)).



5.1 Gaussian source
In this case, the source signal is implemented according to: 
[image: thumbnail](14)

As it can be observed in Figure 6, most of the spectral components of the Gaussian source are over-discretized and those corresponding to f ≥ fmax and Nppw ≤ 10 represent less than 2% of the signal energy. On the vertical and horizontal axes, negligible absolute errors appear between the analytical and the numerical results. In addition, an interference pattern of the error is observable with a “ray” of errors in the areas where the dispersed end of the incident wavefront interacts with its reflection.
	[image: thumbnail]	Figure 7. Statistical distribution of the absolute errors εj1,j2 for the Gaussian pulse case.



In Figure 7, the statistical distribution of the SPL error is represented without considering the spatial locations. It confirms that for an over-discretized source signal, the error related to numerical dispersion is negligible (95% of the errors are below 0.03 dB).
5.2 Shifted Gaussian source
In this case, the source signal is implemented according to: 

[image: thumbnail](15)

The source has a broader spectrum than in the previous case. The excitation signal is therefore less over-sampled and the impact on the results is visible on the Figure 8b. The ray of interference also appears, but the error magnitudes are higher than for the regular Gaussian case because of the lower discretization of the source spectral components.
	[image: thumbnail]	Figure 8. (a) Time signal according to time (top) and spectral distribution (bottom) of a shifted Gaussian pulse compared to Nppw (orange dashed line) according to normalized frequency. (b) Map of the SPL absolute error εj1,j2.



Indeed, the maximum error is of 0.44 dB and 95% of the errors in the considered quarter circle are below 0.1 dB Figure 9. This shift of approximately a factor ten in the errors confirms that the discretization of the modeled wave packet influences the numerical dispersion effect on long-range results (rmax ≈ 150 × λmin here).
	[image: thumbnail]	Figure 9. Statistical distribution of the absolute errors εj1,j2 for the shifted Gaussian pulse case.



5.3 Windowed sinusoidal source
In this case, the source signal is implemented according to:
[image: thumbnail](16)

with Whann a Hann window of duration 0.15 × tsim. The two previous cases implied broadband sources. Now, a windowed sine is used as it is pseudo-harmonic. As shown in Figure 10a, most of the source energy is focused around the frequency fmax and has a 10-point spatial discretization. Thus, the direct wave is more likely to interfere with the reflected one. With this spectral distribution, significant interference-induced errors are generated by the numerical dispersion (up to 11.06 dB as shown in Fig. 10b). Indeed, at some receivers, the energy of the received signal is either increased or lost due to artificial interference patterns induced by the TLM model. Comparing Figures 10b, 8b and 6b also leads to the conclusion that the spectral distribution of the source has an impact on the spatial distribution of the error: the wider the spectral distribution of the source is, the wider the spatial distribution of the error.
	[image: thumbnail]	Figure 10. (a) Time signal according to time (top) and spectral distribution (bottom) of a windowed sine compared to Nppw (orange dashed line) according to normalized frequency. (b) Polar map of the SPL absolute error εj1,j2 (Eq. (13)).



In this case, the histogram in Figure 11 presents a broader occurrence distribution of the errors compared to Figures 7 and 9. The most critical value is that 5% of the errors are in the interval [5–11 dB]. This value suggests that depending on the source definition, more than ten points per wavelength are needed to model the propagation of wave packets with the TLM model. To make the concept of misplaced interference patterns clearer, the next Section 5.4 shows in more detail the attenuation along receiver lines of interest.
	[image: thumbnail]	Figure 11. Statistical distribution of the absolute errors εj1,j2 for the windowed sine case.



5.4 Attenuation along line
To better explain the maxima of errors presented in the windowed sine case, Figure 12 displays the SPL attenuation relative to the reference receiver for three lines of receivers: θ = [4°, 10°, 15°]. The plots in Figure 12 help visualize better the lines of receivers on the previous color maps.
	[image: thumbnail]	Figure 12. Numerical SPL attenuation relative to a reference receiver according to the propagation distance r (blue line), compared to the analytical solution (orange dashed line) for three source-receiver angles: (a) θ = 4°, (b) θ = 10° and (c) θ = 15°. Source located at hs = 2m and emitting a windowed sinusoidal signal at fmax = 500 Hz (Nppw = 10). On the error maps on the left, red lines indicate the receiver lines corresponding to the SPL attenuation graphs on the right.



The “Sawtooth” effect on the attenuation profiles comes from the Cartesian discretization of the numerical domain. It does not affect the results as it is present for both analytical and numerical solutions. In Figure 12a and 12c related to θ = 4° and θ = 15°, it is observed that maxima of errors are due to misplacement of attenuation peaks along the source-receiver distance. The θ = 15° line is the one that presents the largest gap because the third attenuation peak is simulated closer to the source than the analytical solution.
6 Comparison to FDTD schemes
Since the FDTD is the closest numerical method to the TLM in terms of discretization of partial differential equations, it seems relevant to compare the error on the modeled axial sound speeds from the two models. As highlighted by the stability analysis of the TLM model, the numerical dispersion is maximal along the main directions of the mesh [11]. Thus, considering θ the angle between the plane wave vector and the horizontal direction of the mesh, the numerical phase speed in a 2D Cartesian grid cph can be expressed as a function of Nppw on the main directions of the mesh ([image: equation], [image: equation]), as

[image: thumbnail](17)

with c the modeled sound speed in the propagation medium.
Similar expressions can be formulated for the group speed, for 3D cases or other “Taylor-expansions series based” numerical methods [16]. In Figure 13, the phase and group speeds associated with centered finite difference schemes are compared to the ones related to the TLM method. From these figures, it is straightforward that increasing the method order reduces the dispersion errors and that the phenomenon is stronger on the group speed. For instance, more than 30 points per wavelength would be needed for the TLM to get the accuracy that the fourth-order FDTD scheme has at N = 10.
	[image: thumbnail]	Figure 13. (a) Effective speeds compared to the physical constant; (b) Relative errors on the phase and group velocities [%] related to the model anisotropy depending on the number Nppw. “DFOD2” and “DFOD4” stand for the second and fourth-order centered finite difference schemes, respectively.



As mentioned in Section 2, it is straightforward on Figure 13b that the TLM and the second-order FDTD numerical phase speeds are completely equivalents. Hence, the same conclusion is applied to the numerical group speed. Additionally, Figure 13b shows that the same number of points per wavelength would result in the same dispersion error for the two methods, so the numerical cost of using the TLM or a second order FDTD is the same. The comparison results with fourth-order FDTD confirm that for in-volume modeling, the TLM method is not the most performant method for universal applications. However, this statement can be moderated by the fact that a lower-order scheme implies less implementation complexity on the boundary conditions. Thus, when numerous scatterers are considered, second-order schemes could be attractive for their computational costs.
7 Conclusion
The limitations of the TLM model for long-range sound propagation simulations over a rigid ground were investigated thanks to numerical experiments and a theoretical comparison. A polar array of virtual receivers has been used to study the interactions between simulated direct sound waves and their reflection. The results from three distinct source signals emphasize the importance of the number of points per wavelength as a simulation parameter. The presence of a perfect specular reflection in the model shows that numerical dispersion can affect the simulated sound pressure levels. In specific cases of reflection, misplaced simulated interferences appear due to the wrongly approximated group speed of some spectral components of the wave packet. Relatedly, the link between the spatial distribution of the errors and the spectral distribution of the source has been highlighted. Finally, a comparison between the TLM model and a higher-order centered FDTD method stated that for general in-volume modeling, the TLM is not the more efficient method against numerical dispersion as it requires a finer discretization of the mesh.
However, since a higher-order spatial integration requires a higher-order integration scheme for the boundary conditions, the idea of using a low-order scheme to model a complex environment needs further analysis. In addition, the use of a non-dissipative method such as TLM in multiple scatterers and source scenarios where the dispersion-induced error could be mitigated seems to be a promising and computationally efficient approach. A comparison with in-situ measurements under real outdoor conditions should be made to characterize the reliability of the simulated sound pressure levels in environmental acoustics applied cases. In addition, further research to increase the accuracy of the TLM model from second to fourth order could help in the effort to compare its performance with finite difference schemes.
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        Representation of the 2D simple boundary reflection at the local node r = (j1, j2) close to a boundary of reflection coefficient R1. On the line m = 1, scattered pulse “S” (orange) at time step n becomes a reflected incident pulse “I” (blue) at next step n+1.
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        Numerical experiment setup with the image source theory. The dotted lines represent free boundaries and the orange line a perfectly reflective boundary.

      

    

  
    
      Figure 3. 
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        Modeling of the boundaries in the TLM implementation. Orange dots: “outside” nodes; black dots: “boundary” nodes; blue dots: “fluid” nodes. The red dotted line represents the boundary as modeled in the concept representation of Figure 1.
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        Numerical experiment setup.

      

    

  
    
      Figure 5. 
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        Sound pressure field for a Gaussian source at the end of the TLM simulation. The whole calculation domain is represented. At the last iteration of the calculation, reflected and incident waves have passed through all the receivers (blue dots) in the network.
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        (a) Time signal according to time (top) and spectral distribution (bottom) of a Gaussian pulse compared to Nppw (orange dashed line) according to normalized frequency. (b) Polar map of the SPL absolute error εj1,j2 (Eq. (13)).

      

    

  
    
      Figure 7. 
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        Statistical distribution of the absolute errors εj1,j2 for the Gaussian pulse case.

      

    

  
    
      Figure 8. 
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        (a) Time signal according to time (top) and spectral distribution (bottom) of a shifted Gaussian pulse compared to Nppw (orange dashed line) according to normalized frequency. (b) Map of the SPL absolute error εj1,j2.

      

    

  
    
      Figure 9. 
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        Statistical distribution of the absolute errors εj1,j2 for the shifted Gaussian pulse case.

      

    

  
    
      Figure 10. 
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        (a) Time signal according to time (top) and spectral distribution (bottom) of a windowed sine compared to Nppw (orange dashed line) according to normalized frequency. (b) Polar map of the SPL absolute error εj1,j2 (Eq. (13)).

      

    

  
    
      Figure 11. 
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        Statistical distribution of the absolute errors εj1,j2 for the windowed sine case.

      

    

  
    
      Figure 12. 
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        Numerical SPL attenuation relative to a reference receiver according to the propagation distance r (blue line), compared to the analytical solution (orange dashed line) for three source-receiver angles: (a) θ = 4°, (b) θ = 10° and (c) θ = 15°. Source located at hs = 2m and emitting a windowed sinusoidal signal at fmax = 500 Hz (Nppw = 10). On the error maps on the left, red lines indicate the receiver lines corresponding to the SPL attenuation graphs on the right.

      

    

  
    
      Figure 13. 
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        (a) Effective speeds compared to the physical constant; (b) Relative errors on the phase and group velocities [%] related to the model anisotropy depending on the number Nppw. “DFOD2” and “DFOD4” stand for the second and fourth-order centered finite difference schemes, respectively.
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