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Abstract – The hybrid aeroacoustic approach is an efficient way to address the issue of the disparity of scales
in Computational AeroAcoustics (CAA) at low Mach numbers. In the present paper, three wave equations
governing propagation of flow-induced sound of low Mach number flows, namely the Perturbed Convective
Wave Equation (PCWE), Ribner’s Dilatation (RIB) equation, and Lighthill’s wave equation, are applied
using the Finite Element Method (FEM). An airflow through a circular pipe with a half-moon-shaped orifice
at three operating flow speeds is considered, where validation data from measurements on a dedicated test
rig is available. An extensive analysis of the flow field is provided based on the results of the incompressible
flow simulation. The resulting acoustic source terms are investigated, and the relevant source term contribu-
tions are determined. The results of the acoustic propagation simulations revealed that the PCWE and RIB
are best suited for the present task. The overall deviation of the predicted pressure spectra from the measured
mean values amounted to 2.26 and 2.13 times the standard deviation of the measurement compared to 3.55 for
Lighthill’s wave equation. Besides reliably predicting the flow-induced sound, the numerical procedure of source
term computation is straightforward for PCWE and RIB, where the source term contributions, shown to be
relevant, solely consist of time derivatives of the incompressible pressure. In contrast, the Lighthill source term
involves spatial derivatives and, thus, is strongly dependent on the spatial resolution and the numerical method
actually used for approximating these terms.

Keywords: Computational aeroacoustics, Lighthills’s wave equation, Computational Fluid Dynamics, Finite
element method, Confined flow

1 Introduction

The acoustic comfort in modern product development
has significantly gained importance in recent times. Espe-
cially in the high-end passenger transportation sector,
acoustics plays a major role [1–4]. The current trend to e-
mobility further contributes to the importance of acoustic
design. Noise arising from auxiliary aggregates can become
unpleasant due to the absence of combustion engine noise
[5–9]. Ideally, acoustic aspects are already considered during
the design phase by means of CAA. When aeroacoustic
effects are involved, the hybrid approach is an efficient
way to limit the computational effort and to overcome
the challenge of the disparity of scales in CAA [10, 11].
The application of this two-step approach to various kinds
of flow configurations, such as fans [12, 13], jets [14], and
other external flows [15–17] can be found in literature.
Aeroacoustics of internal (ducted) flows with constrictions

was numerically [18–28] and experimentally [29–32] investi-
gated in the past, considering mostly rectangular ducts with
symmetric constrictions. Numerical investigations of a duct
flow using Lighthill’s wave equation, solved by FEM, are
presented in [18, 19]. The simulations were performed in
the frequency domain after Fourier transformation of the
acoustic source terms, where a rather small frequency range
of 300 Hz � f � 3500 Hz was considered for evaluation.
Piellard and Bailly investigated a low Mach number flow
through a rectangular duct with a diaphragm, and focused
on the impact of the scheme employed for source term inter-
polation [22, 33]. The acoustic field obtained from a fully
compressible Direct Numerical Simulation (DNS) published
in [34] was used as a reference.

In the present work, three aeroacoustic formulations
based on the hybrid approach, namely Lighthill’s acoustic
wave equation, the perturbed convective wave equation,
and the dilatation equation of Ribner are applied. In the
following the abbreviations LH, PCWE and RIB will
be used, respectively. Compared to other aeroacoustic*Corresponding author: paul.maurerlehner@tugraz.at
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formulations, such as the Linearized Euler Equations
(LEE), the selected equations solve only a scalar wave equa-
tion and are therefore efficient with regards to the compu-
tational effort. However, they differ in the solution
quantity (purely acoustic or a superposition with the aero-
dynamic pressure) and in the source term computation
(containing spatial and temporal derivatives). The aim of
the present investigations is to determine their suitability
for the application in the hybrid approach, especially for
duct flows. The variational form of the equations is solved
using FEM. The capability of the considered aeroacoustic
formulations is demonstrated for low Mach number flows
through a half-moon-shaped orifice in a circular pipe. The
asymmetric obstruction was chosen to determine the loca-
tion of the reattachment zone avoiding the possible occur-
rence of a pitchfork bifurcation [35–37] in order to
efficiently position pressure probes in the validation experi-
ment. The governing equations are provided in Section 2,
and in Section 3 the workflow is illustrated. The numerical
setups of the incompressible Large Eddy Simulation (LES)
and the time-domain Computational Acoustic (CA) simu-
lation are presented. Dedicated measurements at three dif-
ferent flow speeds with Mach numbers 0.011, 0.0236, and
0.06 were performed and serve as validation data for the
simulations. Furthermore, an extensive analysis of the
sound generation mechanisms based on the flow results
and an analysis of the acoustic source terms is provided.
The contribution of the subgrid-scale (SGS) model to the
Lighthill source term and the contribution of the time
derivative and convective term to the full PCWE source
term are assessed. Contours of the instantaneous acoustic
sources are illustrated and spectra at selected locations
are discussed. In Section 4, the practical aspects regarding
the numerical effort are addressed. Finally, the conclusions
are drawn in Section 5.

2 Theoretical background
2.1 Hybrid aeroacoustic approach

Decomposing flow-induced sound computation into two
separate tasks is commonly applied in CAA to limit the
computational workload for low Mach number flows. Typ-
ically, the flow field is computed in the first step of this
hybrid approach using incompressible Computational Fluid
Dynamics (CFD) simulations (see Fig. 1), mostly based on
the Finite Volume Method (FVM). Subsequently, the
acoustic field is solved in the acoustic propagation (CA)
simulation. In the present work, FEM is employed to solve
the variational form of the governing wave equations. A key
advantage of the two-step approach lies in the computa-
tionally less costly solution of the incompressible Navier
Stokes equations, which is sufficient for low Mach number
flows (Ma < 0.3), where no feed-back from the acoustic field
to the flow field occurs. In an intermediate step, the source
terms are processed, if required. The stationary part of the
sources (if present) is removed, since only the fluctuating
part of the sources contributes to sound generation [38].

Besides the assumption of incompressibility in CFD, the
two-step approach allows for specially adjusting the numer-
ical setup, such as temporal and spatial discretization, to
the specific features of the CFD and CA simulation. The
computational grid of the CFD simulation has to resolve
turbulent phenomena and the near-wall layer, demanding
high resolution, especially in near-wall regions. In contrast,
the CA grid has to resolve the acoustic wave propagation,
requiring a lower and uniform spatial resolution [39].

For the CA simulation, various alternative formulations
describing the propagation of flow-induced sound waves are
available, which require source terms to be computed from
the underlying flow field. The formulations used in the
present work are stated in the following.

2.1.1 Flow simulation

The presently applied method of LES solves the spa-
tially filtered representation of the incompressible balance
equations of mass and momentum, rewritten as

r � ev ic ¼ 0 and ð1Þ

oev ic

ot
þr � ðev ic � ev icÞ ¼ � 1

q0
rep ic þ m�ev ic � 1

q0
r � ½s�icSGS;

ð2Þ
where ev ic and epic denote the spatially filtered incompress-
ible velocity and pressure, respectively, and m is the kine-
matic viscosity. As it is commonly done in most LES, an
implicit filtering is assumed, which is inherently provided
by the spatial discretization of the governing equations.
½s�icSGS ¼ q0ð gvic � vic � ev ic � ev icÞ is the subrid-scale (SGS)
stress tensor representing the momentum flux of the
unresolved SGS motion, which requires modelling. Fol-
lowing the Boussinesq Ansatz, the anisotropic part of
the SGS stresses is modelled as

½s�icSGS �
1
3
trð½s�icSGSÞ ½I � ¼ �2q0mSGS½eS �ic; ð3Þ

dependent on a modelled eddy-viscosity mSGS and the
resolved rate of strain tensor ½eS �ic ¼ 1

2 ðrev ic þ ðrev icÞTÞ.
[I] in (3) denotes the unit tensor. The isotropic part of
the stresses is included in the so-called pseudo pressureepic ¼ epic � trð½s�icSGSÞ=3. The eddy-viscosity is obtained
from the Coherent Structure Model (CSM) of Kobayashi
[40, 41] as

Figure 1. CAA simulation workflow applied in the hybrid
approach.
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mSGS ¼ CCSM�
2j½eS �icj; ð4Þ

with D representing the mesh width obtained from the
volume of the individual computational cells as

D = (DV)1/3 and j½eS �icj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½eS �ic : ½eS �ic

q
. The model

coefficient is computed from

CCSM ¼ jF CSj
3
2ð1� F CSÞ=22; ð5Þ

where FCS is the coherent structure function defined as

F CS ¼ ½fW �ic : ½fW �ic � ½eS �ic : ½eS �ic
½fW �ic : ½fW �ic þ ½eS �ic : ½eS �ic

; ð6Þ

with ½fW �ic ¼ 1
2 ðrev ic � ðrev icÞTÞ representing the resolved

vorticity tensor.

2.1.2 CA simulation

2.1.2.1 LH – Lighthills wave equation
Lighthill’s wave equation, introduced in 1952 estab-

lished the basis of aeroacoustics and was obtained by refor-
mulating the balance equations into a wave equation [42].
The pressure formulation of the wave equation reads

1
c20

o2

ot2
p0 � r � rp

0 ¼ r � r � T½ �|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
QLH

ð7Þ

and is obtained by using the isentropic relation p0 ¼ c20q
0

connecting pressure fluctuations p0 with density fluctua-
tions q0 via the constant speed of sound c0. The right hand
side (RHS) of (7) defines the acoustic source term denoted
as QLH. It consists of the double divergence of the Lighthill
stress tensor [T], which is composed of the non-linear con-
vective fluxes, an excess term, and a viscous stress term.
For lowMach number flows, where the flow can be assumed
as incompressible, the latter can be neglected, reducing the
stress tensor to solely non-linear velocity product

½T �ic ¼ q0v
ic � vic ð8Þ

and the Lighthill source term becomes

Qic
LH ¼ r � r � ½T �ic: ð9Þ

In (8), vic is the incompressible velocity, typically obtained
by an incompressible CFD simulation (see Sect. 3.3) in the
framework of the hybrid aeroacoustic approach.

The weak form of the Partial Differential Equation
(PDE) to be solved by FEM is derived by multiplication
with a test function u 2 H1 (X) and integration over the
computational domain X. Application of the divergence
theorem to the divergence terms on both sides of the
PDE yields

1
c20

Z
X
u
o2p0

ot2
dXþ

Z
X
ru � rp0dX�

Z
CPML

urp0 � n dC

¼ �
Z
X
qic
LH � ru dX; ð10Þ

with q ic
LH ¼ r � ½T�ic being a source vector required as

input data from the CFD simulation. At this point we
want to emphasize that by applying the divergence theo-
rem, the order of the spatial derivative of the source term
is reduced from second order in the strong (Qic

LH) to first
order in the weak form (qic

LH), while the dimensionality
is increased.

In (10), the relation

r � ½T �ic ¼ � oqv
ot

�rp0; ð11Þ

was exploited, where r � ½T�ic ¼ q0 r � vicð Þvicþ
q0 vic � rð Þvic vanishes at the wall CW due to vic=0 (no-slip
condition). Furthermore, adjacent Perfectly Matched
Layers (PML) are applied at open boundaries CPML aris-
ing from domain truncation to avoid reflections [43].

2.1.2.2 PCWE – Perturbed Convective Wave Equation
The PCWE is based on a perturbation ansatz, which

decomposes the flow quantities, namely the pressure p,
the flow velocity v, and the density q into a mean part
(p, v, q), fluctuating incompressible (pic

0
, vic

0
), and acoustic

flow components (pa, va, qa). For the pressure p and veloc-
ity v, this splitting approach reads

p ¼ p þ p0 ¼ p þ pic
0|fflfflffl{zfflfflffl}

pic

þpa and ð12Þ

v ¼ v þ v
0 ¼ v þ vic0|fflfflffl{zfflfflffl}

vic

þva: ð13Þ

By applying this perturbation approach to the compress-
ible flow equations, an Acoustic Perturbation Equation
(APE) system was derived [44], which was reformulated
to the PCWE

1
c2

D2wa

Dt2
�r � rwa ¼ � 1

q0c2
Dpic0

Dt
¼ Qic

PCWE ð14Þ

by introducing the scalar acoustic potential wa with
va = �rwa, where va denotes the particle velocity

[45, 46]. Due to the substantial derivative
D
Dt

¼ o
ot

þ
v � r in the wave operator, as well as in the source term,
convection of acoustic waves is considered in this equa-
tion. The acoustic pressure pa ¼ q0

Dwa

Dt is calculated in a
post-processing step.

The weak form of (14) reads

1
c2

Z
X
u

o2wa

ot2
dXþ 2

c2

Z
X
u v � rð Þ ow

a

ot
dX

þ 1
c2

Z
X

v � rð Þu v � rð Þwa dXþ
Z
X
ru � rwa dX

�
Z
CPML

urwa � n dC ¼
Z
X
uQic

PCWE dX : ð15Þ

For sound-hard boundaries CW (solid walls), a homoge-
nous Neumann boundary condition rwa�n = 0
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(sound-hard) is used whereas at open domain boundaries
CPML, adjacent PML regions are applied again.

Dimensional analysis of the substantial derivative oper-
ator D

Dt, occurring in the wave operator and the source term,
in the time-harmonic form yields

F
L

c0

D
Dt

� �
� �2pjHeþMa � r; ð16Þ

where j denotes the imaginary unit and L being a charac-
teristic length. The relation shows that for low mean

Mach numbers Ma ¼ v
c0

and high Helmholtz numbers

He ¼ fL
c0
(i.e. high frequency f), the partial time derivative

becomes more dominant [47].

2.1.2.3 RIB – Ribner’s Dilatation Equation
Ribner [48] applied the perturbation approach (13) to

Lighthill’s wave equation in its pressure formulation (7).
Based on this decomposition, Ribner derived the so-called
Dilatation equation

1
c2

o2pa

ot2
�r � rpa ¼ � 1

c2
o2pic0

ot2
¼ Qic

RIB; ð17Þ

which is solved for the purely acoustic pressure pa. As
such, this wave equation describes sound generation and
propagation in a medium at rest and neglects the convec-
tion of sound waves, which is valid for low Mach numbers
[48]. Like the PCWE, it separates the scales of aerody-
namics and acoustics. The weak form of (17) is derived
straightforwardly and results in

1
c2

Z
X
u

o2pa

ot2
dXþ

Z
X
ru � rpa dX�

Z
CPML

urpa � n dC

¼
Z
X
uQic

RIB dX : ð18Þ

3 Application
3.1 Workflow

In the present work, AVL FIRE™ [49] is used for the
incompressible flow simulation. Using the results for the
instantaneous flow field, the source terms required for
the CA simulation were exported on the coarse CA mesh
after every prescribed time increment DtCA over a certain
time period of tCA.

The mapping algorithm provided by AVL FIRE™ [49]
was employed, which considers the intersection of the cell
volumes of the CFD and CA mesh to ensure the conserva-
tion of energy when exporting the acoustic source terms
[50]. When solving the weak form of LH (10), the vector
qic
LH is required as source term, while the scalars Qic

PCWE
and Qic

RIB are exported from the CFD simulation as input
into (15) and (18), respectively. Having the source terms
and the mean velocity available on the CA grid, the Light-
hill source vector q ic

LH, which includes a mean value, is

filtered using MATLAB. The stationary part, which does
not contribute to sound generation, and the low-frequency
content (f � fmin = 100 Hz), which can not be resolved
due to the limited simulation time, are removed. This is
realized by applying a Fast Fourier Transformation
(FFT) to the source data and subsequently performing an
inverse FFT of the double-sided complex spectrum, where
the low-frequency content is omitted accordingly. In a final
step, the CA simulation is conducted with the FE solver
openCFS [51] solving the variational forms derived in
Section 2.1. The details and results of the CFD and CA sim-
ulation are presented in the following.

3.2 Flow configuration

The geometry of the investigated pipe flow is shown in
Figure 2. The diameter of the pipe is D = 50 mm, the axial
length of the computational domain is L = 25D. Five
diameters downstream of the inlet, the flow is abruptly con-
stricted by a half-moon-shaped sharp orifice as shown in in
Figure 2b and displayed in detail in Figure 2a. The simula-
tions were carried out for air, which was assumed as a per-
fect gas with reference temperature Tref = 296.15 K,
reference pressure pref = 99,970 Pa, and a specific gas
constant Rair = 287.20 J/(kg K). The reference fluid
density is therefore qref = 1.18 kg

m, and the kinematic viscos-
ity was approximated using Sutherland’s law [52] as
m = 1.58�10�5 m2

s . The reference speed of sound is
cref ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cRairT ref

p ¼ 345:07 m
s , where c= 1.4 denotes the ratio

of specific heats. Three different operation cases for varying
flow rate were simulated. The corresponding bulk velocities,
Mach and Reynolds numbers at the inlet are listed in
Table 1.

The validation experiments were conducted on a small-
scale aeroacoustic wind tunnel described in [53]. The setup
consists of a long inflow section to ensure fully developed
turbulent flow entering the test section, where the orifice

Figure 2. (a) Front and side views of the orifice obstructing the
upper half of the cross section, (b) full CFD domain and (c) CA
domain with indicated sensor positions K1–K6.
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is inserted [53]. Anechoic terminations avoid reflections of
the acoustic waves, and mufflers reduce the noise of the
high-pressure blower, which provides the driving pressure
difference. The transient wall pressure is measured by pres-
sure transducers (Kulite XCS-093) for C3. For low flow
velocities (C1 and C2), 1/400 pressure-field microphones
(Bruel & Kjaer 4187) are used to capture the wall pressure
fluctuations, which the Kulite sensors cannot resolve due to
self-noise. More information about the test rig can be found
in [53]. The pressure sensors were flush-mounted at the
upper side of the pipe (x = 0, y = 25 mm as sketched in
Fig. 2c) at the axial positions z stated in Table 2. The
sampling rate was 100 kHz corresponding to the CA simu-
lations. The measurement time was tExp = 5 s, resulting in
NExp = 500k samples.

3.3 Flow simulation

3.3.1 Numerical setup

The applied CFD solver uses a second-order accurate
Finite Volume discretization in space and a first order
implicit scheme in time. The same computational mesh
with a total number of 10.5 million elements was used for
all cases. The topology of the mesh is presented in Figure 3.
The mesh was radially refined towards the wall to reach a
high near-wall resolution measured in non-dimensional
radial wall distance �r vs=m ¼ �rþ < 1, referring to the
inflow conditions upstream the orifice, as listed in Table 1,
where vs ¼

ffiffiffiffiffiffiffiffiffiffiffi
sW=q

p
is the velocity scale based on the wall

shear stress sW. The region around the sharp orifice was
additionally refined to provide the high spatial resolution
required in this region. This highly resolved region is con-
nected with the coarser grids up- and downstream using
arbitrary interfaces (see Fig. 2b). Arbitrary interfaces allow
for a fully conservative matching of two adjacent non-
conforming mesh topologies. At the inlet boundary, an
instantaneous velocity profile was imposed, which was gen-
erated in a separate precursor LES of fully developed
incompressible turbulent pipe flow, at the wall friction
based Reynolds number Res = vs D/m as listed in Table 1.
At the outlet, an averaged constant pressure was pre-
scribed. No-slip conditions vic = 0 were applied at solid
walls. A constant time step DtCFD was used, and each case
was simulated for six flow-through times (tFT in Tab. 1),
with tFT = L/U representing the time required by a virtual
particle to pass the full flow domain of length L at constant
bulk velocity U. After convergence was reached, the source
terms for the CA simulation time tCA (see Tab. 1) were
exported.

3.3.2 Flow simulation results and comparison against
measurements

The structure of the flow field is qualitatively shown in
Figure 4, displaying contours of the instantaneous and
averaged axial velocity evicz , turbulent kinetic energyek ic ¼ 1

2 ðev ic0 � ev ic0Þ, and the incompressible pressure ep for
case C1. The velocity field is strongly accelerated in the
lower halfpipe. It detaches at the upstream edge of the

orifice, where vortical structures emerge, floating further
downstream in a highly turbulent shear layer, as indicated
by the instantaneous pressure fluctuations and high turbu-
lent kinetic energy in this region. This shear layer, which
represents a region with very intense production of turbu-
lent kinetic energy, separates the high-velocity region at
the bottom from the recirculation zone in the wake of the
orifice. The separated flow reattaches at the upper wall
roughly at z = 3.7D = LRP downstream of the orifice, indi-
cated by the black vertical line in Figure 4. The reattach-
ment length was determined by the zero of the average
axial component of the wall shear stress sW;z ¼ 0 along
the top wall (x = 0 and y = D/2). The small recirculation
zone, which emerges directly from the forward-facing edge
of the orifice, effectively further contracts the flow. Down-
stream of the reattachment, the velocity field recovers
towards uniformity again so that the level of turbulence
kinetic energy slowly decreases.

Table 1. Overview of investigated cases and CFD and CA setup
details.

Case C1 C2 C3

U m
s

� �
3.87 8.16 20.79

Ma 0.0112 0.0236 0.0602
ReB 12,000 26,000 66,000
Res 750 1430 3100
Dr+ 0.077 0.145 0.312
tFT (s) 0.33 0.16 0.06
tCFD=tCA (s) 0.2 0.2 0.1
DtCFD (ls) 10 5 2
NCFD 20,000 40,000 50,000
NCA 20,000 20,000 10,000

Table 2. Axial positions of the evaluation points (positions of
pressure transducer) relative to the pipe diameter D with respect
to the leading edge of the orifice.

Pos. K1 K2 K3 K4 K5 K6

z/D �2.7 �1.0 1.3 3.1 7.0 17.0

Figure 3. CFD mesh: (a) longitudinal view, (b) detail near the
orifice, (c) cross-sectional view of the in- and outflow section and
(d) cross-sectional view of the refined mesh near the orifice.
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For a global validation of the flow simulations, the pres-
sure drop, predicted from LES, is compared against dedi-
cated measurements, as described in Section 3.2. Figure 5
shows the pressure loss coefficients between the positions
K1, K2, and K3 defined as cp23 ¼ ðpK2 � pK3Þ= 1

2 qU
2

� �
and

cp34 ¼ ðpK3 � pK4Þ= 1
2 qU

2
� �

, including the loss coefficient
representative for the full domain cp16 ¼ ðpK1 � pK6Þ=
1
2qU

2
� �

as well. The full loss coefficients and the relative
error of the LES predictions to the measurements are listed
in Table 3. The predicted pressure loss coefficient over the
entire domain shows good agreement for C1 associated with
the lowest Reynolds number. With increasing Reynolds
number, the predictions increasingly deviate from the mea-
surement. As indicated by the comparison of the coefficient
cp23, this discrepancy can be largely attributed to an
overpredicted pressure drop between the positions immedi-
ately upstream and downstream of the orifice, K2 and K3,
respectively. As follows from a global momentum balance
over the whole domain, this pressure difference pK2 � pK3
mainly determines the total pressure loss over the full
domain length �pL. Inside the recirculation zone, the
agreement with the measurements is better, as seen from
the predicted pressure differences between K3 and K4
represented by cp34.

Figure 6 presents the Rms of the near-wall pressure
fluctuations from LES plotted over the axial coordinate
normalized by the reattachment length LRP, including the
values measured at the individual measurement positions.

For all Reynolds numbers, the Rms values become highest
closely upstream of the reattachment point associated with
z/LRP = 0.5 	 1. As can be seen from Figure 4e, this local
maximum is evidently generated by the patchy structures
of the instantaneous pressure hitting the upper wall. The
maximum reached Rms level strongly increases with
increasing Reynolds number by orders of magnitude. The
measurements, which inherently include the acoustic fluctu-
ations not covered by the incompressible LES, consistently
show similar trends with the peak near z/LRP = 1. The pre-
sently observed variation of the pressure fluctuations was
typically also observed in experiments on flows over back-
ward-facing step [54]. For step height based Reynolds
numbers ReH = UH/m > 104, this generic separated flow
configuration further showed an invariant reattachment
length independent of ReH, similar to the present configura-
tion, where LRP was predicted roughly the same for all cases
C1, C2 and C3. As indicated by the instantaneous contours
in Figure 4e, the pressure fluctuations are predicted much
stronger in the highly sheared central layer downstream
of the orifice as compared to those near the wall. The
pressure fluctuations in the vicinity of the reattachment
point are therefore of only minor acoustic relevance, as they
effectively generate comparitively weak acoustic source
terms. This aspect will also be clearly seen in the source
term analysis below.

3.3.3 Source term analysis

In the case of incompressible LES, the Lighthill source
term defined by (7) is provided only in terms of the
resolved, i.e. filtered, velocity field. Decomposing the incom-
pressible velocity into a resolved (ev ic) and an unresolved
part (vic00) as

vic ¼ ev ic þ vic
00 ð19Þ

Figure 4. Contours of the (a) instantaneous axial velocity ev ic
z

and its mean value (b) ev ic
z , the (c) instantaneous turbulent

kinetic energy ek ¼ 1
2 ðev ic0 � ev ic0 Þ, and its mean value (d) ek ic, (e) the

instantaneous pressure fluctuations ep ic0 and its mean value and
(f) epic for case C1.

Table 3. Pressure loss coefficients and relative error.

Case C1 C2 C3

cp16,CFD 4.99 4.59 4.44
cp16,Meas 6.02 3.20 2.65
cp16,CFD/cp16,Meas (%) 17.1 43.6 67.7

Figure 5. Pressure loss coefficients cpL ¼ �pL=
1
2qU

2
� �

over the
entire domain and between individual axial positions K2, K3,
and K4.
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accordingly gives

Qic
LH ¼ q0r � r � ðev ic � ev icÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Qic
LH;RES

þq0r�

r � ðvic00 � ev ic þ ev ic � vic00 þ vic00 � vic00 Þ; ð20Þ
where the unresolved contribution is accounted for by the
subgrid-scale model for the SGS-stresses defined in (3).
Invoking the continuity constraint for incompressible
flow, r � ev ic ¼ 0, the source term is finally obtained in
the LES as

Qic
LH 
 eQic

LH ¼ q0rev ic : ðrev icÞT|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}eQ ic
LH;RES

þr � r � �2q0mSGS½eS �ic
� 	� 	

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}eQ ic
LH;SGS

ð21Þ
involving a directly resolved component and a contribu-
tion from the SGS model. In the presently applied FV-
approach with a collocated grid, the velocity vector v is
defined at the centroid of the finite volumes. The velocity
gradients needed in (21) were approximated at these
points using a second-order Least Square method. In this
context, it has to be noted, that in the following source
term analysis, the scalar source term Qic

LH and its contribu-
tions (21) are investigated. For the CA propagation
simulation (see Sect. 3.4), the source term vector q ic

LH
according to (10) was used instead. The source term
vector was obtained from the CFD simulation as

q ic
LH 
 eq ic

LH ¼ q0ðrev icÞev ic|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}eq ic
LH;RES

þr � �2q0mSGS½eS �ic
� 	

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}eq ic
LH;SGS

; ð22Þ

where the SGS contribution eq ic
LH;SGS was neglected in the

export.
Figure 7 presents contour plots of the resolved Lighthill

source term and the contribution from the SGS model.
Both components are especially strong in the highly turbu-
lent shear layer emerging from the detachment on the
upstream edge of the orifice. The SGS contribution is
always significantly smaller than the resolved component.

Figure 8 presents spectra of the full Lighthill source
term together with the resolved and the SGS contribution
at an arbitrarily chosen position (y = �0.15D,
z = �0.73D) inside the highly turbulent region downstream
of the orifice, indicated by the cross in Figure 8d. The
amplitudes of the SGS contribution to the Lighthill source
term are consistently one order of magnitude smaller than
the resolved contribution up to frequencies of f 
 10 kHz,
which demonstrates their quantitative irrelevance in the full
Lighthill source term, as also shown in [55]. This is also true
for the case C3 with the highest Reynolds number, where
the modelled unresolved part of the turbulent kinetic
energy is largest. The relative contribution to the source
term is also insignificant in this case. Therefore, the SGS
contribution is not included in the exported source terms
for the CA simulation.

The PCWE source term is computed from the resolved
instantaneous incompressible pressure epic0 as

eQic
PCWE ¼ � 1

qc2
oepic0

ot

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}eQ ic

PCWE;t

� 1
qc2

ev ic � repic0� �
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}eQ ic

PCWE;c

; ð23Þ

where ev ic represents the time averaged resolved incom-
pressible velocity from LES. Figure 9 presents contours
of the PCWE source term and its components for case
C1. Similar to the structures of the underlying instanta-
neous incompressible pressure field, which are emerging
from the upstream edge of the orifice as observed in
Fig. 4, alternating patch-like structures appear in the
highly turbulent shear layer confining the separated flow
region. Both the component eQ ic

PCWE;t and componenteQ ic
PCWE;c significantly contribute in this layer, however

mostly opposite in sign, which effectively produces more
fine-grained structures in the resulting total PCWE
source term eQ ic

PCWE [47].
Figure 10 shows spectra of the PCWE source term and

its components at two arbitrarily selected positions (P1 and
P2 at yP1 = 0.045D, yP2 = �0.36D and zP1�2 = 1.27D)
downstream of the orifice for all cases. For case C2, two
additional points (P3 and P4 at yP3 = 0.36D,
zP3 = 1.27D and yP4 = 0.045D, zP4 = 3.27D) were consid-
ered to analyze also the conditions inside the separated flow

Figure 7. Contours of the (a) resolved Lighthill source term
~Qic
LH;RES and (b) the SGS contribution ~Qic

LH;SGS for case C1.
Different ranges are used for the color bars for better
visualization.Figure 6. Rms of the near-wall pressure ~pic over z/LRP from

LES and from measurements at positions K3, K4 and K5.
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region and in the central core region further downstream.
At position P1, directly inside the highly turbulent shear
layer downstream of the orifice, the convective componenteQic

PCWE;c is significantly weaker than the time derivative
component eQ ic

PCWE;t, so that the resulting full source termeQic
PCWE is dominated by the latter. This can be explained

by the low mean velocity in this region (see Fig. 4). In
the high-velocity region at P2, rather the convective contri-
bution is dominating up to high frequencies of f < 5000 Hz,
where the time derivative term gains dominance according
to the dimensional analysis (16). Moreover, beyond f = 200,
300 and 600 Hz, for case C1, C2 and C3 respectively, the
amplitudes of the total source term are always significantly
smaller than the amplitudes of its constitutive components,
indicating that these contributions are negatively correlated
in this region and thus tend to cancel each other. At P3,
inside the recirculation zone, and further downstream at
P4, the components have similar amplitudes up to
f = 2000 Hz and the total source term is smaller than its
components. For the high frequencies above f = 3000 Hz,
the time derivative term becomes dominant again, as
expected from (16). The observed mutual cancelling of

the two constituent components of the PCWE source term
is further analyzed in Figure 11, presenting cross-correlation
profiles of the total PCWE source term and its components
as a function of the normalized y coordinate at selected posi-
tions z. The correlation coefficients are obtained from the
local temporal signals as

X U;Wf g ¼ U0W0ffiffiffiffiffiffiffi
U02

p ffiffiffiffiffiffiffi
W02

p : ð24Þ

The variation at z = 1.27D, which also carries the points
P1–3 analyzed above, indicates effectively uncorrelated time
derivative and convective components in the shear layer near
y/R=0.3. In the high-velocity region towards the lower wall,
the time derivative and convective components become
strongly negatively correlated, as XfeQic

PCWE;t;
eQ ic

PCWE;cg � �1.
The total source terms is essentially dominated here by the
convective contribution, as indicated by the almost unity

value of XfeQ ic
PCWE;

eQic
PCWE;cg. The observed trends of

XfeQic
PCWE;t;

eQic
PCWE;cg towards �1, when approaching the

Figure 8. Spectra of the resolved, SGS contribution and full
Lighthill source term for (a) C1, (b) C2 and (c) C3, inside the
high turbulent region marked in (d).

Figure 9. Contours of the PCWE source term and its compo-
nents for case C1.

Figure 10. Spectra of the PCWE source term and its compo-
nents within the high turbulent region (P1) and the high-
velocity region (P1) marked in the bottom subfigure, for (a) and
(b) C1, (c) and (d) C2, (e) and (f) C3, respectively. Additional
spectra for C2 inside the (g) recirculation zone and (h) further
downstream of the high turbulent region (P4).
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lower and upper walls, clearly reflects the mutual cancelling
of the time derivative and convective components seen in the
spectra at the points P2 and P3 in Figure 10. Further down-
stream at z= 3.27D, the location of highly uncorrelated con-
vective and time derivative components is moved towards
the upper wall following essentially the position of the shear
layer, which confines the separated flow region. Towards the
lower wall, this correlation drops again to�1. Accordingly, a
strong mutual cancelling of eQic

PCWE;t and eQic
PCWE;c was

observed in the spectra of point P4 in Figure 10. Further
downstream of the reattachment at z = 6.27D the cross-
correlation coefficients finally remains always very close
to �1. The mutual cancelling of the time derivative and
convective component in P2–4 suggests that Taylor’s
hypothesis of “frozen turbulence”, which basically requiresevic0z / evicz (see Fig. 4) [56, 57], is largely applicable also in the
present complex separated flow. The impact of this cancella-
tion, which has also been reported for mixing layer sound
generation in [58], on the resulting acoustic field of the pre-
sent configuration will be illustrated in the analysis below.

3.4 Acoustic simulation

3.4.1 Numerical setup

The computational grid for the CA simulation displayed
in Figure 12 covers the fluid domain, which includes the
CFD domain containing the source terms and the adjacent
PML regions, which absorb outgoing acoustic waves with-
out reflections. The structured hexahedral mesh consists
of a total of approximately 133k linear elements, where
131k belong to the fluid region and 1k to each of the two
adjacent PML regions. The cell size is approximately
2.8 mm, discretizing the acoustic wavelength kmin = c0/fmax

by 15 finite elements, where fmax = 8 kHz is the upper
frequency limit for the evaluation of the spectral CA
results.

For the temporal discretization, the Newmark method
implemented in openCFS and a time step size of
DtCA = 10 ls simulation were chosen. The temporal blend-
ing function

b tð Þ ¼ sin2

p
2

80�t
t

0
@

1
A for t � 80�t

1 else

0
BB@ ; ð25Þ

depending on the simulation time t was defined to
smoothly activate the acoustic sources during the first
80 time steps to avoid impulsive excitation [13]. The CA
simulation time for the cases C1 and C2 was
tCA = 0.2 s, and for C3 tCA = 0.1 s (see Tab. 1) resulting
in NCA = 20k and NCA = 10k time steps, respectively.

3.4.2 Propagation simulation results and comparison
against measurements

The pressure fluctuations are investigated in the fre-
quency domain computing the Power Spectral Density
(PSD) based on Welch’s method [59], where a Hamming
window is applied to each segment of length NW = 3000
with an overlap of 50%. For an adequate comparison, the
same procedure was applied to 50%-overlapping segments
of the measurement data with the same length as the CA
simulation tCA. The therefrom obtained set of PSDs
Pmeas
PSD;iðf Þ, as well as their mean Pmeas

PSD ðf Þ, are used for the
validation of the simulations, where a frequency range of
fmin = 100 kHz � f � fmax = 8 kHz is considered. Figure 13
displays the CA simulation results of the three cases at the
position K2 upstream of the orifice and K4 downstream of
the orifice. Therein, the spectra of the segments of the mea-
surement Pmeas

PSD;iðf Þ are displayed in grey and their mean
Pmeas
PSD ðf Þ in black. Since the pressure transducers measure

the total pressure fluctuation, the time signal of the incom-
pressible pressure from the flow simulation is added to the
acoustic pressure obtained from the CA simulation accord-
ing to (13) for PCWE and RIB before determining the PSD
of the simulation P sim

PSDðf Þ. The natural frequencies fmn of the
acoustic higher-order modes are indicated in the spectra,
which can be derived analytically for an infinitely long
circular pipe with uniform mean flow [60]. The index m
denotes the circumferential order, and n the radial order
of the mode. The excitation of these acoustic modes can
be clearly seen within the spectra, especially in the
upstream position, where less turbulent pressure fluctuation
is superimposed.

In Figure 14, the real part of the Fourier transform of
the acoustic field obtained by the PCWE for C1 at position
K2 is visualized for f10 and f20, which clearly exhibit the
expected mode shapes of first and second circumferential
order. The pressure sensor at K4 is located directly in the
source region downstream of the orifice. The enhanced

Figure 11. Cross-correlation profiles of the PCWE source
terms and its components along the y-axis for case C1 at
positions (a) z = 1.27D, (b) 3.27D and (c) 6.27D.

Figure 12. CA mesh with consisting of a fluid region (grey) and
adjacent PML regions (yellow).
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turbulent motion in this region increases the noise within
the spectra, especially in the higher frequency range, and
thus, makes the peaks of the acoustic higher order modes
less pronounced. The spectra are generally predicted appro-
priately by the LES, apart from the acoustic peaks, which
are not captured due to the incompressible flow assump-
tion. When adding the acoustic pressure predicted by RIB
and PCWE to the incompressible pressure of the LES
according to (13), the resulting spectra match the measure-
ments well. Furthermore, the matching spectra of RIB and
PCWE indicate that convective effects can be neglected for
the considered flow rates. This can be explained by the low
Mach number of the considered cases (see Tab. 2), which
scales the convective term according to (16). The CA sim-
ulation of LH solving for the total pressure fluctuations p0
inherently includes the incompressible pressure fluctua-
tions, added with the contribution of the acoustic wave
propagation arising from compressibility. The spectra
partly deviate from the measurements in the higher fre-
quency range. This is thought to be caused by the non-
conservative least-squares approach used for computation
of the spatial derivatives of the LH source term, as
described in [14]. The instantaneous pressure fields depicted
in Figure 15 show that the incompressible pressure fluctua-
tions, which are the dominating part, are reproduced well
by LH. The acoustic pressure fluctuations added in the
LH simulation occurring in the higher frequency range are
not visible because they are several orders of magnitude
lower. In contrast, the resulting pressure fields of RIB and
PCWE depicted in Figure 16 clearly exhibit a purely
wave-like, acoustic behavior, as expected. Figure 17 shows
the contributions of the PCWE to the PSD of the total
pressure (PCWE full + incompr. CFD) from the case C2
at two sensor positions downstream of the orifice. For better
visibility, only the average PSD of the measurement is
plotted. The resulting spectra of the CA simulation with
only the time derivative source term eQic

PCWE;t match the
Figure 13. PSDs of the wall pressures of C1, C2, and C3 at
positions upstream (K2) and downstream (K4) of the orifice.

Figure 14. Real part of the Fourier transform of the acoustic
pressure obtained by the PCWE for C1 at f10 = 4044.7 Hz (left)
and f20 = 6709.6 Hz (right).

Figure 15. Instantaneous field of pressure fluctuation of C1 of
(a) the propagation simulation and of (b) the incompressible
CFD simulation at t = 0.03 s.
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simulation with the total source term eQic
PCWE, revealing that

the impact of the convective source term eQic
PCWE;c is negligi-

ble. This indicates that the source term part, being canceled
out due to the negative correlation of the source term
components eQic

PCWE;t and eQic
PCWE;c, does not significantly

contribute to sound generation. The incompressible compo-
nent dominates the total pressure fluctuations at position
K4. At K6 (17D downstream of the orifice) these incom-
pressible pressure fluctuations are decayed, and the
spectrum is governed by the acoustic part, which is well
resolved by the PCWE.

To quantify the accuracy of the simulation results, a
logarithmic error

Esim
log ¼ 1

fmax � fmin

Z fmax

fmin

d logðf Þ
rmeas
log ðf Þ df ð26Þ

is introduced, where the logarithmic deviation

d log fð Þ ¼ log Pmeas
PSD fð Þ� �� log P sim

PSD fð Þ� �

 

: ð27Þ

is related to the logarithmic standard deviation
rmeas
log ðlog Pmeas

PSD;iðf Þ
� 	

of the set of PSDs Pmeas
PSD;i. Table 4

shows that except for LH in case C1, the accuracy of
the incompressible CFD simulation is enhanced when
applying the hybrid approach since the error is reduced.
PCWE and RIB achieved similar results with a smaller
error than LH. For PCWE and RIB, the spectra are pre-
dicted more accurately for the smaller flow rates, which is
in line with the predicted pressure drop (Tab. 3). This
confirms the expectation that an accurate CFD simula-
tion is crucial for the hybrid approach, since it is the basis
for the computation of the acoustic sources. Additionally,
the flow-induced sound is specified in Table 4 in terms of
the Sound Pressure Level (SPL) computed as

Lpa ¼ 20 log
paRms

paref
; ð28Þ

to quantify the flow-induced sound depending on the flow
speed. The reference pressure paref ¼ 20 ls and the Rms of
the acoustic pressure signals paRms ¼ Rms pað Þ predicted by
PCWE and RIB were used for evaluation. The results
show that already a substantial SPL of about 80 dB is
produced by the relatively small flow velocity of C1
U ¼ 3:87 m

s

� �
going up to approximately 120 dB of C3

U ¼ 20:79 m
s

� �
. Furthermore, the comparison of the SPLs

of the specific cases emphasizes the equivalence of PCWE
and RIB in the present application.

4 Practical aspects

As for the practical application of the hybrid approach,
one major challenge is the efficient coupling of the CFD
simulation with the CA simulation, especially if different
simulation tools are used. The amount of acoustic source
data to be generated, stored, and transferred from the
instantaneous spatially highly resolved CFD solution to
the CA solver should be kept lowest. In the present setting,
the source terms were conservatively mapped from the fine
CFD to the coarse CA mesh before the export, thus reduc-
ing the amount of transferred data significantly. More
precisely, the data set of a scalar quantity of a single time-
step (TS) was reduced from 91 MB (CFD grid) to 1 MB
(CA grid). Additionally, the sources were exported in time
increments determined by the CA time step, so that for the
cases C2 and C3, where �tCA > DtCFD, the instants of time
for data export essentially remained the same, always based
on DtCA, which was not altered for the considered cases.
The CFD simulation was performed using 128 CPUs
(AMD EPYC 7702) and took approximately tCFDsol ¼ 28 s

Figure 16. Instantaneous field of the acoustic pressure of C1
obtained by (a) the PCWE-based propagation simulation and
(b) by the RIB-based propagation simulation at t = 0.03 s.

Figure 17. PSDs of the wall pressures for case C2 at positions
K4 and K6 downstream of the orifice.

Table 4. Overview of deviation of simulations from measure-
ment (26) (averaged over sensor positions K1–K6), and SPL (28)
predicted by PCWE and RIB at K6 for the three cases and the
average of the cases.

Case ECFD
log EPCWE

log ERIB
log ELH

log LPCWE
pa LRIBpa

C1 2.91 1.98 1.77 4.09 82.3 80.2
C2 4.31 2.26 2.14 3.37 94.6 94.7
C3 3.88 2.53 2.48 3.18 121.4 119.2
Avg. 3.70 2.26 2.13 3.55 99.4 98.0

P. Maurerlehner et al.: Acta Acustica 2022, 6, 45 11



per CFD timestep for solving the flow field using approxi-
mately 515 GB of memory. The export of one scalar source
term to the CA grid took texp = 6 s per CA timestep, where
99.7% of the time is required for data mapping from the fine
CFD mesh to the coarse CA mesh, and 0.3% for writing the
data to hdf5-files. In comparison, solving one time step in
the CA simulation only took tCAsol ¼ 0:8 s using 4 CPUs
(Intel Xeon G 5218) with an approximate memory usage
of 1.5 GB. The computational resources required by the
respective steps in the simulation workflow are summarized
in Table 5.

5 Conclusions

Three hybrid aeroacoustic formulations were applied to
a confined flow through a circular pipe (D = 50 mm) with a
half-moon-shaped orifice using the CFD code AVL FIRE™
and the FE solver openCFS. Based on the results of the
incompressible flow simulation, an extensive analysis of
the source terms and sound generation mechanisms was
provided. The LES predicted a highly turbulent shear layer
downstream of the orifice, emerging from the detachment at
the upstream edge of the orifice. Downstream of the orifice,
the shear layer separates the high-velocity region caused by
the flow contraction from the recirculation zone in the wake
of the half-moon-shaped obstacle. Vortical structures
emerging from the detachment appear within this sheared
region causing high pressure and velocity fluctuations. This
leads to the strongest source terms in this region. The SGS
contribution to the Lighthill source terms is insignificantly
small at lower frequencies. It was shown that convective
effects can be neglected in the acoustic propagation simula-
tion, although the convective PCWE source term signifi-
cantly reduces the total source term due to negative
correlation with the time derivative term especially in the
high-velocity region below the separating shear layer.

The study revealed that the PCWE and RIB are best
suited for the present task, having a small deviation of
2.26 and 2.13, respectively, with respect to the standard
deviation of the measurement, compared to LH with 3.55.
Besides reliably predicting the flow-induced sound, the
source term computation is straightforward and can easily
be implemented in commercial solvers. Despite the slightly
better accuracy, the PCWE is preferred over RIB, espe-
cially for higher flow velocities. It is thought to predict more
accurate results because of considering the convection of
acoustic waves, and thus being applicable more generally.
Furthermore, the source term of Ribner’s Dilatation equa-
tion contains the second time derivative of the incompress-
ible pressure and therefore, is more sensitive to small-scale
temporal variations in the transient incompressible pressure
signals used as input. Since the convective source term was

shown to be negligible for the considered flow rates, the
PCWE source term is simply made up by the first time
derivative of the incompressible pressure, and no filtering
is required. In contrast, the LH source term involves spatial
derivatives and, thus, is strongly dependent on the spatial
resolution. Furthermore, the temporal mean value must
be removed in a filtering process. On the other hand, LH
directly yields the total pressure fluctuations, which are,
for example, required when mechanical coupling to the flow
guiding structure is considered. Therefore, the computation
of the spatial derivatives using conservative schemes will be
investigated in the future. Analysis of the computational
times showed that the export of source term data on the
CA grid drastically reduces the computational effort.
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