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Abstract – Sound-absorptive materials such as foam can be described by the equivalent fluid (EF) model. The
homogenized fluid’s acoustic behavior is thereby described by complex-valued, frequency-dependent acoustic
material parameters. When transforming the acoustic wave equation for the EF model from the frequency do-
main to the time domain, convolution integrals arise. The auxiliary differential equation (ADE) method is used
to circumvent the direct calculation of these convolution integrals. The wave equation and the coupled set of
ordinary ADEs are solved in the time domain using the finite element (FE) method. The approach relies on
approximating the complex-valued frequency response functions of the inverse equivalent bulk modulus and
density by a sum of rational functions consisting of real and complex poles. The order of the rational function
approximation defines the number of additionally introduced auxiliary variables per nodal degree of freedom.
The presented FE formulation includes a narrow-band non-reflecting boundary condition (NRBC) for normal
incidence. The implementation in openCFS shows optimal temporal and spatial convergence for a semi-infinite
duct based on the analytic plane wave solution for harmonic excitation. The simulation of a pressure pulse
propagating in an infinite EF domain with a scatterer demonstrates the capability for multidimensional, actual
transient problems.

Keywords: Time domain equivalent fluid (TDEF), Auxiliary differential equation (ADE), Narrow-band
non-reflecting boundary condition, FEM

1 Introduction

Although acoustic waves can be typically described by
harmonic oscillations of fluid particles, the solution of cer-
tain problems relies on time-domain simulations. Time-
domain acoustic simulations are inevitable in hybrid com-
putational aeroacoustics (CAA) when the transformation
of the sources obtained from unsteady flow simulations into
the frequency domain (e.g., via fast-Fourier transformation)
should be avoided [1]. Moreover, employing transient simu-
lations in room acoustics to directly compute room impulse
response might be advantageous in terms of computational
efficiency [2, 3]. Also, real-time applications such as virtual
sensing [4, 5] or digital sound reconstruction [6] rely on
numerical solutions in the time domain. In acoustic field
simulations, the impact of porous material or acoustic
metamaterials on an adjacent propagation domain is either
considered by an impedance boundary condition or an EF
model. The latter approach requires a discretization of the
EF domain, resulting in a larger number of degrees of free-
dom (DoF) and increased computational effort. The more

general EF model allows modelling non-locally reacting
absorber configurations such as perforated sheets with an
adjacent air cavity. Both the impedance boundary condi-
tion and the EF model entail convolution integrals when
transforming the governing equations from the frequency
domain to the time domain due to the frequency-dependent
material parameters. Numerous time-domain impedance
boundary conditions (TDIBC) can be found in the litera-
ture. Among them are transmission boundary conditions
[7, 8], an alternative approach to the EF model for simulat-
ing perforated sheets with an adjacent air cavity. Other
formulations considering background flow [9–16] or a non-
linear impedance, depending on the sound pressure
[17–19], are also known. Despite a similar purpose and the
same challenge, only a few publications on time-domain for-
mulations of an equivalent fluid (TDEF) are available.
Both approaches model frequency-dependent acoustic
characteristics (e.g., impedance or EF model parameters),
which entail time convolution integrals with the physical
unknowns when transforming the governing equations into
the time domain. The substantial difference is that the con-
volution integrals of TDIBCs arise only in the boundary
condition. In contrast, convolution integrals have to be*Corresponding author: dominik.mayrhofer@tugraz.at
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solved in the entire TDEF domain representing the sound-
absorptive material. Several approaches are available to
represent the convolution integrals of TDIBCs to efficiently
compute the arising convolution integrals. Among them are
the auxiliary differential equation (ADE) method [7, 13, 14,
17, 18, 20–22], generalized recursive convolution [20, 23–29],
or methods based on the Z-transform [9, 10, 30]. The last
two concepts are very similar and require storing the history
of a number of previous time steps. In terms of temporal
discretization, they are at best second-order accurate due
to the assumption of piece-wise constant acoustic variables
[20]. In contrast to that, the accuracy of the numerical solu-
tion is not degraded when using the ADE method while
maintaining low memory requirements [13]. From a compu-
tational perspective, all strategies cause an additional com-
putational workload compared to the ordinary wave
equation. Either additional auxiliary unknowns are intro-
duced, or the solution history has to be stored for several
time steps [20].

A first time-domain approach to simulate the propaga-
tion of acoustic waves in porous media based on an EF
model was proposed by Fellah and Depollier for the lin-
earized Euler equations [31]. The drawback of the proposed
method is that it is split into a high- and low-frequency
asymptotic approximation, where isothermal and adiabatic
change is assumed, respectively. Wilson et al. developed a
time-domain version of the relaxation model for sound
propagation in rigid-frame porous media, without any
restriction on the frequency range [32]. The model reduces
to the asymptotic approximations given by [31]. The formu-
lation involves convolution integrals, whereby an approach
to overcome the direct solution of the convolutions is not
provided. A first one-dimensional (1D) field simulation of
sound propagation in rigid porous material was presented
by Umnova and Turo using the finite difference method
(FDM) [33]. Based on the Johnson-Champoux-Allard-
Lafarge (JCAL) model [34–36], they derived a set of equa-
tions corresponding to a time-domain expression of the EF
model. Also, no approach to circumvent the direct compu-
tation of the convolution integrals was proposed. Therefore,
an application to multi-dimensional problems is not feasi-
ble. To the best of the authors’ knowledge, Zhao et al.
derived the first time-domain formulation of the EF, which
circumvents the direct convolution computation by intro-
ducing a rational function approximation and exploiting
the shifting properties of the Z-transform [37]. They solved
the conservation equations of mass and momentum using
FDM and a first model applicable to real-world problems,
as demonstrated in [38, 39]. Bellis and Lombard developed
a time-domain formulation for sound propagation in acous-
tic metamaterials [40]. Motivated by the eigenfrequencies of
the Helmholtz resonators composing the metamaterial, they
used specific rational functions to approximate the EF
parameters. Similarly to the ADE method, auxiliary partial
differential equations (PDEs) are coupled to the governing
PDE. These ADEs are obtained by a suitable choice of vari-
able substitution, motivated by the metamaterial’s fre-
quency response functions (FRFs) of the EF parameters.
Alomar et al. [41] proposed a pole identification method

to extract the rational function approximation of EF
parameters used in a TDEF from measurements. They
showed that elastic resonances of the sample induce com-
plex poles, which wave to be discarded for proper material
characterization of porous materials exhibiting no local res-
onance. A formulation based on the linearized Euler equa-
tions (LEE) is given in [42], allowing the modelling of a
mean flow with an adjacent dissipative liner. In [43],
another ADE-based TDEF approach is derived based on
the acoustic conservation equations. In [44], an ADE-based
approach using the discontinuous Galerkin (DG) method is
presented. TDEF formulations for the scalar wave equation
are rare. Recently, Cai et al. [5] presented an approach
based on an interconnection of passive systems representing
the losses in the equivalent fluid, focusing on a model order
reduction approach to enhance numerical efficiency. Fur-
thermore, Yoshida et al. [45] proposed an FE formulation
applying the ADE method on the scalar acoustic wave
equation. The ADEs are coupled to the wave equation via
a right-hand side and are solved by an external Runge-
Kutta solver for ordinary differential equations (ODE).
We propose a similar FE formulation based on the ADE
method. Unlike in [45], the ADEs are treated as additional
FE unknowns, allowing to straightforwardly implement the
formulation into an existing FE framework without the
need for additional solvers. It is also shown that for com-
plex-conjugated poles of the rational function approxima-
tion, one of the two induced auxiliary variables can be
eliminated to enhance the computational efficiency. More-
over, a narrowband NRBC for normal incidence is derived
and verified for a 1D and 2D problem, which particularly
differentiates the work from the mentioned publications.

The article is organized as follows. Section 2 describes
the theoretical background of the TDEF and the numerical
discretization using the FE method. In Section 3.1, the spa-
tial and temporal convergence rates are evaluated based on
1D wave propagation in a duct with harmonic excitation.
Section 3.2 addresses wave propagation of a transient pres-
sure pulse in a dissipative medium, where the TDEF formu-
lation and the NRBC are verified for a two-dimensional
problem. Conclusions on the implementation and numerical
results are drawn in Section 4.

2 Theory

Applying the inverse Fourier transform to the Helm-
holtz equation for an inhomogeneous domain with space-
and frequency-dependent equivalent bulk modulus Keq

and density qeq yields

1
Keq

�€pac �r � 1
qeq

�rpac
� �

¼ 0; ð1Þ

with pac denoting the acoustic pressure, * the time-convo-
lution operator, and the dots above the variable indicat-
ing the second-order partial time derivative. Since the
EF parameters occur in their inverse form in the wave
equation (1), the rational function approximation is
applied to the reciprocal of the EF model parameters. In
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doing so, the FRF of the equivalent compressibilitybC eqðxÞ being the inverse of the equivalent compression
modulus bK eq and the equivalent specific volume bv eqðxÞ
being the inverse of the equivalent density bqeq are approx-
imated by a sum of rational functions

bC eqðxÞ ¼ 1bK eq

¼ C1 þ
XNC

j¼1

AC
j

aCj � ix

þ 1
2

XMC

k¼1

BC
k þ iCC

k

bC
k þ icCk � ix

þ BC
k � iCC

k

bC
k � icCk � ix

" #
ð2aÞ

bveq xð Þ ¼ 1bqeq
¼ v1 þ

XNv

l¼1

Av
l

avl � ix

þ 1
2

XMv

m¼1

Bv
m þ iCv

m

bv
m þ icvm � ix

þ Bv
m � iCv

m

bv
m � icvm � ix

� �
: ð2bÞ

Herein, the superscripts C and v indicate the assignment of
coefficients and variables to the equivalent compressibility
Ceq and specific volume veq and i denotes the imaginary
unit. The order of the approximation is defined by the num-
ber of real poles NC and Nv and complex conjugate pole
pairs MC and Mv, respectively. Different methods for the
parameter fitting process of the rational functions are avail-
able, where special attention must be paid to maintain the
conditions for passivity, reality, and causality [46, 47]. The
inverse Fourier transforms F�1 of the FRFs (2a) and (2b)
read

Ceq tð Þ ¼ F�1 bC eq

� �
¼ C1d tð Þ þ

XNC

j¼1

AC
j e

�aCj t H tð Þ

þ
XMC

k¼1

e�bCk t BC
k cos cCk t

� 	þ CC
k sin cCk t

� 	
 �
HðtÞ ð3aÞ

veq tð Þ ¼ F�1 bveqð Þ ¼ v1d tð Þ þ
XNv

l¼1

Av
le

�avl t H tð Þ

þ
XMv

m¼1

e�bvmt Bv
m cos cvmt

� 	þ Cv
m sin cvmt

� 	
 �
H tð Þ; ð3bÞ

with d(t) and H(t) being the Dirac and Heaviside distribu-
tions, respectively. By looking at the inverse Fourier
transforms of the FRFs, it becomes clear that the real
poles cause a damped response, while the complex poles
entail an oscillatory response damped with time. The first
is the behavior expected from sound-absorptive materials,
whereas the latter is typical of acoustic metamaterials,
which exhibit local resonances. A study on transient wave
propagation in an acoustic metamaterial composed of
homogenized Helmholtz resonators entailing a local reso-
nance is given by Bellis and Lombard [40]. The constants
C1 and q1 in (3a) and (3b) constitute the high-frequency

limit of the FRFs and corresponds to the instantaneous
response to the excitation. Considering the time convolu-
tion integrals, the wave equation (1) becomes

�
Z t

0
Ceqðt � sÞ €pacðsÞ dsþr �

Z t

0
veqðt � sÞrpaðsÞ ds ¼ 0:

ð4Þ
Plugging (3a) and (3b) into (4) yields a modified form of
the wave equation representing a time-domain formulation
of the EF

C1€pac þ
XNC

j¼1

AC
j U

C
j þ

XMC

k¼1

BC
k W

C;�
k þ CC

k W
C
k

�r � v1rpac þ
XNv

l¼1

Av
lf

v
l þ

XMv

m¼1

Bv
mv

v;�
m þ Cv

mv
v
m

" #
¼ 0; ð5Þ

where the scalar auxiliary variables UC
j ,W

C ;�
k , andWC

k sub-
stitute the convolutions entailed by the rational approxi-
mation of the equivalent compressibility

UC
j tð Þ ¼

Z t

�1
€pac sð Þe�aCj t�sð Þ ds for j ¼ 1; 2; . . . ;NC ð6aÞ

WC;�
k ðtÞ ¼

Z t

�1
€pacðsÞe�bCk t�sð Þ cos cCk t � sð Þ� 	

ds

for k ¼ 1; 2; . . . ;MC ð6bÞ

WC
k ðtÞ ¼

Z t

�1
€pacðsÞe�bCk t�sð Þ sin cCk t � sð Þ� 	

ds

for k ¼ 1; 2; . . . ;MC: ð6cÞ
The vector-valued accumulator variables fvl , v

v;�
m , and vvm

represent the convolutions assigned to the equivalent speci-
fic volume

fvl tð Þ ¼
Z t

�1
rpac sð Þe�avl t�sð Þ ds for l ¼ 1; 2; . . . ;Nv ð7aÞ

vv;�m tð Þ ¼
Z t

�1
rpac sð Þe�bvm t�sð Þ cos cvm t � sð Þ� 	

ds

for m ¼ 1; 2; . . . ;Mv ð7bÞ

vvm tð Þ ¼
Z t

�1
rpac sð Þe�bvm t�sð Þ sin cvm t � sð Þ� 	

ds

for m ¼ 1; 2; . . . ;Mv: ð7cÞ

2.1 Application of the ADE method

Instead of directly solving the convolution integrals of
the accumulator variables, the sets of integrals are differen-
tiated with respect to time according to the ADE method
[20]. Therewith, (6a) and (7a) become
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_UC
j þ aCj U

C
j ¼ €pac for j ¼ 1; 2; . . . ;NC ð8aÞ

_WC;�
k þ bC

k W
C;�
k þ cCk W

C
k ¼ €pac for k ¼ 1; 2; . . . ;MC ð8bÞ

_WC
k þ bC

k W
C
k � cCk W

C;�
k ¼ 0 for k ¼ 1; 2; . . . ;MC ð8cÞ

and

_fvl þ avlf
v
l ¼ rpac for l ¼ 1; 2; . . . ;Nv ð9aÞ

_vv;�m þ bv
mv

v;�
m þ cvmv

v
m ¼ rpac for m ¼ 1; 2; . . . ;Mv

ð9bÞ

_vvm þ bv
mv

v
m � cvmv

v;�
m ¼ 0 for m ¼ 1; 2; . . . ;Mv; ð9cÞ

resulting in a total of N = NC + 2MC + Nv + 2Mv auxil-
iary differential equations. Scalar potentials can be intro-
duced for the vector auxiliary variables (fvl ; v

v;�
m ; and vvm)

justified by applying a Helmholtz decomposition to the
vector auxiliary variables, which only act on the acoustic
pressure by its divergence [48] in (5). Moreover, we can
rearrange (8c) to isolate the auxiliary variable WC ;�

k ¼
1
cCk

_WC
k þ bCk

cCk
WC

k and plug it together with its time derivative

_WC ;�
k ¼ 1

cCk

€WC
k þ bCk

cCk

_WC
k into (8b) and (5). By doing the

same for v
v;�
k in (9b) and (9c), the auxiliary variables

WC ;�
k and v

v;�
k can be eliminated.

2.2 Scalar wave equation for a time-domain equivalent
fluid (TDEF)

Finally, the wave equation for the EF reads

C1€pac þ
XNC

j¼1

AC
j U

C
j þ

XMC

k¼1

DC
k W

C
k þ BC

k

cCk
_WC
k

�r� v1rpac þ
XNv

l¼1

Av
lrUv

l þ
XMv

m¼1

DC
mrWv

m þ Bv
m

cvm
r _Wv

m

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�aac

¼ 0:

ð10Þ
The corresponding set of ADEs assigned to the equivalent
compressibility Ceq are found to be

_UC
j þ aCj U

C
j ¼ €pac for j ¼ 1; 2; . . . ;NC ð11aÞ

1
cCk

€WC
k þ 2bC

k

cCk
_WC
k þ kCk W

C
k ¼ €pac for k ¼ 1; 2; . . . ;MC;

ð11bÞ
and for the equivalent specific volume veq we arrive at

_Uv
l þ avlU

v
l ¼ pac for l ¼ 1; 2; . . . ;Nv ð12aÞ

1
cvm

€Wv
m þ 2bv

m

cvm
_Wv
m þ kvmW

v
m ¼ pac for m ¼ 1; 2; . . . ;Mv:

ð12bÞ
Therein, the constants

DC
k ¼ BC

k

bC
k

cCk
þ CC

k ; kCk ¼ ðbC
k Þ2
cCk

þ cCk for k ¼ 1; 2; . . . ;MC

Dv
m ¼ Bv

m

bv
m

cm
þ Cv

m; kvm ¼ ðbv
mÞ2
cvm

þ cvm for m ¼ 1; 2; . . . ;Mv

ð13Þ
were introduced for better readability and the gradients in
(12) were canceled out. The elimination of the auxiliary
variables reduces the number of additional unknowns to
MC + Mv and induces a second-order time derivative of
the auxiliary variables WC

k and Wv
m. With the introduction

of the potential and the elimination of variables, only one
scalar auxiliary variable per real and complex pole is
introduced, respectively. Note that by considering (1)
and invoking the linearized balance of momentum, the
acoustic particle acceleration aac can be determined, as
emphasized in (10). In the case of multiple media (to
another equivalent fluid or a non-dissipative medium),
the continuity of the normal acoustic particle acceleration
aac
n ¼ aac � n at the interface which results in vanishing

surface integrals, which arise from integration by parts
of the divergence term (see next section).

2.3 Weak Form of the TDEF wave equation

Next, the variational form of the system of differential equa-
tions is derived for a homogeneous EF domain X as dis-
played in Figure 1. The boundary � = �SH [ �EX [ �NR

is composed of a rigid (sound-hard) boundary aac � n = 0,
a boundary with excitation aacn ðtÞ, and a non-reflecting
boundary NNR. We introduce appropriate test functions
p0;UC0

j ;W
C0
k ;U

v0
l ; andW

v0
m for the wave equation and ADEs,

respectively. The space and time dependence of the
unknowns pac tð Þ;UC

j tð Þ;WC
k tð Þ;Uv

l tð Þ; andWv
mðtÞ are

described by considering them as elements of the function
spaces Vt, and Wt for each time t � 0. The test functions
p0;UC0

j ;W
C0
k ;U

v0
l ; andW

v0
m are elements of the function spaces

V, W, and V1, where zero Dirichlet values are assumed at
the boundary � i.e.,

pac tð Þ;Uv
l tð Þ; Wv

m tð Þ 2 Vt ¼ H 1 Xð Þ 8t � 0

UC
j tð Þ;WC

k tð Þ 2 Wt ¼ L2 Xð Þ 8t � 0

p0 2 V ¼ H 1
0 Xð Þ

UC0
j ; WC0

k 2 W ¼ L2
0 Xð Þ

Uv0
l ; W

v0
m 2 V1 ¼ H 1

0 Xð Þ
for j ¼ 1; 2; . . . ;NC; k ¼ 1; 2; . . . ;MC;

l ¼ 1; 2; . . . ;Nv; and m ¼ 1; 2; . . . ;Mv: ð14Þ
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L2 denotes the space of square-integrable functions, and H 1

the space of square-integrable functions with square-
integrable first derivatives. The additional subscript 0 in
(14) denotes zero boundary values.

The modified wave equation (10) is multiplied by the
test function p0 and integrated over the subdomains to
obtain its weak formZ

X
C1p0€pac dX|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
p0 Mpp; pac

þPNC

j¼1

Z
X
AC
j p

0UC
j dX|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

p0 KC
pU;j U

C
j

þPMC

k¼1

Z
X
DC

k p
0WC

k dX|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
p0 KC

pW;k W
C
k

þ
XMC

k¼1

Z
X

BC
k

cCk
p0 _WC

k dX|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
p0 CC

pW;k
_WC
k

�
Z
X
v1rp0 � rpac dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

p0 Kpp;1 pac

�
XNv

l¼1

Z
X
Av
lrp0 � rUv

l dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
p0 Kv

pU;l U
v
l

�
XMv

m¼1

Z
X
Dv

mrp0 � rWv
m dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

p0 Kv
pW;m Wv

m

�
XMv

m¼1

Z
X

Bv
m

cvm
rp0 � r _Wv

m dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
p0 Cv

pW;m
_Wv
m

þ
Z
CNR[CEX

p0aac � n dC

¼ 0 8 p0 2 V; ð15Þ

where the acoustic particle acceleration aac emphasized in
(10) is substituted and n denotes the normal vector at the
boundary. The submatrices resulting from applying the
Galerkin procedure are emphasized by the underbraces
indicating the coupling between the variables. The under-
lined variables are vectors of unknowns collecting the
nodal degrees of freedom. The boundary term on the exci-
tation boundary �EX becomesZ

CEX

p0aac � n dC ¼
Z
CEX

p0aacn|fflfflfflfflffl{zfflfflfflfflffl} tð ÞdC

p0f ac

: ð16Þ

The boundary term on the non-reflecting boundary �NR is
derived in Section 2.4. In case of an adjacent non-dispersive
domain, the term becomes an interface condition. When the
continuity of the normal acceleration is enforced, the
interface term vanishes due to the opposite direction of
the normal vectors of the connected domains at the
interface.

The ADEs related to the equivalent compressibility
(i.e., bulk modulus) read asZ

X
UC0

j
_UC
j dX|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

UC0
j CC

UU;j U
C
j

þ
Z
X
aCj U

C0
j U

C
j dX|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

UC0
j KC

UU;j U
C
j

�
Z
X
UC0

j €p
ac dX|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

�UC0
j MC

Up;j €p
ac

¼ 0 8UC0
j 2 H

for j ¼ 1; 2; . . . ;NC ð17Þ
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X
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cCk
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WC0
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WC0

k
_WC
k dX|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
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ð18Þ
and for the ADEs related to the equivalent specific volume
(i.e., density) asZ

X
Uv0
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�Wv0
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¼ 0 8 Wv0
m 2 V1 for m ¼ 1; 2; . . . ;Mv:

ð20Þ
2.4 Non-reflecting boundary condition

Analogous to an absorbing boundary condition (ABC),
a boundary condition can be established for the TDEF
formulation, where outgoing plane waves with normal inci-
dence are fully absorbed. However, due to the dispersive
nature of an equivalent fluid, the proposed non-reflecting
boundary condition (NRBC) is only exact at a specified tar-
get frequency ftr. Hence, the applicability of the introduced
NRBC is restricted to problems where the bandwidth of
interest is limited. As for the conventional ABC, the knowl-
edge of the plane wave solution for 1D wave propagation in
positive x-direction

pac ¼ ~pacpl e
ixtr t�x atr=xtrð Þ ebtrx ¼ ~pacpl e

ixtrte�iatrxebtrx ð21Þ

is exploited, where atr and btr denote the real and imagi-
nary part of the complex wavenumber

bkðxtrÞ ¼ xtr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibqeqðxtrÞbK eqðxtrÞ

s
¼ atr þ btr i ð22Þ

Figure 1. Computational domain consisting of an EF with with
non-reflecting boundary NNR, excitation boundary �EX, sound-
hard boundary �SH and normal vector n.
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at the target angular frequency xtr = 2pftr, respectively.
For strongly damped materials, the exponentially decay-
ing term entailed by the imaginary part of the wavenum-
ber btr becomes relevant and must be considered in the
NRBC. Hence, assuming normal incidence of an outgoing
wave on �NR, the normal derivative computes as

@pac

@n
¼ � atr

xtr

@pac

@t
þ btr p

ac; ð23Þ

where the relation @pacpl=@t ¼ ixtrpacpl was considered. Con-
sequently, the boundary integral on �NR in (15) becomesZ

CNR

p0aac � n dC ¼ �
Z
CNR

v1
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p0 CNR
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: ð24Þ

Unlike for the pressure, where the plane wave solution is
exploited, no physical boundary condition can be found
for the auxiliary variables. However, this is not required
since spatial derivatives only occur in the primary PDE
(for the primary variable pac). Hence, the surface normal
derivative operator @

@n remains for the auxiliary variables
Uv and Wv

k resulting in a bilinear form
R
DNirNj d� after

applying the Galerkin procedure, where D denotes a coeffi-
cient. It is noted that the NRBC is tailored to a specific fre-
quency because the material parameters are evaluated at
this discrete angular frequency xtr. Consequently, the nar-
row-band NRBC is only applicable for harmonic excitation
with target frequency ftrg when transients have vanished.
According to [49], multiple narrow-band NRBC operators
can be combined to achieve an extended effective band-
width (Huygens ABC [50]).

In the case of narrow-band excitation, the NRBC can be
used to model a thick absorber, where the sound waves are
approximately decayed when reaching the end of the
absorptive medium. Applying the NRBC allows modeling
only a part of the EF, resulting in a reduced number of
unknowns and hence computational effort. Typically, the
sound propagation in the EF is not of interest, but the
impact on the adjacent air domain. In this case, the absorber
can be modeled using a few element layers in combination
with a narrow-band NRBC resulting in a computational
effort comparable to a TDIBC. For oblique incidence, the
NRBC is not applicable. In this case, PMLs are necessary,
which require special treatment for dispersive material [51].

2.5 Semidiscrete system of equations

Using nodal finite elements, the acoustic pressure as well
as the auxiliary variables are approximated as

pac � ph ¼ Pn1
a¼1

Naphi

UC
j � UC;h

j ¼ Pn2
a¼1

NaU
C;h
a;j for j ¼ 1; 2; . . . ;NC

WC
k � WC;h

k ¼ Pn2
a¼1

NaW
C;h
a;k for k ¼ 1; 2; . . . ;MC

Wv
l � Wv;h

l ¼ Pn2
a¼1

NaW
v;h
a;l for l ¼ 1; 2; . . . ;Nv

Uv
m � Uv;h

m ¼ Pn2
a¼1

NaU
v;h
a;m for m ¼ 1; 2; . . . ;Mv;

ð25Þ

using FE-Ansatz functions (basis functions) Na according
the FEM with n1 being the number of nodes with
unknown acoustic pressure (existing in the full domain)
and n2 the number of nodes with unknown auxiliary vari-
ables (existing in the EF domain only). Applying the
Galerkin procedure, we arrive at the following semidis-
crete system of equations with the sub-system matrices
defined in (15)–(20)

Mpp 0 0 0 0

MC
Up;j 0 0 0 0

MC
Wp;k 0 MC

WW;k 0 0

0 0 0 0 0

0 0 0 0 Mv
WW;m

26666664

37777775
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m ¼ 1; 2; . . . ;Mv; ð26Þ
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where 0 and 0 denote a zero matrix and vector of appro-
priate dimension, respectively. In matrix form, the semi-
discrete Galerkin formulation reads

M€uþC _uþKu ¼ f ; ð27Þ

where u collects all nodal unknowns. Observation of the
elements of the system matrices reveals, that for the case
of a non-locally resonant material having only real poles,
no damping term is present in the wave equation itself
when no NRBC is used. The only contribution to the
damping matrix is given by the ADEs. Therefrom, we
can conclude, that energy dissipation is achieved by the
ADEs coupled to the wave equation. The imaginary part
of complex pole pairs additionally contributes to the stiff-
ness matrix. For time integration of the derived second-
order system of ODEs (26), the Newmark-b method is
applied.

3 Results
3.1 Study of spatial and temporal convergence

In the following, plane wave propagation in a semi-
infinite duct with a strongly damped EF is computed to
evaluate the temporal and spatial convergence rates and
to demonstrate the effect of the NRBC. The FE mesh of
the 2D problem consisting of a 1D arrangement of square
elements is depicted in Figure 2. At �e, a time-harmonic
pressure excitation of the form

pace ðtÞ ¼ pacv sinð2pfexctÞ ð28Þ
with a pressure amplitude pacv ¼ 1 Pa and excitation
frequency fexc = 1 kHz is imposed. The remaining wall
boundary �W is assumed sound-hard (vac = 0). Zero
initial conditions are considered for the pressure and the
auxiliary variables. Hence, the simulation result is
expected to match the time-harmonic analytical solution
(21) after a sufficiently long simulation time. For the anal-
ysis, the fictitious porous material mat1 derived from
Yoshida et al. [45] is considered. The EF model exhibits
strong damping to emphasize the role of the stiffness term
(entailed by the imaginary part of the wave number) and
the normal derivatives of the auxiliary variables in the
NRBC. The FRFs of the equivalent compressibilitybC eqðf Þ and specific volume bv eqðf Þ are depicted in Figure 3,
where the excitation frequency fexc is highlighted. The
corresponding rational function approximation coeffi-
cients of the EF parameters according to the rational
function definition (2a) and (2b) are listed in Table 1.

In the convergence study, the four different discretiza-
tion parameters are investigated. The target element size
htrg,k determining the spatial discretization is varied as

htrg;k ¼ h0
2k

with k ¼ 0; 1; . . . ; 5: ð29Þ

The initial discretization h0 with htrg,0 = 0.05 m resolving
the wavelength keq = 0.1459 m by approximately 2.9 ele-
ments. To verify the NRBC, the duct length L = ll keq is

varied between the maximum length discretization l0 and
minimum length discretization l6, where the factor ll 2
[4, 2, 1, 0.5, 0.25, 0.125, 0.0625] determines the length of
the duct. The actually resulting element size hel,k depends
on the length discretization l. A comprehensive overview
of the resulting actual element sizes is provided by Table 2
for each combination of the spatial discretization h and
length discretization l. Three configurations with larger ele-
ment sizes than the duct length are excluded from the
study. In doing so, 33 transient simulations of different ele-
ment size and duct length were carried out. FE basis func-
tions of polynomial degrees p = 1 (linear elements) and p =
2 (quadratic elements) are considered, denoted as p1 and
p2, respectively. Gauss quadrature with the integration
order nint = p + 1 is deployed for the numerical integration
of the element matrices within the FE procedure [52].
Finally, the time discretization (t0 to t5) of the Newmark
time stepping scheme is determined by the time step size
�t = T/lt, where the T denotes the oscillation period
and lt 2 [4, 8, 16, 32, 64, 128] the discretization factor.
The initial discretization t0 with a time step size �t0 =
250 ms resolves one period of oscillation T = 1/fexc =
1 ms by four time steps.

The resulting 1D pressure field in the duct is depicted in
Figures 4a–4d at selected time steps for the lengths l1, l3,
and l5 with discretizations h2, p1, t5. A strong decay along
the x-axis can be observed due to the strong damping in the
EF, which essentially wipes out the sound wave over one
wavelength k. The TDEF-based transient simulation
matches the analytic solution after about four periods T.
The quadratic error

�X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
X

ðpacFE � pacanÞ2
ðpacanÞ2

dX

s
ð30Þ

is introduced to quantify the deviation of the transient
simulations from the analytical solution. For the compu-
tation of the integral, Gauss quadrature with integration
order nint = 2p is used, analogous to the FE procedure.
The time course of the error �X(t) is shown exemplarily
in Figure 5 for configuration h2, l1, t5 with linear (p1)
and quadratic (p2) FE basis functions. The error varies
during one period due to the harmonic oscillation of the
reference signal pacanðtÞ. Therefore, a period-average is com-
puted by applying a moving-mean filter with a sample
number corresponding to one period T. The deviation of
the transient simulations from the time-harmonic analytic
reference decreases non-monotonic due to vanishing tran-
sients until the numerical error of the simulation remains.
Additionally, a oscillation of the error with a period of

Figure 2. 2D computational domain of a duct considered for
the convergence study with a generic mesh consisting of Nel

square quadrilateral elements.
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approximately 4.3T is superimposed, as indicated in the
plot. The subharmonic oscillation is related to the dura-
tion of the sound wave inside the duct and therefore
depends on the duct length. The remaining error (indi-
cated by the horizontal dashed horizontal lines) can be
attributed to the numerical solution.

Figure 6a depicts the quadratic error �X for the configu-
ration h5, p2, l0 depending on the temporal discretization
(t0 to t5). It shows the convergence with second order as
expected for the second-order Newmark time integration
scheme. Figure 6b reveals that also optimal spatial
convergence of order p + 1 is achieved for duct lengths
L � keq (l0 to l2) apart from the highest resolutions where
the time discretization prevents the error from falling below
2 � 10�4 (see Fig. 6a). For a duct length shorter than the
wavelength (L < keq), the NRBC becomes relevant, reduc-
ing the order of convergence by one due to the normal
derivative of the auxiliary variables (see Sect. 2.4). Obvi-
ously, the impact of the NRBC on the error is insignificant
for lengths larger than the wavelength because the ampli-
tudes nearly vanish at the non-reflecting boundary �NR
due to the strong damping in the EF, making the NRBC
irrelevant (see Fig. 4).

3.2 Transient sound propagation in a 2D dissipative
domain

Having studied the convergence of the formulation
based on harmonic plane-wave propagation, it is now
applied to a 2D problem with transient excitation [53]. A
smooth pressure pulse defined as (see Fig. 7)

pace tð Þ ¼
P4
m¼1

am sin bmxctð Þ if 0 < t < 1
fc

0 otherwise

8<: ð31Þ

is prescribed at the inner boundary �e with a radius ri =
0.05 m of the disc, depicted in Figure 8. The transient
excitation is chosen according to [40] with the center fre-
quency fc ¼ xc

2p ¼ 700Hz, and the coefficients a1 = 1, a2 =
�21/32, a3 = 63/768, a4 = �1/512, and bm = 2m�1. The
disc with an outer radius of ro = 2.5 m is discretized by
approximately 15,800 quadrilateral elements with linear
shape functions (p1) and an approximate size of hel =
0.025 m. At the left side of the disc (see Fig. 8), a scatterer
with a shape according to [40] is located. At the bound-
ary of the scatterer, the natural sound-hard boundary

Table 2. Overview of resulting element sizes hel for the given combinations of length discretizations l0 to l6 and spatial discretization
h0 to h5 considered in the convergence study.

k htrg,k (m) l0 l1 l2 l3 l4 l5 l6

0 0.05000 0.04863 0.04863 0.04863 0.03648 0.03648 – –

1 0.02500 0.02537 0.02432 0.02432 0.02432 0.01824 0.01824 –

2 0.01250 0.01242 0.01269 0.01216 0.01216 0.01216 0.00912 0.00912
3 0.00625 0.00628 0.00621 0.00634 0.00608 0.00608 0.00608 0.00456
4 0.00313 0.00312 0.00314 0.00310 0.00317 0.00304 0.00304 0.00304
5 0.00156 0.00156 0.00156 0.00157 0.00155 0.00159 0.00152 0.00152

Figure 3. Real and imaginary parts of the equivalent compressibility Ĉ eqðf Þ (left) and equivalent specific volume v̂eqðf Þ (right) as a
function of frequency for the fictitious porous material mat1.

Table 1. Coefficients of the rational function approximation of the equivalent parameters of the fictitious material mat1: residues A,
poles a, and constants C1 and v1.

Equivalent compressibility ĈeqðxÞ Equivalent specific volume v̂eqðxÞ
j AC

j ð s
Pa) aCj ð1s) l Av

l ðm
3

kg s) avl (
1
s)

1 3.32994 � 10�1 591390 1 �20397.84 84764
2 1.37113 � 10�1 37500 2 �10110.46 21687
C1 6.5866 � 10�6

– v1 0.772093 –
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condition aac � n = 0 is imposed. The dissipative material
introduced in Section 3.1 is assigned to the propagation
domain (see Tab. 1). At the outer boundary CNR, the nar-
rowband NRBC (see Sect. 2.4) is applied. Due to the dis-
persive nature of an equivalent fluid, the dominating
(center) frequency of the excitation signal shifts from

fc = 700 Hz to ftr = 40 Hz until the wave reaches the
non-reflecting boundary. This target frequency ftr is deter-
mined by a preliminary simulation with an extended
domain by computing the FFT of a time signal at the
position of the boundary r = r0. The NRBC parameters
atr and btr in (23) are then obtained according to (22)

Figure 4. 1D acoustic pressure field pac(x, t) in a duct filled with homogeneous, sound absorptive material of configurations h2, p1
and temporal discretization t5 for harmonic excitation with fexc. Duct lengths l1, l3, and l5 are considered. The crosses indicate the
nodes of the FE mesh. (a) = 0.25 ms � 0.25T; (b) = 1.00 ms � 1.00T; (c) = 2.00 ms � 2.00T; (d) = 4.00 ms � 4.00T.

Figure 5. Temporal convergence of the quadratic error �X for time-harmonic excitation of the configuration h2, l1, t5 for linear (p1)
and quadratic elements (p2), respectively. After physical transients vanished, the error attributed to the numerical schemes
(discretization of time and space) remains.
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by evaluating the rational function approximations of the
equivalent fluid parameters (2a) and (2b) at the target
frequency xtr.

Before the wave reaches the scatterer, the analytic solu-
tion on the positive x-axis (y = 0) is given by [53]

bpacðx;xÞ ¼ bA H ð2Þ
0 ðbk xÞ; ð32Þ

where bAðxÞ ¼ bpac
e ðxÞ=H ð2Þ

0 ðbk r iÞ is the adapted coefficient
for satisfying the inhomogeneous Dirichlet boundary con-
dition on �e at x = ri, and H ð2Þ

0 denotes the zeroth Hankel
function of second kind. The Fourier transformed excita-
tion bpac

e is obtained by applying the fast-Fourier transfor-
mation (FFT) to the time signal (31). Computing the
inverse FFT of (32) finally yields the semi-analytical solu-
tion of (32). The numerical result based on the TDEF
formulation is shown in Figure 9 at three selected time
steps where the wave has not reached the scatterer. Excel-
lent agreement with the semi-analytical result is achieved
apart from the numerical solution at t = 3 ms due to the
relatively coarse resolution of the inner boundary �e,

which causes a slight deviation from the semi-analytical
solution. Figure 10 shows the instantaneous pressure field
at three selected time steps. In the first instance, the wave

Figure 9. Resulting acoustic pressure along the x-axis of the
disc at selected time steps before impingement of the wave at the
scatterer.

Figure 6. Convergence rates of time and space. For the latter, linear (p1) and quadratic (p2) FE basis functions and different duct
lengths (l0 to l6) are considered. The dashed grey lines indicate specific orders of convergence. (a) Temporal convergence of
configuration h5, p2, l0; (b) Spatial convergence with the finest considered time discretization t5 (�t = 7.8125 ls).

Figure 8. Close-up of the FE mesh with the scatterer according
to Bellis and Lombard [40].

Figure 7. Smooth transient excitation signal according to Bellis
and Lombard [40].
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has not reached the scatterer, while reflections caused by
the scatterer are visible in the second instance. To verify
the NRBC, the resulting pressure field for a disc with
extended radius r0 = 3.75 m is additionally presented in
Figure 10b at the time instance t = 36 ls, where the wave
pulse has nearly passed the non-reflecting boundary �NR.
The matching fields inside �NR prove the effectiveness of
the NRBC for the given application. Note that special
care must be taken when setting up the NRBC because
the dominating (center) frequency substantially depends
on the distance from the source due to the strong disper-
sive character of the given equivalent fluid. The shift
towards smaller frequencies becomes apparent when com-
paring the changing wavelength in Figure 9. It can be
explained by stronger damping at higher frequencies due
to an increasing imaginary part of the equivalent com-
pressibility bC eqðxÞ and the equivalent specific volume
v̂eqðxÞ (see Fig. 3).

4 Conclusions

A time-domain formulation of the equivalent fluid
model was derived for the wave equation, allowing the tran-
sient analysis of wave propagation in dispersive, sound-
absorptive media such as foam. An efficient computation
of the arising convolution integral is ensured by applying
the auxiliary differential equation method. This method
relies on an approximation of the complex-valued frequency
response functions of the inverse equivalent bulk modulus
(compressibility) and inverse density (specific volume) by
a sum of rational functions. The proposed formulation
introduces one additional unknown per real or complex-
valued pole of the rationals. The ordinary auxiliary equa-
tions, indirectly solving the convolution integrals, are cou-
pled to the wave equation, and the auxiliary variables are
treated as additional unknowns in the finite element
method. Additionally, a narrow-band non-reflective bound-
ary condition for normal incidence is proposed. The derived

finite element formulation is implemented and published
publicly in openCFS. The validation against the analytical
solution for plane wave propagation in a semi-infinite duct
showed optimal temporal and spatial convergence rates.
Applying it to a 2D wave propagation in an infinite domain
with a scatterer further validates the TDEF formulation,
including the NRBC. A disadvantage of the proposed
NRBC is that it must be tuned to the dominating frequency
of the waves passing the non-reflecting boundary. Hence,
preliminary knowledge of the frequency content of the wave
reaching the boundary is required for dispersive materials
because it depends on the distance from the source. Never-
theless, it is favorable regarding computational efficiency
because no additional degrees of freedom have to be
introduced.
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