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Abstract

An edge-diffraction based method for computing the scattering from rigid convex 3D polyhedra, the “Edge Source Integral Equation” (ESIE), has previously been shown to give very accurate results and to be an efficient calculation method, in comparison with the boundary element method. Here, the ESIE method is used in a secondary source approach, referred to as “ESIE+SS”, to compute the scattering from rigid convex objects with impedance boundary conditions at part of the surface. Secondary piston sources are introduced at the impedance surface and made to fulfill the boundary conditions. Expressions are presented for handling 2D scattering problems with the 3D ESIE method. The ESIE+SS method is evaluated by computing the 2D scattering from a 3 m by 0.2 m rigid box where a 0.3 m wide patch has a locally reacting impedance boundary condition that represents a 20 cm thick porous absorber. For a nearfield 2D point source and a circle of receivers, across the frequency range 50 Hz–2.5 kHz, the ESIE+SS computed the pressure within [ − 0.30,+0.32] dB of the reference FEM results for 90% of all the data points. Large errors were observed for some receiver positions, for the same reason as has been previously found for the ESIE method: a slow convergence for the higher-order diffraction computations. It was found that for the transfer functions that represent the interaction between the secondary sources, diffraction can typically be left out, which reduces the computational load.
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1 Introduction
The scattering of sound by objects generally has to be computed numerically since there are very few shapes which have analytical solutions [1]. Popular numerical methods include the surface-oriented boundary element method (BEM) [2] and the fast multipole version of the same [3]. Also volume-oriented methods such as the finite element method (FEM) [4], and finite differences [5], are commonly used, with absorbing boundary conditions for the modeling of external scattering geometries. All of these numerical methods can handle scattering objects with arbitrary surface impedances, and the methods are available in frequency- and/or time-domain formulations. Common for all methods is that the computational cost grows fast with frequency, or wavenumber, and size of calculation domain, which might limit their usefullness for larger domains/higher frequencies.
For a special set of scattering objects – convex-shaped objects with rigid surfaces (the Neumann boundary condition) – the so-called edge-source integral equation (ESIE) has been shown to give very accurate results [6], giving results that are very close to results with the BEM [7]. The edge-source integral equation can not handle non-rigid surfaces directly, so the aim of this paper is to develop a method to handle impedance surfaces, based on the ESIE formulation. The approach chosen here is to introduce secondary surface sources in the form of virtual pistons, at the locations of impedance surfaces.
This secondary-source approach, used in an environment of all-rigid boundary conditions, can be found in many studies under various names, such as Thevenin equivalents [8], blocked impedance method, or the surface-impedance approach [9]. Some of the studies used a single element connecting different domains, and the element was driven by the sound pressure at an immobile/rigid element. The response of the element is then computed taking the radiation impedances into the two domains into account. Common single-element examples include the Helmholtz absorber [10, 11] and the sound transmission into the ear canal [8] for an incident plane wave. A Helmholtz absorber in a room with otherwise rigid walls has also been studied with this single-element “virtual piston" approach [12]. A notable inaccuracy with this approach, albeit by a very small amount, occurs when a hole in a thin wall is modeled with a single piston-like element [13]. For a hole in a thin wall, the actual particle velocity distribution in the hole has a singularity along the edge, and this can not be modeled accurately with a rigid piston velocity. However, if the opening in a thin wall is discretized into many elements (many virtual pistons), then the particle velocity in the aperture can be computed accurately [14].
When two domains can not be connected with a single element, a connecting surface needs to be discretized and a matrix equation needs to be solved to compute the particle velocity distribution across the connecting surface. This approach has been used, e.g., in a study of rooms which connect cuboid-shaped subdomains [9] and the integral equation formulation for an aperture in a thin wall represents the same approach [15]. The concept of a virtual piston implies an assumption of a piecewise constant particle velocity across discrete elements, or boundary elements. A similar boundary element approach has been used in [16–18] where a flat area was discretized as part of an infinite rigid baffle to model, respectively, a balcony in a building facade, sound absorbers, or horn loudspeakers. The method presented here is thus a kind of boundary element method where Green’s functions for rigid polyhedra are employed. Parts of this material have been presented in [19].
In Section 2, the ESIE method for computing point-to-point transfer functions for scattering by rigid 3D polyhedra is presented briefly. The use of secondary sources is then presented, referred to as the ESIE-SS method, with the possibility to model locally reacting or extended-reaction impedance surfaces. Section 3 gives computational details for modeling 2D geometries with the 3D ESIE method, and also how to handle piston sources rather than monopole sources. A numerical example is presented in Section 4: a rigid rectangular scattering object with a small impedance patch. In Section 5 results computed with the ESIE-SS method are compared with reference results computed with the 2D finite element method. In Section 6, the accuracy and computational cost aspects of the ESIE-SS method are discussed, presenting calculation time details for the various steps involved in the ESIE-SS approach.
2 Theory
In Section 2.1 the ESIE diffraction model will be recapitulated briefly and Section 2.2 then presents the secondary source approach.
2.1 The ESIE diffraction model for objects with rigid surfaces
The ESIE diffraction model uses a decomposition of the sound field such that the sound pressure, ptotal, at a receiver point x, for a situation with a primary sound source and a rigid, convex scattering object, is a sum of geometrical acoustics and diffraction components. We assume a monopole primary source located at a source position xS, and furthermore assume a time-harmonic factor ejωt which is omitted throughout. Also the various functions’ dependence on ω is left out in the following. Then we can introduce four separate transfer functions (described in detail below), H, for the direct sound, the specular reflection, a sum of first-order diffraction waves, and a sum of all higher-order diffraction waves, respectively, such that
[image: thumbnail](1)
where QS = jωρ0U0/(4π) is the source signal amplitude with ρ0 being the density of the fluid or gas, and U0 is the volume velocity of the monopole source. Throughout this paper, the transfer functions H should fulfill Neumann boundary conditions for the scattering object, that is, the surfaces are assumed to be perfectly rigid. The first transfer function is the direct sound component,
[image: thumbnail](2)
where k = ω/c is the wave number and c is the speed of sound. The function V(x2,x1) is a visibility function for a point pair (x2,x1)1:
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The second transfer function in equation (1) is the specular reflection,
[image: thumbnail](4)
where the image source position is xIS2. The third transfer function in equation (1) is the first-order diffraction term which is a sum of contributions from the subset of the Nedges straight edges that are visible from the source and the receiver,
[image: thumbnail](5)
where V′ is a point-to-edge visibility function3:
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The integration variable, ze, is the position along the straight edge E
n, and the function β(x ← xe ← xS) is an edge source directivity function which depends on the source point, xS, the point along the edge (which is integrated over), xe, and the receiver point, x. The directivity function β is described in several other papers and is not detailed any further here [20]. Finally, the factor νE
n is the wedge index of edge E
n, defined by ν = π/θE, where θE is the wedge angle, which is 2π for a thin plate, 3π/2 for the edge of a cuboid, viewed from the outside, and θE = π/2 for the edge of a cuboid, viewed from the inside. Finally, the fourth transfer function in equation (1) is the sum of second- and higher-order diffraction. In the ESIE method, the edge source amplitude, q(xe1 ← xe2), represents the sum of second and higher-order diffraction. The edge source amplitudes are computed and subsequently propagated to the external receivers. The edge source amplitude, q(xe1 ← xe2), can be viewed as a directional source amplitude for an edge source at xe2, giving the amplitude in the direction of all other edge points, xe1, that can be seen from edge point xe2. The edge source amplitudes are solutions to an integral equation where Ee2 denotes the edge that the point xe2 belongs to, and νEe2 is the wedge index of the same edge,
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where the term q0 is the contribution from the primary source,
[image: thumbnail](8)
The integral equation in equation (7) can be illustrated as in Figure 1a, where a single path from an edge point xe is illustrated. Once the edge source amplitudes have been determined by finding the solution to the integral equation (7), these edge sources represent diffraction of second order and higher. The contribution to the receiver point can be computed as a sum across all edge pairs that can see each other, and the second edge in each pair can see the receiver. For each such visible edge pair, a double integral gives the higher-order diffraction contribution,
	[image: thumbnail]	Figure 1 (a) The integral equation in equation (7) expresses that the edge source amplitude at edge point xe2, in the direction of edge point xe1, is given as an integral over contributions from all edge points xe which can see xe2. (b) An additional contribution, q0(xe1 ← xe2), is caused by the primary source S.
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where V″(E1,E2) is an edge-to-edge visibility function: V″ = 1 if the two edges belong to the same side/face of a polygonal scattering object, and V″ = 0 if the two edges do not belong to the same side. Figure 2 illustrates a single path from one edge point, xe2, via edge point, xe1, to the receiver R at point x.
	[image: thumbnail]	Figure 2 The propagation of the edge source amplitude, q(xe1 ← xe2), to the receiver point R.



2.2 Introducing secondary surface sources
If a scattering body has some part of the surface with a non-rigid boundary condition, secondary sources can be introduced to represent such an “impedance patch". A numerically simple approach is to introduce NSS virtual pistons centered at locations xSS,i, and then let these secondary source pistons get a vibration amplitude uSS,i which, together with the field from a primary sound source for a rigid scattering object, generates a field which fulfills the boundary condition at the impedance patch. Exactly how the boundary condition is formulated mathematically will determine how the secondary source amplitudes should be derived. Once the vibration velocities of the secondary source pistons have been determined, the sound radiated from these pistons can be computed with the ESIE method, that is, for the boundary condition of a rigid scattering body. This can be illustrated as in Figure 3 and formulated as
	[image: thumbnail]	Figure 3 The secondary source approach in equation (10) adds (a) the sound field generated by the primary source S and the rigid scattering object, and (b) the sound fields radiated by secondary piston sources SSi with vibration velocities uSS,i, when pistons are set in a rigid scattering object. Only the geometrical acoustics components are illustrated; diffraction components should be added to both (a) and (b).
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where G(x ← xSS
i) is the transfer function from piston source number i to the sound pressure at location x, with the vibration velocity uSS
i being the source signal instead of the QS used for the point-to-point H transfer functions. It can be noted that the G transfer functions should also fulfil the rigid boundary condition of the scattering object and thus, the same decomposition as in equation (1) can be used. The piston velocities, uSS,i, are found by storing the NSS unknown, to be determined, values in a vertical array, uSS, and formulating a matrix equation,
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where pexcitation is a vertical array of the sound pressure amplitudes caused by the primary source at the secondary source pistons’ central points with a rigid boundary condition at the piston locations,
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The values in uSS can then apparantly be found via a matrix inversion,
[image: thumbnail](13)
where it is assumed that this inversion exists and can be computed. Inspecting the matrices involved, Gfront is a square matrix of the transfer functions, G(x ← xSS
i) like in equation (10), from all the NSS secondary source pistons to the NSS receiver positions at the center of the secondary source pistons:
[image: thumbnail](14)
The second matrix in equation (11), Grear, describes the transfer functions into the impedance surface. Two different models of impedance materials lead to different matrix structures. For a locally reacting impedance material model, there is no cross-coupling between the secondary source pistons on the rear side, so for a locally reacting impedance material,
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where I is the identity matrix of size (NSS,NSS) and Zs,target is the intended/target impedance value. The impedance should be the specific acoustic impedance, that is, Zs = p/u where u is the normal particle velocity at the surface of the impedance material. This target value could have different values for each secondary source i, and then Grear would have different values along the diagonal of the matrix. On the other hand, for an extended reaction impedance material model, the matrix Grear will be full with values of cross-transfer functions:
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These individual transfer functions, Grear,-pagination SS mid-point i ← SS piston j, should be computed with a realistic model of the impedance material and all other SS pistons than j having a rigid BC.
3 Computational aspects
For the four H-transfer functions in equation (1), computational aspects have been described in previous publications, for 3D-geometries. The first-order diffraction integral is described in [20, 21], and the integral equation solving with the Nyström method (gaussian quadrature) is described in [6]. For the numerical example in Section 4, H-transfer functions for 2D cases must be computed which requires somewhat modified expressions as described in Section 3.1 below. Furthermore Section 3.2 describes the computation of the piston-to-point G-transfer functions in the ESIE+SS context.
3.1 Point-to-point transfer functions, H2D, in 2D
The 2D transfer functions will be denoted H2D below, and they will have to use a modified source signal, Q′S, such that
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where Q′S = U′Sωρ0/4 and U′S is the volume velocity per unit length of the line source (with the dimension m2/s).
3.1.1 The direct sound and the specular reflection
The direct sound, and specular reflection, transfer functions are given by the Hankel function of first kind and order 0 [1],
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These two GA components are also subject to visibility tests via the V-functions.
3.1.2 First-order diffraction
The first-order diffraction term can be computed using the expression given in [1]. Thus, for a source with polar coordinates xS = (RS,θS) and a receiver at x = (RR,θR), a wedge with sides at θ = 0 and θ = θW = π/ν, R<  denoting the smaller of [RS,RR], and R>  denoting the larger of [RS,RR],
[image: thumbnail](19)
where ϵ0 = 1 and ϵ
n = 2,n ≠ 0, and J
nν,H
nν are, respectively, the Bessel and Hankel functions of first kind and order nν. In this expression, the approach from [22] is used: the sum in equation (19) contains also the potential direct sound and specular reflection, so in order to get the diffracted field only, the direct sound and specular reflection must be subtracted – but only if they are visible according to the same GA principles as above. The notation Vsingle wedge(x,xS) should be understood such that the visibility is tested for an imagined single edge with semi-infinite wedge faces.
In the special case that the source and receiver are in the same position, then the sum in equation (19) diverges and some extra steps must be taken to subtract the singular direct sound term, as described in [22], but that special case is left out here. Even if the source and receiver are not in the same location, the closer R<  and R>  are to each other, the slower the sum in equation (19) converges. In addition, for high-order terms, the Hankel and the Bessel functions get, respectively, extremely large and small values. Thus, for high-order terms, the asymptotic formulas, valid when the order is much larger than the argument, need to be used. The product of the Hankel function and the Bessel function is, if nν ≫ kR [23],
[image: thumbnail](20)
and higher-order terms are then straightforward to compute.
3.1.3 Higher-order diffraction
For the higher-order diffraction, the explicit line source expression in equation (18) can not be used since the ESIE method requires monopole sources. Instead, the line source has to be implemented as a distribution of monopoles, using the integral relationship for the Hankel function, where symmetry permits halving the integration range:
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This integral can be approximated by a set of monopoles distributed over a finite length, which represents a truncated version of the infinite integral. Thus, for a finite length of L meters, with Nmonopoles distributed from 0 to L/2,
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where zn = (n − 1)Δz and Δz = L/[2(Nmonopoles − 1)]. The truncation will give interference effects which can be reduced with a tapering of the source amplitude, e.g. with a raised cosine window such that
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The expression in equation (23) implies that a diffraction 2D transfer function, of first or higher order, [image: equation], can be computed with the ESIE method by summing the contributions by a set of Nmonopoles monopoles placed at z-coordinates zn. Since the ESIE method will give 3D H transfer functions, the scaling is, as implied by equation (23),
[image: thumbnail](24)
To demonstrate the accuracy, a first-order diffraction transfer function is computed with equation (19) as reference result and [image: equation] computed as a sum of 501 monopoles using equation (24). An arbitrarily chosen wedge geometry was chosen, with rS = 1 m, rR = 0.5 m, θS = π/4, θR = π/2, θW = 3π/2, and the results are shown in Figure 4. As is clear from Figure 4b the monopole source amplitude tapering reduces the error substantially.
	[image: thumbnail]	Figure 4 First-order diffraction TF in 2D computed with the ref. expression, equation (19), and via a set of monopoles, equation (24), with and without source amplitude tapering. (a) The three TFs. (b) The error for the two monopole distributions.



3.2 Piston-to-point transfer functions, G
3.2.1 The direct sound and the specular reflection
For a piston sound source, the sum of the direct sound and the specular reflection is given by the Rayleigh integral, which should be evaluated across the piston, denoted by P below, so
[image: thumbnail](25)
where r = |x ← xS|. Various equivalent representations are available for the numerical computation of the Rayleigh integral [24]. A plane-wave + piston edge-wave formulation can be derived from the time-domain version in [25], leading to
[image: thumbnail](26)
where the location of the perpendicular projection of the receiver point onto the baffle, denoted xproj., and the height h of the receiver point above the baffle, see Figure 5a, determine the plane-wave term:
	[image: thumbnail]	Figure 5 Geometrical parameters for the plane-wave + piston edge-wave model. (a) The plane wave component exists if the projection, xproj., onto the baffle of a receiver position, x, falls inside the piston, as is the case for position x1 but not for x2. (b) The edge wave uses a local spherical coordinate system, (r,θ,φ), for each position, xe, along the piston edges.
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and the piston edge-wave term is a sum of integral contributions from the NPE piston edges4,
[image: thumbnail](28)
where the angles (θ,φ) describe the direction of the receiver point, expressed in a spherical coordinate system which is local to the piston edge point, ξPE, see Figure 5b. The angle θ is the angle from the local z-axis = the piston plane normal vector. Thus, for receivers in the same plane as the piston, θ = π/2 and for a receiver exactly above one particular piston edge point, θ = 0. Furthermore, the angle φ is the angle in the plane of the baffle between two vectors: one being the local piston edge tangent = the ξPE-axis and the other the vector from the piston edge point to the receiver projection point xproj.. The plane-wave + piston edge-wave formulation makes it straightforward to compute the transfer function for receivers arbitrarily close to the piston surface. Only for receivers very close to an edge of a piston will the 1/r-singularity cause numerical challenges. This is in contrast to a direct computation of the Rayleigh integral where any receiver point at the piston surface requires special handling of the 1/r-singularity.
The 2D-case corresponds to a “line piston”, meaning a strip-like piston of infinite extension in one direction, and the edge waves of two parallel edges must be computed. The infinite extension of these piston edges leads to a computationally expensive oscillating integral in equation (28), which could be computed efficiently by deriving the numerical method of steepest descent for this case [21]. Here, however, the time-domain integral for a long but finite piston is chosen, followed by an FFT and interpolation to a desired frequency value. The plane-wave + piston edge-wave formulation in [25] was presented as an impulse response formulation, which is cheap to compute because of the non-oscillating impulse response character. For a discrete-time impulse response, the plane-wave becomes a pulse of amplitude ρ0c at the first IR sample (time zero), when the receiver is immediately at the center of the piston, that is, for GSSi ← SSi. For other combinations of SSi ← SSj,i ≠ j, no plane wave components exists. If a receiver position is at a distance from the piston, but with xproj. inside the piston, the pulse should be delayed by the number of samples, ndelay = hfS/c but this delay value will typically be a non-integer. Some technique for fractional delays [26], could be employed for that situation.
The line piston generates two edge waves, and for a discrete-time impulse response, g(t
n), each edge generates an impulse response where each sample’s value is [25],
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where ξ
n± are the two endpoints along an edge segment which contribute to the impulse response within the time period t
n ± Δt/2 = (n ± 0.5)/fS) where fS is the sampling frequency. The parameter ψproj. is the perpendicular (shortest) distance from the edge to the projection of the receiver point onto the baffle. The sign of ψproj. determines the polarity of the edge wave, and Figure 6 illustrates the definition of the ξ- and ψproj.-parameters, for the edge in question, as well as for the second edge, ξ′ and ψ′proj.. It can be noted that for a receiver point the projection point of which falls outside the piston, the ψ parameter will have opposite signs for the two piston edge contributions whereas they will both be positive when the projection point falls inside the piston. In Figure 6 the two distances are

	[image: thumbnail]	Figure 6 Geometrical parameters for the edge-wave impulse response calculation for a line piston. The coordinates (ξ′,ψ′) are indicated for the calculation of the second edge’s contribution.
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For each n, these square root expressions can give the values of ξn±2.
3.2.2 First- and higher-order diffraction
For the first- and higher-order diffraction, the piston source can be approximated with a set of monopoles distributed across the piston surface, both for the 2D and 3D cases. The first-order diffraction from a line/strip piston could be computed as described in Section 3.2.1 by representing the strip piston with a line source at the center of the piston. However, G transfer functions must be computed for receivers directly at the piston surface, and then the approach to subtract the direct sound as in equation (19) requires the special steps described in [22]. Here, instead, the line piston is represented by a set of monopoles for a piston of finite length since the first-order diffraction can be computed explicitly for a monopole. Also for higher-order diffraction, the line piston is represented by a set of monopoles as described in Section 3.1.3.
3.3 Computational load
The computational load involved in these steps can be summarized through an example with a single primary source, nreceiver receiver positions/fieldpoints, and an impedance patch which is discretized with NSS secondary source pistons. Then a number of transfer functions needs to be computed, all with a rigid boundary condition for all of the scattering object:
− nreceiver + NSS point-to-point transfer functions, H.
− nreceiver(nreceiver + NSS) piston-to-point transfer functions, G.
If an extended-reaction impedance material model is intended, then an additional set of NSS ⋅ NSS piston-to-point transfer functions must be computed. This secondary source approach will be efficient when the value NSS is low, that is, when scattering objects are mostly rigid but with some non-rigid parts. As the value NSS is increased, both the computation of G transfer functions and the related matrix inversion will quickly get very costly. However, as discussed later the NSS ⋅ NSS piston-to-centre-of-piston G transfer functions might be approximated well if the diffraction terms are left out. The computation of such transfer functions is cheap when only GA components are included since such a case represents the classical case of a piston in an infinite baffle.
4 Numerical example
4.1 Studied case
A rigid box was modeled numerically in 2D with dimensions as shown in Figure 7, which also shows the location of a 2D point source (= a 3D line source) S, and two sets of receivers, R: an “external" circle of receivers, in Figure 7a, and a set of nearfield receivers, in Figure 7b. In the nearfield set two parallel lines of receivers are placed at 1 cm and 2 cm distance from the surface of the box, respectively, facilitating a study of the sound pressure as well as the particle velocity (approximated from the sound pressure difference) and the impedance, with Δx = 1 cm:
	[image: thumbnail]	Figure 7 Geometrical details for the numerical example with a mostly rigid box, sized 3 m by 0.2 m, and a small patch with a locally reacting impedance boundary condition. A 2D point source is marked S. In (a), a semicircle of external receivers are placed at a radius of 3.1 m, with an angle step of 1 degree (not all are shown). In (b), two rows of receivers are placed at 1 cm and 2 cm distance (in the x-direction) from the box surface, in steps of 2 cm in the y-direction (not all are shown). An initial test case used an all-rigid box, without the impedance patch. The numerically most challenging receiver directions are marked with darker grey areas, and the more benign challenging directions are marked with lighter grey areas.
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The circle of receivers is placed at a radius of 3.1 m from the origin = the center of the box. A 30 cm wide strip of an absorbing material is positioned at the source side of the scattering box. This small impedance patch size was chosen to keep the ESIE+SS calculations moderate. As an initial test, an all-rigid version of the box was studied without any impedance strip. The values chosen for the impedance are given in the , and they represent a porous material with a flow resisitivity of 10 kPa s/m2 and 20 cm thickness against a rigid backing. Mechel’s model was used for the modeling, as implemented in the modeling software “Norflag" [27]. Calculations were done for the 18 third-octave band center frequencies from 50 Hz to 2.5 kHz,
[image: thumbnail](32)
In tables and figures, the frequency labels 50 Hz, 63 Hz, 80 Hz etc will be used, rather than the accurate frequency values 50.12 Hz, 63.10 Hz, 79.43 Hz etc.
4.2 Numerical details for the FEM calculations
For the FEM modeling, COMSOL Multiphysics, v 6.1, with the Acoustics module was used and the geometry of the model used is shown in Figure 8. The “pressure acoustics" domain indicated in Figure 8 was meshed with triangular elements with a maximum element side length of 6.88 mm. The perfectly matched layer, PML, had a thickness of 5 elements in the radial direction.

	[image: thumbnail]	Figure 8 The FEM used a 2D mesh of the area marked with grey in the figure.



4.3 Numerical details for the ESIE+SS method
The freely available Matlab “EDtoolbox" [28] was used as a basis for the secondary source method. Some extra expressions had to be implemented and Table 1 shows how the various components were computed.
Table 1 
Implementation of the various parts of the secondary source method, “ESIE+SS".

Furthermore, various numerical settings were used for different frequencies, as summarized in Table 2. Very high quadrature orders were used, since the 3D-implementation of the 2D-case required quite long finite edges, which in turn lead to integrands with more and more oscillations over the integration range, as frequency increased. The use of very high quadrature orders requires high numerical precision in the calculations, and corresponding accuracy of the quadrature weights and nodes. Matlab’s standard precision (double floating point precision) has been used, and the function lgwt.m from Matlab File Exchange for generating the quadrature weights and nodes, and no problems with convergence have been observed that could be attributed to the numerical precision. A more important numerical challenge is the character of the integrand in the diffraction integrals since the integrand has strong singularities for certain source-receiver combinations. The ESIE+SS calculations involve two steps, which have quite different effects on this latter aspect: the character of the diffraction integral. These two steps are:
Table 2 
Numerical settings for the secondary source method, “ESIE+SS”.


	
1 
In the first step, the secondary source amplitudes are calculated, and this step involves the calculation of three quantities, as seen in equation (13):
	
Gfront contains 2D-piston-to-point transfer functions, which involve diffraction calculations. These diffraction calculations are well-behaved since no visibility zone boundary is close: both the source piston and the receiver point belong to the same plane (i.e., both are inside the same polygon of the polyhedral scattering object). If a source piston and receiver point are both very close to an edge, then an integrand singularity could cause numerical challenges, but the shown case doesn’t have any pistons close to an edge.



	
Grear No diffraction is involved in these transfer functions since they represent the absorption material.



	
Gexcitation contains external-source-to-point transfer functions, which involve diffraction calculations. Also these diffraction calculations are well-behaved since the original source has been positioned such that it is not aligned with any plane of the polyhedral scattering object. The numerical challenges for cases where the source is aligned with one of the scattering object planes was addressed in [xx].








	
2 
Once the secondary source amplitudes have been computed, their contributions to the external receiver points, the field points, are computed with equation (10). Here, the diffraction calculation in G(x ← xSSi) will indeed cause numerical challenges for certain receiver positions, as illustrated in Figure 7. It is assumed that the numerical challenges will primarily be caused by the singular character of the integrand and not by the numerical precision of the quadrature per se.




The direct sound transfer functions from a piston to a center point at the same piston or another piston, G2D(xSS,i ← xSS,j), were computed via impulse responses (IR) for a long strip piston as described in Section 3.2.1. A sampling frequency of 5 ⋅ 106 Hz was used, 1s long impulse responses were computed, and an fft size of 223 gave discrete Fourier transform values from which the TF values for the desired frequencies were found via interpolation.
5 Results
5.1 Scattering from an all-rigid box to a circle of receivers
As a first case the all-rigid box was studied, computing the sound pressure with the ESIE method and the FEM for the semi-circle of receivers, shown in Figure 7a. Figures 9a–9f show the results for six example frequencies, and the typical challenge with the ESIE method is clear: for certain receiver positions, the HOD-term requires very high gaussian quadrature orders and the accuracy suffers [7]. Those challenging directions are marked with darker grey areas in Figures 7a and 9a–9f for the most challenging directions, and lighter grey areas for the slightly less challenging directions5. In other directions, the agreement is excellent, and Figure 10a shows the median, across the 181 receiver positions, 95% and 5% percentiles for the level difference between the ESIE results and the FEM results. For most frequencies, 90% of the values are thus within ±0.2 dB of the reference FEM results. It can be noted that the computed SPL values have a dynamic range of up to 40 dB. The ESIE results are expected to converge towards the FEM results if the Gaussian quadrature order is increased. However, the quadrature orders used to represent the 2D case are very high, as shown in Table 2, and discussed in Section 4.3.
	[image: thumbnail]	Figure 9 Results for the scattering to the circle of receivers in Figure 7a for the all-rigid version of the box, for six example frequencies. Settings for the ESIE method were as in Table 2. The numerically most challenging receiver positions are marked with darker grey areas, and the more benign challenging positions are marked with lighter grey areas. (a) f = 50 Hz. (b) f = 125 Hz. (c) f = 250 Hz. (d) f = 500 Hz. (e) f = 1000 Hz. (f) f = 2000 Hz.



	[image: thumbnail]	Figure 10 Median-quantile-values for the calculation error for (a) the all-rigid box, calculated with the ESIE method only, and (b) the box with an impedance patch, calculated with the ESIE+SS method. In both diagrams, the quantile values are given for 18 frequencies, including those not shown in Figures 9 and 11. The median and quantile values were based on the 181 receiver angle values shown in Figures 9 and 11. In (c) results for all frequencies and all 181 receiver positions were pooled into one dataset. Note the different scale in (c).



The results presented here are considered as accurate enough to show the possibilities with the ESIE+SS method.
5.2 Scattering from the box with an impedance patch to a circle of receivers
For the main test case, the impedance patch was introduced and the ESIE method was complemented with secondary sources (SS). Thus, Figures 11a–11f show the results for the same six example frequencies as in Figure 9, for the ESIE+SS method and the FEM. The sound pressure values are very similar to those for the all-rigid box in Figures 9a–9f since the impedance patch is such a small part of the box, but distinct differences can be observed. Figure 10b shows the median, across the 181 receiver positions, 95% and 5% percentiles for the level difference between the ESIE+SS results and the FEM results.
	[image: thumbnail]	Figure 11 Results for the scattering to the circle of receivers in Figure 7b for the box with an impedance patch in Figure 7b, for six example frequencies. Settings for the ESIE+SS method were as in Table 2. The numerically most challenging receiver positions are marked with solid-line arrows, and the more benign challenging positions are marked with dotted-line arrows. (a) f = 50 Hz. (b) f = 125 Hz. (c) f = 250 Hz. (d) f = 500 Hz. (e) f = 1000 Hz. (f) f = 2000 Hz.



Figure 10c compiles the two sets of data points into median+percentiles values, based on all receivers positions and frequencies. The percentile values imply that 90% of the 18 ⋅ 181 = 3258 data points have an error within [ − 0.20,+0.15] dB for the all-rigid box and [ − 0.30,+0.32] dB for the box with the impedance patch. While the error with the ESIE+SS method is larger than for the ESIE method and the all-rigid box, the accuracy must still be viewed as very good considering the dynamic range of up to 40 dB and the frequency range from 50 Hz to 2.5 kHz. Since the ESIE+SS method adds two terms, both of which are computed with the ESIE method, it is to be expected that the ESIE+SS would have a somewhat larger error than the ESIE method for a rigid box. The slightly increasing error for the highest frequencies, as seen in Figure 10b might indicate that the number of secondary sources could need to be higher than 11, as seen in Table 2. For the highest frequency, 11 secondary sources corresponds to 5 elements per wavelength at 2.5 kHz, and the simple piston elements could probably not be expected to perform any better than the results found here.
5.3 Scattering from the box with an impedance patch to near-field receivers
As shown in Figure 7b, a second set of receiver positions was placed very close to the surface of the box. Thus both the nearfield sound pressure, the nearfield particle velocity, and the specific acoustic impedance could be computed as given by equation (31). The latter should be very close to the specified locally reacting impedance value, “Target impedance”, but as the frequency increases one would expect gradually deviating values since the impedance in the sound field is computed at a short distance, 1.5 cm, from the impedance surface. The FEM software could output particle velocity values in receiver points, but here, the approximated values from the pressure differences were used instead since these should be closer to the ones computed by the ESIE method (which in its present implementation in the ED toolbox can only compute sound pressure values).
Figures 12 and 13 show the sound pressure, the particle velocity and the specific acoustic impedance for the same six frequencies as in Figures 9 and 11. Again, numerical challenges for the HOD-terms give large errors for y ⪆ 1.5 m.

	[image: thumbnail]	Figure 12 Results for the nearfield receivers in Figure 7b for the box with an impedance patch in Figure 7a, for three example frequencies: 50 Hz, 125 Hz and 250 Hz. Subfigures (a), (d), (g) show the sound pressure level, for an arbitrary source amplitude; (b), (e), (h) show the particle velocity, expressed in dB, whereas (c), (f), (i) show the specific acoustic impedance values. Settings for the ESIE+SS method were as in Table 2. Note the different scales between plots. (a) Lp,f = 50 Hz. (b) Lv,f = 50 Hz. (c) Zs,f = 50 Hz. (d) Lp,f = 125 Hz. (e) Lv,f = 125 Hz. (f) Zs,f = 125 Hz. (g) Lp,f = 250 Hz. (h) Lv,f = 250 Hz. (i) Zs,f = 250 Hz.



	[image: thumbnail]	Figure 13 Results for the nearfield receivers in Figure 7b for the box with an impedance patch in Figure 7a, for three example frequencies: 500 Hz, 1 kHz and 1.6 kHz. Subfigures (a), (d), (g) show the sound pressure level, for an arbitrary source amplitude; (b), (e), (h) show the particle velocity, expressed in dB, whereas (c), (f), (i) show the specific acoustic impedance values. Settings for the ESIE+SS method were as in Table 2. Note the different scales between plots. (a) Lp,f = 500 Hz. (b) Lv,f = 500 Hz. (c) Zs,f = 500 Hz. (d) Lp,f = 1 kHz. (e) Lv,f = 1 kHz. (f) Zs,f = 1 kHz. (g) Lp,f = 2 kHz. (h) Lv,f = 2 kHz. (i) Zs,f = 2 kHz.



5.4 The G transfer functions
A substantial part of the computational load for this ESIE+SS method consists of computing the G piston-to-point transfer functions for the NSS ⋅ NSS combinations of secondary sources in the Gfront matrix. Therefore, it is relevant to investigate how large impact the inclusion of first- and higher-order diffraction has for these transfer functions. As can be seen in equation (13), the determination of the secondary source amplitudes will involve the sum of the two impedances that each secondary source experiences: the front (outside) and the rear (into the impedance material). Thus, the impact of a small error in the computation of Gfront will be reduced by the addition of Grear, which is known explicitly. One can expect that the inclusion of diffraction components in Gfront would be more important for lower frequencies since diffraction waves are stronger for lower frequencies. However, the magnitude of Gfront is generally increasing with frequency, since we use a piston secondary source model6. At the same time, for impedance materials, the values in Grear are typically decreasing for increasing frequencies (it is difficult to get high absorption for low frequencies ↔ the impedance is high at low frequencies). So, rather fortunately, we could expect that the effect of including diffraction waves in Gfront might be small across frequencies. The effect can be demonstrated through some different results. For the numerical example above, two secondary sources were used for the frequency range 50 Hz–400 Hz (see Tab. 2). For this frequency range, the magnitudes of Gfront,1 ← 1 and Grear,1 ← 1 are plotted in Figure 14a and a large magnitude difference can be observed, and the difference decreases rapidly as the frequency increases.
	[image: thumbnail]	Figure 14 For the numerical example in Figures 7–13, in the frequency range which used two secondary sources: (a) The transfer function magnitudes Gfront and Grear for the SS 1← SS 1 combination. (b) The relative error for the G = Gfront + Grear transfer functions, when either only GA, or GA+first-order diffraction is included. (c) The relative error for the vSS secondary source amplitudes (due to symmetry both secondary sources get the same amplitude).



As a further step in the analysis, the values of the Gfront,1 ← 1 and Gfront,1 ← 2 were recomputed with the inclusion of direct sound only, denoted “GA only" in the following, and with the inclusion of first-order but not higher-order diffraction. The inclusion of higher-order diffraction gave the reference results. For this case with only two secondary sources, the sum of the two G-matrices can be written out as
[image: thumbnail](33)
where Grear,1 ← 1 = Zs which is the specific acoustic impedance of the material, assumed to be locally reacting, and thus only having values along the diagonal. One can assume that the values along the diagonal in the G-matrix will experience smaller relative errors when diffraction is included than the off-diagonal values, since off the diagonal there are no Grear-values to “mask" the errors. These assumed results are indeed confirmed in Figure 14b, where the dashed-line results show the relative errors for the elements along the diagonal in the G-matrix and they are substantially lower than the relative errors for the off-diagonal elements, shown by the solid lines.
The result which matters most is how large the error is for the computed secondary source amplitudes, uSS. This error can be studied by creating a dummy excitation pressure vector, pexcitation with the value 1 for each secondary source, and inspect the error for uSS after the inversion of the G-matrix. Thus, the error for the secondary source amplitude is shown in Figure 14c, for the two simplified scenarios of including no diffraction (“Only GA"), or just first-order diffraction, in the computation of the Gfront transfer functions. The error stays below 1% for the entire frequency range shown without any diffraction waves. Results are not shown for higher frequencies but the error will get gradually smaller as the frequency is increased. Including first-order diffraction brings the error down to 0.1–0.5%. It should be realized that for a case where the secondary sources are closer to edges of the scattering object, the influence of the diffraction waves can be expected to increase. Still, the fact that the impedance Grear typically is mugh higher than Gfront for low frequencies will still be valid, so the small influence of diffraction might also still be valid.
6 Discussion
Below, accuracy aspects of the results are discussed in Section 6.1, and the computational complexity of the ESIE-SS approach is discussed in Section 6.2, with examples of calculation times for the various steps involved.
6.1 Accuracy
The generally very good agreement between the ESIE+SS method and the reference FEM results seems to confirm that the ESIE+SS could be used to compute scattering from objects that are partly rigid and partly having impedance boundary conditions. Some numerical challenges for the computation of higher-order diffraction were as expected and could be handled by using the ESIEBEM approach in [7]. The comparison with reference results was done for a 2D-case but the method can be easily extended to 3D objects. A bit counterintuitively, the computation of the various transfer functions in Table 1, would be easier for 3D cases than for 2D cases since the EDtoolbox only supports monopoles in 3D directly. Only the direct sound component of the G(x ← xSS) transfer function would need additional computation as described in Section 3.2.1.
The ESIE+SS formulation makes it straightforward to model locally-reacting materials but an additional, separate computation for an extended-reaction subdomain makes such a case straightforward to study as well.
The decomposition of the sound field into GA and diffraction components was used to demonstrate that the interaction transfer functions for the secondary sources, GSSi ← SSj, can safely be computed without the inclusion of diffraction waves. It should be noted though that if the secondary sources are placed closer to edges, then the importance of the diffraction waves might increase.
The resulting accuracy, as shown in Figure 10, could, as claimed in Section 5.1, be expected to get even better if the quadrature order could be increased. However, the highest quadrature order that was used, 449 as given in Table 2, implies that the degrees-of-freedom for the edge source amplitudes, are 4 edges ⋅ 449 edge sources ⋅ (2 ⋅ 449) edge source directions (each edge sees two other edges) = 1.6 ⋅ 106 values to compute, and a higher value was deemed to be unrealistically time-consuming. See [6] for a discussion of these relations.
6.2 Computational complexity
A question which is not of primary interest here is whether or not the ESIE+SS method in practice would be more efficient than other methods, such as the FEM or BEM. As argued above, the focus on 2D computations in this paper makes the ESIE+SS computations rather time-consuming, whereas 3D cases could be handled much more efficiently. For the FEM, the situation would certainly be the opposite. Furthermore, the EDtoolbox used is a Matlab toolbox which limits its efficiency compared to some other softwares. In particular the special scripts for handling 2D-cases have not been optimized, e.g., as regards the number of monopoles to represent a line source. Optimizing the efficiency would thus be more relevant for 3D cases. Still, computational complexity is interesting and relevant, so some analysis was carried out. The computational complexity was discussed in Section 3.3 and the principles presented there can be checked against some timing results for the studied case. Calculations were repeated, one frequency at a time, taking the median time value of three repetitions, to reduce random calculation time variations. All the calculations for the ESIE+SS methods were done using Matlab R2021b and EDtoolbox version 0.500, running on a MacBook Pro with an M1 Pro CPU and 32 GB of RAM.
6.2.1 First-order diffraction calculations
Figure 15 shows the calculation time results for the first-order diffraction component of the four types of transfer functions that must be computed. Building on the expression from Section 3.3, the expected calculation time for each of the four types of TFs is
	[image: thumbnail]	Figure 15 Calculation time per frequency for the four types of transfer functions in Table 1. (a) First-order diffraction calculations (b) Calculation of diffraction orders 2–6.
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In addition, the first-order diffraction calculations in this study are for a 2D geometry, which either is implemented with an explicit line source expression, equation (19), or as 501 monopoles in a 3D geometry of finite length, L. Thus, the calculation time dependence on frequency will behave differently for those two types of source types. For both types of sources, the calculation time will increase with frequency, but for the monopole expression also the edge length will affect the calculation time. The line source expression involves Bessel functions which are somewhat more expensive to compute for higher argument values7. On the other hand, when the line piston is modelled as a number of monopoles, then the edge will be a 3D edge of length L, so the factor kL affects the oscillation of the integrand and thus the computation time. In light of this, the following can be observed for results in Figure 15a:


	
The calculation times generally increase with frequency, as expected. Ignoring the three jumps at 160 Hz, 500 Hz, and 1.25 kHz, the growth with frequency is clearly less for the TFs using line source expressions than for the TFs using monopoles. This difference reflects that the Bessel function computation is more benign than the oscillating integral computation for the monopole expressions.



	
The huge difference in calculation times between the four types of transfer functions largely reflects the number of sources and receivers. The lowest curve segments has one line source and 2, 2, 5 or 11 receivers, respectively. The second lowest curve has one line source and 181 receivers etc.



	
At the jumps, for three of the curves, the edges become shorter, see Table 2, which leads to a reduction in calculation time. At the same time, the number of secondary sources increases, for two of the three jumps, which gives a net increase in calculation time. For the curve denoted G(xSS ← xSS), the number of sources and the number of receivers increase at the two later jumps, so, for cases which require large number of secondary sources, the computation of the G(xSS ← xSS) TFs could typically dominate the calculations.



	
The number of edges is very small for the chosen geometry, and the number of edges that are visible from the source and the receiver will not vary much across receiver positions. It can be noted that for a polyhedron, a receiver at the surface of the polyhedron (where the secondary sources are positioned) can only see the edges belonging to the polyhedral face which the receiver is placed at.



	
As a rough estimate, based on the cost for computing the G(xSS ← xSS) TF, for a single monopole to a single receiver, at 50 Hz for a 40 m long edge, such that kL ≈ 37, using the chosen Matlab implementation, on the chosen computer hardware, the calculation is on the order of 2 ms. This calculation involves two edges of length 40 m.




6.2.2 Higher-order diffraction calculations
The calculation of higher-order diffraction uses a different algorithm than the first-order diffraction, and evaluates an integral equation with Gaussian quadrature. As seen in Table 2, two slightly different numbers of quadrature points, 399 and 449, along each edge were used. For Gaussian quadrature, the calculation time will not depend on frequency, only on the quadrature order, ng, (which might, however, need to be higher for higher frequencies). The calculation cost for higher-order diffraction will be somewhat more complex than for first-order diffraction as given by equation (34). Thus, the four distinct calculation steps add up to the total cost as
[image: thumbnail](35)
It should be noted that nsources in equation (35) refers to the number of sources which are added into a single transfer function calculation, such as when 501 monopoles are used to represent a line source. On the other hand, for G-TFs, one independent TF calculation has to be made for each secondary source. The total calculation times, THOD in equation (35), for the higher-order diffraction, including up to 6th order, are shown in Figure 15b for the same four types of TFs as in Figure 15a. The plotted calculation times are exactly the same for the four/five frequencies of each curve segments. A single value was computed and used for all frequencies in the plot since there is no dependence on frequency. The following observations can then be made about the higher-order diffraction:


	
Both the H- and G-types of transfer functions must use 501 monopoles to represent the primary line source (H-TFs) or the line pistons (G-TFs). Also, as seen in equation (35), the number of receivers affects the total computation time only indirectly, and this fourth term in equation (35) turns out to have a small influence altogether. These two factors make the differences between TF types much smaller in Figure 15b than in Figure 15a.



	
The jump at 160 Hz involved a reduction in quadrature order from 449 to 399, which reduced the calculation times. The jump at 1.25 kHz was associated with an increase in quadrature order to 449, which increased the calculation times.



	
The calculation times for the G-TFs increased for the two jumps at 500 Hz and 1.5 kHz. The reason was that the number of secondary sources increased from 2 to 5, and from 5 to 11, respectively. The calculation times will be directly proportional to the number of secondary sources, as shown in Section 3.3.





As an additional analysis of the calculation of higher-order diffraction, the four steps in equation (35) were computed for different diffraction orders and different quadrature orders. This was done for the H(x ← xS) TF. Keeping the number of sources (501 monopoles), quadrature order (399), and number of receivers (181) constant, but varying the diffraction order from 2 to 6 gave the calculation time results in Figure 15a. As seen in equation (35), the calculation time for the step “Iterate H-matrix" increases linearly with diffraction order. The other three steps should be independent of diffraction order except for the setting up of the H-matrix, which is not needed for the diffraction order 2: only the q0-term in equation (7) is required. The slight dependence of diffraction order for the term “Propagate q-values to field points" is specific for this implementation. The double arrows indicate which steps depend on the number of sources and receivers.
In Figure 15b, calculation time values are given as function of quadrature order (per edge), with the number of sources (501), the number of receivers (181), and diffraction order (6) kept constant. Please note the logarithmic scales, which makes it quite clear that two of the four terms basically follow an ng2-trend and the other two an ng3-trend, as expected from equation (35). As in Figure 15a, the double arrows indicate the terms which are affected by the number of sources and receivers.
These results confirm that the point-to-point, 3D transfer function basis of the ESIE method significantly affects the cost for simulating a 2D case with this method. Furthermore, keeping the quadrature order, and diffraction order, as low as possible is important for optimizing the performance of the method, as shown by the timing results in Figure 16. Finally, for higher numbers of secondary sources than demonstrated here, the computation of the Gfront = [G(xSS ← xSS)] matrix might dominate the computational load. Thus, the possibility to ignore higher-order diffraction, or even first-order diffraction, as demonstrated in Figure 14, might significantly increase the feasibility of the ESIE+SS method, but this would have to be evaluated for more cases.
	[image: thumbnail]	Figure 16 Calculation time per frequency for the four steps of the calculation of higher-order diffraction, as given in equation (35). (a) THOD as function of diffraction order. The quadrature order was 399 for each edge. (b) THOD as function of quadrature order per edge. The diffraction order was 6.



7 Conclusions
A method, called ESIE+SS here, has been presented for the computation of scattering from a scattering object which is partly rigid and partly absorbing, using secondary sources and a diffraction-based method for the scattering of rigid bodies. The method is primarily valid for 3D geometries but expressions were presented for handling 2D problems with the ESIE and ESIE+SS methods.
The ESIE+SS method was evaluated for a 2D scattering object consisting of a rectangular box with a small impedance patch of a locally reacting material. FEM was used as a reference method and the ESIE+SS predicted sound pressures for the frequency range of 50 Hz to 2.5 kHz, along a semicircle around the object, and 90% of all the data points were within [ − 0.30,+0.32] dB of the reference FEM results. In a first evaluation step, the scattering of an all-rigid box was computed with the ESIE method, and 90% of the results were within [ − 0.20,+0.15] dB of the reference FEM results. For the ESIE and ESIE+SS computations, well-known numerical challenges occurred for some receiver positions, due to the slow convergence of the higher-order diffraction computations. The computational complexity was analyzed, confirming that the simulation of a 2D geometry with the ESIE+SS method is very inefficient. It was also found that the computation of transfer functions between all pairs of secondary sources might be the dominating cost. The possibility to ignore higher-order diffraction for those transfer functions mitigates that computational cost to some degree.
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1 The case that the line from x1 to x2 hits an outer corner, rather than an edge, of the scattering object needs further considerations, but that is ignored for now.


2 A convex scattering polyhedron can have maximum one specular reflection for a specific receiver position.


3 For a convex polyhedron, an edge is either entirely visible or entirely invisible, from a point. The edge end-point might be visible while the interior part of the edge is entirely invisible and such a case should have V′=0.


4 The expression in equation (28) assumes a piston of a polygonal shape. The line integral expression can, however, also be used for a single curved edge [25], but that case is not relevant for this paper.


5 The most challenging directions are those that are close to being in-plane with two parallel edges that have a short distance in-between. The less challenging directions are those that are close to being in-plane with two edges that are further away from each other.


6 The sound pressure immediately at, or very close to, a piston increases with frequency up to a frequency for which the size of the piston is on the order of the wavelength, above which the sound pressure stays more or less constant.


7 The 2D diffraction expression uses Bessel functions with kR as argument, where R is the cylindrical radius of the source and receiver, respectively. That R-factor is, however, not directly relevant here since R will be constant across frequencies.
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Appendix
The impedance values in the numerical example
In the numerical example, a porous absorber was modeled using Mechel’s model, as implemented in the NorFlag software [27]. The flow resistivity was 10 kPa s/m2 and the porosity was set to 95%. The specific acoustic impedance values, normalized against ρ0c, were as given in Table A.1.
Table A.1 
Normalized specific acoustic impedance, Z′s = (p/u)/(ρ0c), used in the numerical example. For information, the normal incidence reflection factor, Rp⊥, is given as well.
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	[image: thumbnail]	Figure 1 (a) The integral equation in equation (7) expresses that the edge source amplitude at edge point xe2, in the direction of edge point xe1, is given as an integral over contributions from all edge points xe which can see xe2. (b) An additional contribution, q0(xe1 ← xe2), is caused by the primary source S.
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	[image: thumbnail]	Figure 2 The propagation of the edge source amplitude, q(xe1 ← xe2), to the receiver point R.
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	[image: thumbnail]	Figure 3 The secondary source approach in equation (10) adds (a) the sound field generated by the primary source S and the rigid scattering object, and (b) the sound fields radiated by secondary piston sources SSi with vibration velocities uSS,i, when pistons are set in a rigid scattering object. Only the geometrical acoustics components are illustrated; diffraction components should be added to both (a) and (b).
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	[image: thumbnail]	Figure 4 First-order diffraction TF in 2D computed with the ref. expression, equation (19), and via a set of monopoles, equation (24), with and without source amplitude tapering. (a) The three TFs. (b) The error for the two monopole distributions.
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	[image: thumbnail]	Figure 5 Geometrical parameters for the plane-wave + piston edge-wave model. (a) The plane wave component exists if the projection, xproj., onto the baffle of a receiver position, x, falls inside the piston, as is the case for position x1 but not for x2. (b) The edge wave uses a local spherical coordinate system, (r,θ,φ), for each position, xe, along the piston edges.
In the text



	[image: thumbnail]	Figure 6 Geometrical parameters for the edge-wave impulse response calculation for a line piston. The coordinates (ξ′,ψ′) are indicated for the calculation of the second edge’s contribution.
In the text



	[image: thumbnail]	Figure 7 Geometrical details for the numerical example with a mostly rigid box, sized 3 m by 0.2 m, and a small patch with a locally reacting impedance boundary condition. A 2D point source is marked S. In (a), a semicircle of external receivers are placed at a radius of 3.1 m, with an angle step of 1 degree (not all are shown). In (b), two rows of receivers are placed at 1 cm and 2 cm distance (in the x-direction) from the box surface, in steps of 2 cm in the y-direction (not all are shown). An initial test case used an all-rigid box, without the impedance patch. The numerically most challenging receiver directions are marked with darker grey areas, and the more benign challenging directions are marked with lighter grey areas.
In the text



	[image: thumbnail]	Figure 8 The FEM used a 2D mesh of the area marked with grey in the figure.
In the text



	[image: thumbnail]	Figure 9 Results for the scattering to the circle of receivers in Figure 7a for the all-rigid version of the box, for six example frequencies. Settings for the ESIE method were as in Table 2. The numerically most challenging receiver positions are marked with darker grey areas, and the more benign challenging positions are marked with lighter grey areas. (a) f = 50 Hz. (b) f = 125 Hz. (c) f = 250 Hz. (d) f = 500 Hz. (e) f = 1000 Hz. (f) f = 2000 Hz.
In the text



	[image: thumbnail]	Figure 10 Median-quantile-values for the calculation error for (a) the all-rigid box, calculated with the ESIE method only, and (b) the box with an impedance patch, calculated with the ESIE+SS method. In both diagrams, the quantile values are given for 18 frequencies, including those not shown in Figures 9 and 11. The median and quantile values were based on the 181 receiver angle values shown in Figures 9 and 11. In (c) results for all frequencies and all 181 receiver positions were pooled into one dataset. Note the different scale in (c).
In the text



	[image: thumbnail]	Figure 11 Results for the scattering to the circle of receivers in Figure 7b for the box with an impedance patch in Figure 7b, for six example frequencies. Settings for the ESIE+SS method were as in Table 2. The numerically most challenging receiver positions are marked with solid-line arrows, and the more benign challenging positions are marked with dotted-line arrows. (a) f = 50 Hz. (b) f = 125 Hz. (c) f = 250 Hz. (d) f = 500 Hz. (e) f = 1000 Hz. (f) f = 2000 Hz.
In the text



	[image: thumbnail]	Figure 12 Results for the nearfield receivers in Figure 7b for the box with an impedance patch in Figure 7a, for three example frequencies: 50 Hz, 125 Hz and 250 Hz. Subfigures (a), (d), (g) show the sound pressure level, for an arbitrary source amplitude; (b), (e), (h) show the particle velocity, expressed in dB, whereas (c), (f), (i) show the specific acoustic impedance values. Settings for the ESIE+SS method were as in Table 2. Note the different scales between plots. (a) Lp,f = 50 Hz. (b) Lv,f = 50 Hz. (c) Zs,f = 50 Hz. (d) Lp,f = 125 Hz. (e) Lv,f = 125 Hz. (f) Zs,f = 125 Hz. (g) Lp,f = 250 Hz. (h) Lv,f = 250 Hz. (i) Zs,f = 250 Hz.
In the text



	[image: thumbnail]	Figure 13 Results for the nearfield receivers in Figure 7b for the box with an impedance patch in Figure 7a, for three example frequencies: 500 Hz, 1 kHz and 1.6 kHz. Subfigures (a), (d), (g) show the sound pressure level, for an arbitrary source amplitude; (b), (e), (h) show the particle velocity, expressed in dB, whereas (c), (f), (i) show the specific acoustic impedance values. Settings for the ESIE+SS method were as in Table 2. Note the different scales between plots. (a) Lp,f = 500 Hz. (b) Lv,f = 500 Hz. (c) Zs,f = 500 Hz. (d) Lp,f = 1 kHz. (e) Lv,f = 1 kHz. (f) Zs,f = 1 kHz. (g) Lp,f = 2 kHz. (h) Lv,f = 2 kHz. (i) Zs,f = 2 kHz.
In the text



	[image: thumbnail]	Figure 14 For the numerical example in Figures 7–13, in the frequency range which used two secondary sources: (a) The transfer function magnitudes Gfront and Grear for the SS 1← SS 1 combination. (b) The relative error for the G = Gfront + Grear transfer functions, when either only GA, or GA+first-order diffraction is included. (c) The relative error for the vSS secondary source amplitudes (due to symmetry both secondary sources get the same amplitude).
In the text



	[image: thumbnail]	Figure 15 Calculation time per frequency for the four types of transfer functions in Table 1. (a) First-order diffraction calculations (b) Calculation of diffraction orders 2–6.
In the text



	[image: thumbnail]	Figure 16 Calculation time per frequency for the four steps of the calculation of higher-order diffraction, as given in equation (35). (a) THOD as function of diffraction order. The quadrature order was 399 for each edge. (b) THOD as function of quadrature order per edge. The diffraction order was 6.
In the text
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        (a) The integral equation in equation (7) expresses that the edge source amplitude at edge point xe2, in the direction of edge point xe1, is given as an integral over contributions from all edge points xe which can see xe2. (b) An additional contribution, q0(xe1 ← xe2), is caused by the primary source S.

      

    

  
    
      Figure 2 
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        The propagation of the edge source amplitude, q(xe1 ← xe2), to the receiver point R.

      

    

  
    
      Figure 3 
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        The secondary source approach in equation (10) adds (a) the sound field generated by the primary source S and the rigid scattering object, and (b) the sound fields radiated by secondary piston sources SSi with vibration velocities uSS,i, when pistons are set in a rigid scattering object. Only the geometrical acoustics components are illustrated; diffraction components should be added to both (a) and (b).

      

    

  
    
      Figure 4 
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        First-order diffraction TF in 2D computed with the ref. expression, equation (19), and via a set of monopoles, equation (24), with and without source amplitude tapering. (a) The three TFs. (b) The error for the two monopole distributions.

      

    

  
    
      Figure 5 
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        Geometrical parameters for the plane-wave + piston edge-wave model. (a) The plane wave component exists if the projection, xproj., onto the baffle of a receiver position, x, falls inside the piston, as is the case for position x1 but not for x2. (b) The edge wave uses a local spherical coordinate system, (r,θ,φ), for each position, xe, along the piston edges.

      

    

  
    
      Figure 6 
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        Geometrical parameters for the edge-wave impulse response calculation for a line piston. The coordinates (ξ′,ψ′) are indicated for the calculation of the second edge’s contribution.

      

    

  
    
      Figure 7 
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        Geometrical details for the numerical example with a mostly rigid box, sized 3 m by 0.2 m, and a small patch with a locally reacting impedance boundary condition. A 2D point source is marked S. In (a), a semicircle of external receivers are placed at a radius of 3.1 m, with an angle step of 1 degree (not all are shown). In (b), two rows of receivers are placed at 1 cm and 2 cm distance (in the x-direction) from the box surface, in steps of 2 cm in the y-direction (not all are shown). An initial test case used an all-rigid box, without the impedance patch. The numerically most challenging receiver directions are marked with darker grey areas, and the more benign challenging directions are marked with lighter grey areas.

      

    

  
    
      Figure 8 
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        The FEM used a 2D mesh of the area marked with grey in the figure.

      

    

  
    
      Table 1 

      Implementation of the various parts of the secondary source method, “ESIE+SS".

      
        


	
	Direct Spec.
	Diff. 1
	HOD





	H2D(x ← xS), H2D(xSS ← xS)
	Equation (18)
	Equation (19)
	EDtoolbox using 501 monopoles



	




	G2D(x ← xSS), G2D(xSS ← xSS)
	Equation (26)
	EDtoolbox using 501 monopoles
	EDtoolbox using 501 monopoles





      

    

  
    
      Table 2 

      Numerical settings for the secondary source method, “ESIE+SS”.

      
        


	Freq. fn [Hz] equation (32)
	Length L [m] in equation (22)
	NSS in equation (10)
	Diffraction order for HOD
	Gaussian quadrature order for HOD, ng
	λmin/wSS





	50–125
	40
	2
	6
	449
	18



	160–400
	20
	2
	6
	399
	5.7



	500–1 k
	10
	5
	6
	399
	5.7



	1.25 k–2.5 k
	7
	11
	6
	449
	5.0





      

    

  
    
      Figure 9 
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        Results for the scattering to the circle of receivers in Figure 7a for the all-rigid version of the box, for six example frequencies. Settings for the ESIE method were as in Table 2. The numerically most challenging receiver positions are marked with darker grey areas, and the more benign challenging positions are marked with lighter grey areas. (a) f = 50 Hz. (b) f = 125 Hz. (c) f = 250 Hz. (d) f = 500 Hz. (e) f = 1000 Hz. (f) f = 2000 Hz.

      

    

  
    
      Figure 10 
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        Median-quantile-values for the calculation error for (a) the all-rigid box, calculated with the ESIE method only, and (b) the box with an impedance patch, calculated with the ESIE+SS method. In both diagrams, the quantile values are given for 18 frequencies, including those not shown in Figures 9 and 11. The median and quantile values were based on the 181 receiver angle values shown in Figures 9 and 11. In (c) results for all frequencies and all 181 receiver positions were pooled into one dataset. Note the different scale in (c).

      

    

  
    
      Figure 11 
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        Results for the scattering to the circle of receivers in Figure 7b for the box with an impedance patch in Figure 7b, for six example frequencies. Settings for the ESIE+SS method were as in Table 2. The numerically most challenging receiver positions are marked with solid-line arrows, and the more benign challenging positions are marked with dotted-line arrows. (a) f = 50 Hz. (b) f = 125 Hz. (c) f = 250 Hz. (d) f = 500 Hz. (e) f = 1000 Hz. (f) f = 2000 Hz.

      

    

  
    
      Figure 12 
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        Results for the nearfield receivers in Figure 7b for the box with an impedance patch in Figure 7a, for three example frequencies: 50 Hz, 125 Hz and 250 Hz. Subfigures (a), (d), (g) show the sound pressure level, for an arbitrary source amplitude; (b), (e), (h) show the particle velocity, expressed in dB, whereas (c), (f), (i) show the specific acoustic impedance values. Settings for the ESIE+SS method were as in Table 2. Note the different scales between plots. (a) Lp,f = 50 Hz. (b) Lv,f = 50 Hz. (c) Zs,f = 50 Hz. (d) Lp,f = 125 Hz. (e) Lv,f = 125 Hz. (f) Zs,f = 125 Hz. (g) Lp,f = 250 Hz. (h) Lv,f = 250 Hz. (i) Zs,f = 250 Hz.

      

    

  
    
      Figure 13 
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        Results for the nearfield receivers in Figure 7b for the box with an impedance patch in Figure 7a, for three example frequencies: 500 Hz, 1 kHz and 1.6 kHz. Subfigures (a), (d), (g) show the sound pressure level, for an arbitrary source amplitude; (b), (e), (h) show the particle velocity, expressed in dB, whereas (c), (f), (i) show the specific acoustic impedance values. Settings for the ESIE+SS method were as in Table 2. Note the different scales between plots. (a) Lp,f = 500 Hz. (b) Lv,f = 500 Hz. (c) Zs,f = 500 Hz. (d) Lp,f = 1 kHz. (e) Lv,f = 1 kHz. (f) Zs,f = 1 kHz. (g) Lp,f = 2 kHz. (h) Lv,f = 2 kHz. (i) Zs,f = 2 kHz.

      

    

  
    
      Figure 14 
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        For the numerical example in Figures 7–13, in the frequency range which used two secondary sources: (a) The transfer function magnitudes Gfront and Grear for the SS 1← SS 1 combination. (b) The relative error for the G = Gfront + Grear transfer functions, when either only GA, or GA+first-order diffraction is included. (c) The relative error for the vSS secondary source amplitudes (due to symmetry both secondary sources get the same amplitude).

      

    

  
    
      Figure 15 
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        Calculation time per frequency for the four types of transfer functions in Table 1. (a) First-order diffraction calculations (b) Calculation of diffraction orders 2–6.

      

    

  
    
      Figure 16 
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        Calculation time per frequency for the four steps of the calculation of higher-order diffraction, as given in equation (35). (a) THOD as function of diffraction order. The quadrature order was 399 for each edge. (b) THOD as function of quadrature order per edge. The diffraction order was 6.

      

    

  
    
      Table A.1 

      Normalized specific acoustic impedance, Z′s = (p/u)/(ρ0c), used in the numerical example. For information, the normal incidence reflection factor, Rp⊥, is given as well.

      
        


	Frequency
	Re [Z′s]
	Im [Z′s]
	|Rp⊥|





	 50
	1.774
	-4.220
	0.850



	63
	1.752
	-3.389
	0.795



	80
	1.743
	-2.746
	0.733



	100
	1.741
	-2.244
	0.667



	125
	1.742
	-1.854
	0.603



	160
	1.743
	-1.557
	0.547



	200
	1.740
	-1.339
	0.502



	250
	1.721
	-1.171
	0.464



	315
	1.677
	-1.046
	0.434



	400
	1.600
	-0.954
	0.407



	500
	1.492
	-0.865
	0.377



	630
	1.382
	-0.750
	0.337



	800
	1.310
	-0.623
	0.291



	1k
	1.277
	-0.524
	0.253



	1.25k
	1.239
	-0.461
	0.227



	1.6k
	1.196
	-0.393
	0.197



	2.0k
	1.170
	-0.338
	0.172



	2.5k
	1.143
	-0.290
	0.149
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