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Abstract — The goal of this study is to investigate the perception of different bow mass distributions using an
experimental violin bow. The position of the centre of mass and the moment of inertia were independently
modified through five distinct mass configurations, which were tested by multiple violinists. Various perceptual
tests, including three discrimination tests and a free evaluation test, were conducted. Concepts from Signal
Detection Theory were used to calculate a representative sensitivity value, considering participants’ sureness
in their responses to discrimination tests. Results indicate that participants were sensitive to a substantial
variation (10%) in the position of the centre of mass when holding the bow in the air versus during playing,
though they did not seem to perceive minor changes (4%) significantly. Conversely, participants exhibited sen-
sitivity to both minor (4%) and substantial (12%) variations in the moment of inertia while playing, suggesting
a heightened awareness of even slight modifications in this parameter. Furthermore, the free evaluation test
revealed that the perceived bow weight was influenced by both parameters, while the quality of bouncing

bow strokes appeared to be more influenced by the moment of inertia.

Keywords: Violin bow, Bow making, Perception, Discrimination, Human-instrument interaction

1 Introduction

Bows primarily consist of two parts: the hair that comes
into contact with the strings, traditionally made from
horsehair to which rosin is added to enhance adhesion,
and a wooden stick (Fig. 1), typically made of pernambuco
wood and whose main function is to maintain the tension of
the hair. This study focuses on the latter. When playing,
violinists hold the bow with their right hand and control,
among others, the following key bowing parameters: speed,
position along the string, and vertical force applied to the
strings. These different parameters trigger various vibra-
tional regimes of the strings, which are then transmitted
through the bridge to the corpus (soundbox) and ultimately
into the air, resulting in distinct sounds [1]. Violinists
master the control of these bowing parameters to achieve
the desired sound in line with their interpretive intentions.

Despite being an essential element for most violinists,
the bow has not received the same level of attention from
researchers as the violin until the latter part of the twenti-
eth century. Just a few studies have explored violinists’ per-
ception of bows. One of the earlier attempts to unveil the
relationship between bow mechanical properties and their
perceived qualities was conducted by Bissinger in 1995 [2].
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Figure 1. Overview of the violin bow main parts, without hair.

He conducted modal analysis and bounce tests on eight
violin bows, followed by evaluations by an expert violinist.
The bows with the highest modal damping were perceived
as “squishy” and “soft”, while those with lower damping were
associated with an “out-of-control feeling to spiccato and
ricochet” (two bowing techniques involving bouncing the
bow on the strings). Bows classified as “excellent spiccato
bows” fell in between. A few years later, Caussé et al. [3]
conducted a dissimilarity test involving twelve expert
violinists using a set of seven carbon fiber composite bows
and a pernambuco bow. They could not establish correla-
tions between quality criteria and physical properties such
as mass, centre of gravity, stiffness, or hair tension.
However, they identified three critical playing properties
that were consistently important to all violinists: balance,
flexibility, and responsiveness. Ablitzer et al. [4, 5] delved
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into the influence of camber (i.e., the curvature of the stick)
on bow playing qualities. They used three bows with differ-
ent camber levels, which were characterised and tested by
two expert violinists. They found that variations in hair
tension, determined by camber at a given hair-stick dis-
tance, influenced the perceived attack transients and reac-
tivity of the bow (i.e. the ability of the bow to respond to
the violinists’ actions). Bow maker Joseph Regh recently
published the results of a lifelong study on bows [6]. Over
the years, he asked 10 professional violinists to play and
rate a set of 75 bows with varying physical properties.
Three properties emerged as key determinants of perceived
bow quality: hair tension, moment of inertia, total mass,
and stick stiffness. The 12 most preferred bows, compared
to the 12 least liked ones, were significantly heavier by 3.6
g (62.2 g vs. 58.6 g respectively), with a moment of inertia
around the thumb position of 0.31 gm? higher (5.49 gm? vs.
5.18 gm? respectively), with a significantly higher hair ten-
sion for the same hair-stick distance and with a higher
bending stiffness of the stick.

None of the aforementioned studies have specifically
investigated how mass distribution influences bow quality.
Moreover, most of these studies employed different bows
with their unique characteristics (wood, hair, mass distribu-
tion or total weight), which makes it difficult to isolate the
impact of each characteristic on perceived qualities. In 2017,
an experiment led by Tomezzoli et al. [7] at the University
of Montreal explored the influence of bow camber and mass
distribution on violinists’ preferences. In this study, a single
62 g bow was used, with various masses added at different
locations (tip and frog, 1 and/or 2 g). In general, the addi-
tional masses at the tip and/or frog affected negatively
violinists’ ratings, likely due to significant alterations in
bow mechanical properties such as the centre of mass
position and the moment of inertia. However, adding 2 g
to both the tip and frog brings the total weight closer to
that of a viola bow (70 g) rather than a standard violin
bow (60 g) [8], quite far from what violinists are used to
play with.

Bow mass distribution is primarily determined by the
geometry and density of the stick, but it can also be influ-
enced by the mass of elements added after crafting. For
instance, elements like the tip plate or the winding near
the frog can vary in mass, thus changing the value of both
the first and second moments of mass of the whole bow. In
contemporary bow making, these components can be made
from materials of different densities, offering the flexibility
to modify the mass distribution of the entire bow after
the stick is completed. Conversely, reducing mass of a
bow by tapering the stick (i.e. removing wood, generally
with a hand plane) can potentially jeopardise its structural
integrity once the bow is made. This is not a viable option
for modifying historical or high-quality bows.

A recent study [9] has shown that even for a well-trained
audience (luthiers and violinists), differentiating between a
violin and a viola bow based solely on the perceived sound is
very challenging, if not impossible. Conversely, violinists
seem to discern the differences between various bows when
playing with them.
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Our study follows a methodology akin to that employed
by Tomezzoli et al. [7]: we explore how violinists perceive
different mass distributions of a bow when they use it, by
adding masses to a single modern bow’s stick. However,
we used a specially designed bow that is lighter than the
standard. This ensures that the tested bows’ weight is
approximately 60 g — the established standard for violin
bows [8] — regardless of the specific arrangement of the
added masses. Our approach aims to replicate conditions
closely resembling a violinist’s experience when assessing
different bows, in order to analyse their sensitivity to such
changes.

The present paper is structured as follows. First, some
hypotheses of how changes in both the centre of mass and
the moment of inertia may affect the violinist-bow interac-
tion are given in Section 2. The experimental bow is then
presented in Section 3, alongside with the different mass
distributions and how the mechanical properties of interest
are measured. In Sections 4 and 5 the two experiments done
with violinists are explained with their respective results.
Finally, the results are discussed in Section 6.

2 Influence of bow mass distribution on the
fingers-bow interaction

In this section, we propose some simple physical models
of the interaction between the violinist and the bow in dif-
ferent situations, specifically focusing on finger forces. We
analyse the effect of bow mass distribution on this interac-
tion, focusing on two mechanical properties: the horizontal
position of the centre of mass and the moment of inertia.
The physics discussed here have motivated the two percep-
tual studies presented in Sections 4 and 5, which form the
main focus of this article.

We will refer to the forces that are applied by the violin-
ist on the bow as “finger forces”. A more complex biome-
chanical analysis including other body parts involved in
the bowing movement is beyond the scope of this paper.

This section is structured as follows. First, we explore
how recent violin treatises describe the proper manipulation
of the bow by the violinist to control its vertical action on
the string, which inspired the modelling of the fingers-bow
interaction. Then, we analyse the role of the position of
the centre of mass in two situations: holding the bow hori-
zontally in the air and bowing the string with a uniform
force. Finally, we examine how the moment of inertia influ-
ences the interaction between the fingers and the bow in
two additional scenarios, where the bow rotates around a
pivot point: shaking the bow in the air and bouncing it
on the string.

2.1 Modelling the fingers-bow interaction based on
modern violin treatises

During a performance, the bow can be manipulated
in numerous ways, limited only by the creativity of the
composer or performer. In Western classical music specifi-
cally, there are various bow strokes that require specific
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motion patterns [10, 11]. However, in this study, we focus
only on the vertical motion of the bow and on the forces
that act in this direction. This vertical motion refers to
the movement that controls the force applied to or released
from the strings in a direction approximately normal to the
top plate of the violin (depending on the string). Con-
versely, horizontal motion refers to the movement of the
bow across the string.

A dilemma arises when modelling how violinists manip-
ulate the bow to achieve this motion. Using a single individ-
ual’s technique to create a fingers-bow interaction model can
lead to inaccuracies, as each violinist’s technique could be
influenced by their experience, training, and physical
constitution. Fortunately, violin treatises written over the
centuries provide valuable insights into playing techniques.
The international recognition of works by Capet [10] and
Galamian [11] in the twentieth century offer a reliable basis
for inspiring a simple model of the fingers-bow interaction
[12, 13].

In his treatise on superior bow technique [10], Capet
makes a systematic analysis of the role of each finger in
the vertical movement of the bow. He emphasises the alter-
nating forces of the index and little fingers, which enable the
rotation of the bow around the pivot point formed by the
thumb and middle finger (see Fig. 2). Galamian, in his trea-
tise on violin playing and teaching [11], describes the phys-
ical motions of the fingers, hand and forearm in different
bowing techniques. He analyses the vertical motion of the
bow similarly to Capet, and highlights the importance of
this gesture to control the force on the string.

In summary, from these treatises we conclude that the
bow should be held with the thumb placed below the stick,
touching both the stick and the part of the frog in contact
with the stick that is closest to the hair. The middle finger
surrounds the stick and opposes the thumb, creating a fin-
ger grip that serves as the fulcrum for balancing the bow.
The ring finger falls naturally on the side of the frog, with
minimal interaction with the stick for the vertical move-
ment. Finally, the index and little fingers rest on the stick,
enabling the double-leverage mechanism around the pivot
point formed by the thumb and middle finger, as depicted
in Figure 2. Other studies [14, 15] have proposed similar
models for the interaction between the fingers and the
bow to achieve vertical motion. We assume that the vari-
ability in bowing technique among players does not deviate
significantly from this description.

Our model of the fingers-bow interaction is two-
dimensional, so we made several simplifications. Although
the bow is usually tilted across its longitudinal axis to a
certain angle when playing, we assume that the bow is
never tilted, meaning that the plane that contains both hair
and stick is always normal to the string. Let us also consider
that, when bowing the string, the bow is always drawn in a
plane horizontal to the ground, so that the weight force is
perpendicular to the stick. Additionally, all the distances
of interest of our model are measured from the position of
the pivot point formed by the thumb and middle finger.
Finally, the selected axis for calculating the moment of
inertia of the bow is aligned with this pivot point, oriented

Figure 2. Detail of the role of the fingers. Left: the thumb and
middle finger grip, creating a pivot point; top right: the little
finger lifts the bow from the string; bottom right: the index
finger presses the bow onto the string. Redrawn from Principles
of violin playing and teaching (1st edn., p. 46 and 49) by L.
Galamian, 1962, Prentice Hall [11].

perpendicular to the plane containing both the hair and
the stick.

2.2 Influence of the horizontal position of the centre of
mass on the fingers-bow interaction

Let us present two scenarios where the centre of mass
may influence how the violinist controls the bow. These
scenarios do not involve vertical motion of the bow, only
vertical forces on the stick. Rather than analyzing every
situation that could lead to the perception of variations in
the centre of mass, we have focused on two simple cases
where we believe sensitivity to such changes is highest:
holding the bow horizontally and bowing the string horizon-
tally with uniform force. All the distances presented in this
section are given with respect to the pivot point formed by
the thumb and middle finger.

The forces exerted by the index and little fingers on the
stick produce torques in opposite directions. Consequently,
it is possible to achieve the same net torque with different
combinations of these forces. In our model, we assume that
the net torque applied by the fingers of an expert violinist
on the bow is achieved with the least effort (as in [14]).
The least effort solution hypothesises that there are no
mechanically inefficient movements, such as cocontractions
(i.e. muscles fighting against each other without resulting in
any net movement [16]). This involves applying force with
either the index finger or the little finger, but not both
simultaneously.

2.2.1 Holding the bow horizontally in the air

Given a total bow mass, the variation in the position of
the centre of mass could be perceived by the violinist
through the forces they would need to apply with their
fingers when holding the bow in the air. To perceive such
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Figure 3. Vertical forces acting on the bow in three different
scenarios where the bow remains horizontal. (a) Holding the bow
horizontally in the air. (b) Bowing the string close to the frog
(0 < 25 < ). (c) Bowing the string close to the tip
(Teq < 15 < L).

changes, the orientation of the stick with respect to gravity
is important: if the bow were held vertically, gravity would
act in the longitudinal direction of the stick, and no differ-
ence would be perceived unless the total mass changes. The
largest difference would be felt when the bow is held hori-
zontally, since the moment of the weight to be compensated
with the fingers is maximum for this orientation. The solu-
tion that requires the least effort to keep the bow in such a
position involves using only the little finger.

To keep the bow horizontal, a rotational static equilib-
rium is achieved (see Fig. 3a), with the force of the little
finger Fy, and the distance between the pivot point and
the centre of mass zcyr linked by a linear relationship:

xLFL — xemWhow = 0

(1)

— Whow
Fy = ==xcm,

where the slope is the ratio between bow’s weight W
and the position of the little finger with respect to the
pivot point z. From this equation we can therefore
hypothesise that a variation in the position of the centre

of mass could be perceived through a change in the force
that the little finger needs to exert on the stick to keep it
horizontal. From the slope of this relationship, we deduce
that a modification in the centre of mass position would
be more noticeable in heavier bows or if the little finger
is positioned closer to the pivot point.

2.2.2 Bowing the string horizontally with uniform force
on the string

In a playing situation the bow is supported from below
by both the thumb and the string, represented by the forces
Fr and F5 respectively in Figure 3. Although bow kinemat-
ics is complex [17], let us suppose, as a first approximation,
that the string is bowed horizontally, which is approxi-
mately the case for G and D strings. The bow’s weight
points in a direction perpendicular to the stick, as well as
the vertical force applied on the string, which is the opposite
of the reaction force of the string on the bow Fg (Figures 3b
and 3c). This vertical force Fg influences, among other
sound characteristics, the length of attack transients [1§],
and is controlled by the forces applied by the index and lit-
tle fingers (respectively Ft and Fp) [11].

As a first approximation, let us assume that neither the
stick, the hair, nor the string deflects under vertical forces.
If no force is applied by the little or index fingers, the only
contribution to the force on the string Fg is the weight of
the bow. From rotational equilibrium, we would have:

xsFs — xcmWhow = 0

Fq = Yo Whow (2)

Xg ’
which results in a very high force Fg when the hair-string
contact is close to the frog (small x5) versus a low force if
the contact is close to the tip (large zg). This is illustrated
in Figure 4a. To modify this effect and achieve a uniform
force, violinists need to press the stick either with their
index or little fingers depending on the position of the string
with respect to the thumb ag. This adjustment also depends
on the position of the bow’s centre of mass and its weight.
However, the variations in these parameters between two
bows are typically not as significant as the variation of g

during a stroke.

The rotational static equilibrium of the bow is therefore
given by the balance of finger forces, weight and the reac-

tion force of the string on the bow:

{XSFS +x,FL — xemWhow = 0, 0 <xg < xeq

xSFS _xIFI _xCMWbow = 07 Xeq S xg < L ( )
F Xl 3
FL:_fo+Wbowv%7 O<Xs S-xeq
Fg xXc
Fl:ﬁxS_Whow%7 Xeq SXS<L,

where 7y is the position of the index finger with respect to
the thumb, L is the total hair length and 2z, =
Tom Whow/ Fs denotes the equilibrium  position of the
bow on the string where the force exerted by the bow’s
weight on the string (as described by Eq. (2)) matches
the required force. In this position, no additional force
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Figure 4. Resulting force on the string during a stroke with
two different finger-bow interactions. The mechanical proper-
ties of the bow and the distances of the fingers to the pivot
point are assumed to be as follows: My, = 60 g, 2oy = 20 cm,
7 = 6.3 cm, 71, = 5.6 cm. (a) Resulting force on the string when
the index and little finger forces are null. (b) Finger forces
required to obtain a uniform force on the string of 1 N, as
presented in equation (3).

needs to be applied or removed by the index or little
fingers, and marks the transition from pressing with the
little finger to pressing with the index during a down-
bow stroke (vice versa for an up-bow stroke), in order to
ensure a uniform force on the string. In certain situations,
such as when the required force on the string Fg is very
low, it is possible for the equilibrium position ., to fall
beyond the tip of the bow. In this case, the violinist would
need to counteract the effect of the bow’s weight on Fg
along the entire length of the hair. As a result, only the
little finger’s action would be necessary to achieve the
desired force on the string. The transition between little
finger and index finger forces to produce a typical uniform
force of 1 N on the string (as per [19]) is represented in
Figure 4b.

For higher-pitched strings (A and, above all, E), the
motion of the bow closely aligns with the direction of grav-
ity. When playing on these strings, the contribution of the
bow’s weight to the force applied on the string is much
lower, if not negligible. Consequently, the position of the
centre of mass would not significantly affect the finger
forces needed to press the string.

Fr
T Wbow

Pivot point
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DXL
XL i_ Xs
: Xcm
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Figure 5. Vertical forces and motion of the bow in two different
cases where the bow is rotated around the pivot point.
(a) Shaking the bow up and down in the air. (b) Bouncing
“naturally”; i.e. without any interaction of the fingers except
keeping the pivot point fixed (little and index finger forces equal
to zero).

2.3 Influence of the moment of inertia on the
fingers-bow interaction

Let us now analyse the interaction between the fingers
and the bow when the bow’s rotational acceleration around
the pivot point is not null. This is the case for some bow
strokes like spiccato or sautillé, but also when the violinist
grabs the bow and shakes it in the air, with or without a
musical motivation. In this section, we will analyse these
two simple cases: first the rotation of the bow around the
pivot point formed by the thumb and the middle finger
without contact of the string, which we will refer to as
“shaking the bow”; and then the bouncing of the bow on
the string.

2.3.1 Shaking the bow in the air

Let’s first consider the simpler case of shaking the bow
in the air, where the player rotates the bow around the
pivot point (Fig. 5a). As stated by Newton’s second law
for rotation, the torque exerted by both weight and the
finger forces on the bow equals the moment of inertia [
times the angular acceleration 0:

XLFL —XIFI - xCMWbow = [0 7é 0. (4)

Note that, in line with the least effort principle, we assume
that players only exert force either with the index or the
little finger, i.e. always one of the two is equal to zero. If
the angular momentum of the bow changes (6 # 0), its
rotational energy is modified over time. The net work of
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the forces acting on the bow — that is, finger forces and
weight — is equal to the change in this energy, which is pro-
portional to the moment of inertia. Consequently, when
dealing with a bow with higher moment of inertia, finger
forces must exert more work to rotate it, which could poten-
tially be perceived by simply shaking the bow’s tip up and
down in the air.

2.3.2 Bouncing the bow on the string

When playing, bow strokes like spiccato or ricochet,
which imply a bouncing motion on the string, could be
affected by the moment of inertia. This behaviour also
entails a rotation around the pivot point fixed at the thumb
position, and has already been described in literature
[15, 20]. Previous studies on the perception of bow qualities
[21, 22] have observed that violinists describe the bows as
having a sweet spot where the bow bounces ‘naturally”.
Here, as a first approximation, we will consider that this
bounce occurs with minimal interaction from the fingers
on the stick, i.e., with no index and little finger forces (see
Fig. 5b).

While in this kind of strokes the bow moves both hori-
zontally (to bow the string) and vertically (bouncing
motion), let us initially assume that it only bounces on
the string without any horizontal movement. This bouncing
motion involves two phases: one where the bow is in contact
with the string and another where it lifts off the string [11].

Let us first focus on the phase when the bow is in con-
tact with the string. During this phase, the forces acting on
the bow are its weight and the force from the string Fs. Let
us assume that, for small changes in the bow’s inclination
(given by angle 0, as shown in Fig. 5b), Fg remains perpen-
dicular to the stick. This implies that the direction of Fy is
not affected by the angle 0, but its magnitude is. As indi-
cated in the figure, Fg increases with negative values of 0,
corresponding to the bow exerting force on the string. Con-
versely, as 0 approaches zero, Fg decreases, and when 0
becomes positive, the bow lifts off the string and Fy
becomes null.

Under this configuration, Newton’s second law for rota-
tion yields:

Xst(H) — XCM Wbow COS(@) = [0 # 0.

The rotation movement during this bounce entails a very
short range of angles, making it possible to apply the small
angle approximation (cos(d) =~ 1). Thus, we can consider
the weight force to be constant during this phase. The only
element on the left side of the equation that is angle-
dependent would then be the reaction force of the string
Fq. Let us also assume that neither the string nor the stick
deflects under vertical forces, but the hair may. This rigid
stick, quasi-static bow model was proposed by Askenfelt
[15], who used it to estimate the reaction force of the string,
which is a restoring force that depends on the tension T and
length L of the hair, the position of the string g, the angle 0
and on the moment of inertia of the bow [ around its pivot
point. Finally, from the equation of motion Askenfelt
obtained the bouncing frequency fsnc of the bow during
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the phase when it is in contact with the string (see
Appendix A), which depends on the moment of inertia:

1 TLxg
Jxe :%”Ii@—xs)' (5)

Gough further developed this model [21] by taking into
account the vibrations of the stick, using modal analysis.
His work demonstrated that Askenfelt’s model accurately
describes the bouncing mode for hair-string contact posi-
tions ag between the frog and the middle of the bow. How-
ever, for the upper part of the bow, Gough showed that this
bouncing rate is influenced by the lowest vibrational modes
of the stick.

Regarding the second phase, i.e. where the bow lifts off
the string, the equation of motion is as follows:

—XCcM Wbow COS(H) = 10 7& 0,

whose exact analytical solution cannot be expressed in
terms of elementary functions. However, since this angle
0 is nearly zero during the contact phase, we can use again
the small angle approximation cos(0) = 1. This gives a
constant negative angular acceleration generated by the
torque exerted by the weight of the bow divided by the
moment of inertia.

Through this simple model, we see how the moment of
inertia affects the behaviour of the bow when bouncing on
the string: the higher the moment of inertia, the less accel-
eration it experiences, resulting in slower bouncing (assum-
ing all other parameters remain constant). The violinist
controls the bow by applying a moment with their index
or little fingers (as described in Eq. (2)), thereby adjusting
the overall bouncing rate to their preference. The final
bouncing period consists of the half-period of the hair-string
contact phase plus the time it takes for the bow to return to
the string [21]. Additionally, the deflection of the string
under the influence of the bow force can also impact the
bouncing frequency. Askenfelt [15] estimated a reduction
in the bouncing frequency for the G string of the violin
by about 15%.

3 The experimental bow

Although stimuli that differ in only one property can
produce multidimensional perceptual changes [23], we chose
to concentrate on physical parameters that bow makers can
modify during the conception and maintenance of a bow.
Due to their potential impact on various controllability
aspects (refer to Sect. 2), we specifically focused on two
physical properties: the centre of mass and the moment of
inertia. For this purpose, a bow with variable mass distribu-
tion, allowing independent modification of these two
parameters, has been developed. Designed and built by
bow-maker Duilio Spalletta, this bow features a stick made
of low-density pernambuco wood (0.878 g/cm®). At the tip,
the head was carved following a thin model, and the tip
plate was removed. Low-density materials were used at
the frog to reduce weight: nickel ferrule and adjuster,
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Figure 6. Experimental bow with added masses. Top: close-up
of the magnets (bow B of Tab. 1). Bottom: participants’ view of
the bow, with the tip and frog magnets covered with paper and a
lightweight piece of foam covering the magnetic clamp.

silver-wound silk winding, round-shaped ebony frog with-
out an eye, kangaroo leather, and a titanium screw (for
additional details on bow elements and making, see [8]).

This bow has a total mass of 52.2 g. A standard weight
of 60 g can be achieved by adding masses at different
positions along the stick. Small neodymium magnets
(0.07, 0.35, 0.56, 1.98 g) were used as additional masses
and could be attached at the frog (the nickel screw adjuster
was magnetised), at the tip (a magnetised thin nickel plate
was glued to the head), or on a magnetised nickel clamp
(1.67 g) positioned on the top of the stick, in the first half
of its length. The top of Figure 6 provides a detailed view
of the added magnets along the stick. For all configurations,
the metallic clamp at the middle of the bow was consis-
tently positioned (15 cm from the pivot position) to elimi-
nate any visual differences between bows.

3.1 Mass distributions to be tested

To explore the respective influence of the centre of mass
and the moment of inertia on the perception of bow quali-
ties by violinists, we devised different mass distributions
that allowed us to modify one mechanical property while
keeping the other constant. The values of added masses,
along with the measured centres of mass and moments of
inertia, are detailed in Table 1 and represented in Figure 7:
bow A serves as the reference, B and C' exhibit different
moments of inertia with minimal variation to the centre
of mass, and D and F present distinct centres of mass with
minimal variation to the moment of inertia. All distribu-
tions yield values within the typical limits of modern violin
bows [6] and were chosen to set limits around the discrimi-
nation threshold (i.e. the minimum detectable difference
that a violinist can reliably perceive as different). Based
on preliminary tests, our hypothesis was that differences
between A and B or D should be around the threshold
(or just below) while the differences with C or E should
be above.

We hypothesised that these modifications could entail a
variation of the perceived qualities of the bow. Specifically,
the modification of the centre of mass would alter propor-
tionally the necessary little finger force to hold the bow
horizontally (Eq. (1)), as well as the finger forces when play-
ing (Eq. (2)). Variations in the moment of inertia could be
perceived when shaking the bow’s tip up and down,
through differences on the fingers’ effort; and in bouncing

bow strokes when playing, due for example to changes in
the bouncing frequency (Eq. (5)).

3.2 Measurement of the experimental bow mechanical
properties

In this manuscript, the term “the bow” refers to any of
the five bow configurations provided in Table 1, and “the
bows” refers to all of them. In the present section, we
describe the measurement process for the mechanical
properties of the five bows, and the same method could
be applicable to other bows.

The properties shown in Table 1 were obtained with the
bow under no hair tension. When the hair tension is
increased, the frog of the bow shifts slightly toward the
screw, and the shape of the stick changes. This alters the
mass distribution of the whole bow, and consequently
changes its mechanical properties. However, we remeasured
the horizontal position of the centre of mass and the moment
of inertia of the bow under a typical playing tension, and
found these variations to be negligible.

When the bow hair is tightened, the centre of mass
shifts significantly upward, moving farther from the hair
as the distance between the hair and the stick increases.
However, this vertical shift is not relevant to our study.
Therefore, throughout this paper, when we refer to the posi-
tion of the centre of mass zcn, we are specifically referring
to its horizontal position.

3.2.1 Centre of mass and total bow mass

The centre of mass of the bow was determined using a
narrow wedge on a table: the bow under no hair tension
was carefully positioned on this wedge until balance was
achieved and the bow was lying horizontally, without any
contact with the table. The distance zcy; was then deter-
mined as the distance between the wedge and the part of
the frog where the thumb rests (pivot point in Fig. 3), mea-
sured with a ruler.

The mass was measured with a precision balance.

3.2.2 Moment of inertia

To estimate the moment of inertia around the pivot
point (where the thumb is positioned when playing), the
bow under no hair tension was suspended from this posi-
tion, using a clothes peg to maintain it on a thin cylindrical
metallic rod. Then it was gently moved to one side and
allowed to oscillate freely (see Fig. 8). Its motion can be
described using Newton’s second law for rotation:

I'= —gmbowfc@\,g sin(@) = 29,

where I' is the net external torque (in our case, only
exerted by the gravitational field g), Mo, the mass of
the bow-plus-peg, Zcy the distance from the pivot point
to the centre of mass of the bow-plus-peg, 0 the angle of
displacement from the vertical axis, I the moment of
inertia of the bow-plus-peg with respect to the pivot
point, and 6 the angular acceleration. Using small angle
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Table 1. Bow mass configurations and corresponding mechanical properties. Amy, Am., Amy: added masses at the tip (64.5 cm from
the pivot point), clamp (15 cm) and frog (—8.6 cm). my,.y: total bow mass; zoy: distance from the centre of mass to the pivot point
(represented in Fig. 3); I moment of inertia with respect to the pivot point; Azcyy, AL variation of mechanical properties compared to
the reference bow A, expressed as percentages. The mechanical properties of the bow without masses are as follow: my,.,, = 52.2 g,

I1=4.75 gmz, Tom = 20.4 cm.

Bow Amy (g) Am (g) Amg (g) Mhow (8) Zem (cm) Azcy (%) I (gm®) Al (%)
A +0.14 +6.88 +0.77 60.05 19.5 4.95
B +0.70 +5.27 +1.82 59.93 19.6 +0.5 5.15 +4.0
C +1.75 +1.91 +4.27 60.15 19.5 0.0 5.52 +11.6
D +0.22 +4.78 +2.87 60.15 18.7 —4.1 4.93 —0.4
E +0.22 +1.91 +5.74 60.25 17.5 —10.3 4.87 -1.5
5.6 c
[
N
5.4 " \ Peg
i 59 B AXIS.Of
= ° rotation
~
5 A
D
E ° *
o
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17 18 19 20
TCM (Cm)
Figure 7. Mechanical properties of the bows presented in
Table 1.
‘\J,

approximation (sin(0) = 6), the equation of motion can be
approximated as:

é+ gmboijCM 0~0,

which is structurally identical to the equation of motion of
a simple harmonic oscillator.

The moment of inertia of the bow-plus-peg around the
selected axis can thus be determined from the measured
frequency of the free oscillation @, as follows:

MpowXom
Moo (6)

Wy

I~

Introducing the clothes peg, with a mass of 4.3 + 0.1 g,
alters certain mechanical properties of the bow-plus-peg
system with respect to the bow alone. The total mass
experiences a notable increase (between 6% and 8%), and
the centre of mass is shifted toward the frog (also between
6% and 8%). However, as the clothes peg is added along the
rotation axis — its centre of mass is about 1.3 + 0.1 cm away
in a direction more or less perpendicular to the stick — this
modification does not significantly alter the value of the
moment of inertia with respect to the bow-without-
peg value (less than 0.01%). Hence, the moment of inertia
calculated from equation (6) represents a good estimation
for the moment of inertia of the bow, i.e. I =~ I.

Amplitude (cm)

Time (s)

Figure 8. Set-up for the measurement of the bow oscillations
and recorded motion of the bow’s tip. The bow-plus-peg was
suspended from a thin cylindrical metallic rod.

The bow’s tip oscillation was captured by a camera
operating at a sampling rate of 60 frames per second. Ini-
tially, a point of the tip was detected in the first frame,
and it was tracked consistently throughout the entire video
using MATLAB Computer Vision ToolboxTM. Then, the
displacement signal Y(¢) was fitted with a least-squares
method to derive a damped sinusoidal function:

Y(t) = Yoe_a sin (d)()t + lrb())

Here, {Yy, &, &, Y} are the parameters optimised in the
routine. The fitted value of @, was then used to calculate
the moment of inertia using equation (6).
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4 The preliminary experiment in Nantes and
its consequences

A preliminary experiment was conducted in the city of
Nantes, at the workshop of bow-maker Duilio Spalletta.
The protocol of the study was approved by the Ethics
Committee of Sorbonne University (reference: CER-2023_
SALVADOR_CASTRILLO_ARCHET).

4.1 Participants

Six professional violinists (42 + 10 years of experience)
and two students (12 and 14 years of experience) partici-
pated in the test.

4.2 Procedure

To explore if violinists were able to perceive little (pairs
A-B and A-D) or big (pairs A-C and A-F) changes in both
the position of the centre of mass and in the moment of iner-
tia, a discrimination test was performed. Since we did not
know exactly which sensory attribute violinists perceive as
varying when the bow mass distribution is modified, we
proposed an unspecified sensory difference test (in contrast
to specified tests where participants are told which property
they should pay attention to). Due to time constraints and
to minimise fatigue effects, the test was conducted sequen-
tially, preventing the retesting of previous samples. In addi-
tion, as changing the mass distribution takes a bit of time
(about 20 s), we wanted to limit the number of samples
per trial in order not to alter participants’ performance
due to memory decay or memory interference [24]. We
thus chose a constant-reference two-sample method: the
A Not-A with Reminder (A Not-AR) [25]. This protocol
is quick (only two samples per trial), simple for the
participants to understand, and it has recently been sug-
gested to be a more efficient test than other unspecified
methods [26].

For each trial, the violinist was asked to play their own
violin with two bows presented successively and to indicate
if they were different or not. The first one was always bow
A, presented as the reference bow, while the second one was
any of the bows presented in Table 1. The notation for the
bow A is as follow: A, is the bow A when presented to the
participant as the reference bow, and A is the bow A when
presented to the participant as an anonymous bow. Since
all participants were classically trained, they held the bow
with their right hand and the violin with their left hand,
as this is the standard technique. They were given the
bow in their right hand to ensure they immediately grasped
it in the playing position. They were invited to judge it
freely, with no restrictions in how they did it, how long they
could play or what repertoire. Retesting was not allowed,
no feedback was given and participants were not asked if
they were sure or not of their answer. Two sequences of
bows were possible:

[Ares — A] or [Arer — X]
with X € {B,C,D,E).
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Table 2. Results of the A Not-AR discrimination test. N is
number of trials, ne is number of correct responses (“A” for the
A-A pair, and “Not-A” for the other pairs). d’, ¢ and their 95%
confidence intervals (lower one-sided confidence bound, LCB, for
d’ and two-sided confidence interval, CI, for ¢) are calculated
with equations (B1), (B4), (B6) and (B8), presented in
Appendix B. The variance for the confidence intervals has been
calculated using equation (B3) for d’ and equation (B5) for c.
The values of ¢ whose CI exclude zero, and thus revealing a
significant bias, are indicated in bold.

Pair nc (N) d" (95% LCB) ¢ (95% CI)
AA 3(10)

A-B 9(10) 1.07 (—0.52) 0.90 (0.23 to 1.57)
A-C 9(10) 1.07 (—0.52) 0.90 (0.23 to 1.57)
A-D 5 (9) —0.54 (~1.92)  0.33 (~0.25 to 0.91)
AE 8 (9) 0.98 (—0.63) 0.87 (0.19 to 1.55)

At the beginning of the session, players were asked to play
with bow A — presented as the reference bow that would
remain constant throughout the test — and adjust its hair
tension according to their personal preference. This led
them to familiarise themselves with the reference bow.
When the adjustment was done, the hair tension was mea-
sured and players were instructed not to make any further
adjustments to hair tension during the session. This tension
was assessed by measuring the deflection of the hair under
the application of a 50 g mass at the midpoint of its total
length. This deflection is inversely proportional to the hair
tension, which can be calculated for small angles using basic
trigonometric principles as described by Regh [6].

Each participant performed six trials, in which all five
bows from A to E were tested by each participant, and
one of them was repeated randomly. The presentation order
of the bows was randomised, and the inter-stimulus interval
between the reference and second bow was less than 30 s.
A second test consisting in describing the bows under
constrained playing conditions was also performed (see
Sect. 4.1.1 in [22]).

All participants voluntarily took part in the test, with
each session lasting approximately one hour. They were
informed of their rights, and all the data were anonymised.
Participants were given time to rest and could quit at any
time. As compensation, each violinist received a violin-
related gift, such as rosin. The bow maker, serving as an
experimental collaborator, was present during the test
and could intervene if any issues with the bow arose.

4.3 Results and discussion

Results of the A Not-AR discrimination test are shown
in Table 2. The sensitivity index d’ (the primary statistic
used in Signal Detection Theory, see e.g. [23]) was first cal-
culated using two cognitive strategies, called t and f [25],
since the decision strategy used by players is unknown.
As conclusions remain unchanged, only values obtained
with the t-strategy are presented for each bow X # A in
Figure 9. A reminder about how these values are calculated
can be found in Appendix B.
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Figure 9. Sensitivity d’ values from Table 2, with two-sided 95% confidence intervals (Eq. (B7) in Appendix B). The variance for the

confidence intervals has been calculated using equation (B3).

The selected hair tension for bow A and their own bows
was measured before the test. Among the participants, the
average tension chosen for bow A was 46.4 £ 1.8 N, com-
pared to 41.2 + 5.1 N for their own bows. A two-tailed F-test
was performed to assess whether the variances of the chosen
tension for bow A and for their own bow (different for each
participant) were significantly different. The test yielded an
F-statistic of 8.29, with degrees of freedom for both groups
equal to 7, and a p-value of 0.012. We conclude that the vari-
ances between the two groups are significantly different,
meaning that participants were more consistent in the
tension they chose for bow A than the tension they chose
for their own bows. This would confirm the findings by
Ablitzer [4]: violin players select hair tension from hair-stick
distance, which would be roughly the same for different
players for a given bow, and then make minor adjustments.

Participants exhibited poor performance when the same
bow was presented: it was correctly identified only 3 times
out of 10. On the other side, different bows were correctly
identified most of the times, except for bow D, which was
more frequently confused with the reference bow A. As a
consequence, we obtained positive values for the bias mea-
sure ¢ (criterion location [23], presented in Appendix B)
and significantly different from zero, which indicates that
participants were prone to answer “different”. While the sen-
sitivity measure d’ allows to avoid the effects of bias by def-
inition, its variance depends on this bias. Indeed, ¢*(d') is
higher with values of ¢ far from zero, especially when the
number of trials is low. High values of ¢ are due to values
of H or F close to 0 or 1, where the variances o°(H) or
o”(F) are higher (see Eq. (8) in Appendix B). Since o°(d')
depends directly on the value of ¢*(H) and o*(F)
(Eq. (9)), we conclude that the most precise value for the
measured sensitivity d’ is obtained from unbiased responses.

Upon analyzing the results, it appears that the A Not-
AR protocol, with no restrictions on time or repertoire, is
not optimal to investigate violinists’ sensitivity to changes
in bow mass distribution. The difficulty in identifying the
same bow made us think that violinists may have been
inclined to detect even the slightest difference, which could
actually be caused by variations in playing. Some violinists
spent more than five minutes with the second bow to give
an answer. Given the memory decay over time, this could

have also affected discrimination performance. Further-
more, some violinists played different excerpts with the first
bow than with the second, altering the conditions under
which both stimuli were evaluated.

We therefore decided to stop the experiment after eight
participants to design a more efficient experiment, as the
large differences did seem to be perceived in another con-
text. Indeed, during the second part of the experiment,
which is not presented in this paper (see [2] for details),
participants were consistent in describing the perceived
difference between first and second bows when there was
a big variation in either the position of the centre of mass
or in the moment of inertia. For instance, when the centre
of mass was closer to the frog (pair A — E), they described
it as a lighter bow, despite both bows having the same total
mass. Conversely, with a significant increase in moment of
inertia (pair A — C), they noted a substantial change in
spiccato behaviour.

In both tests, most participants held the bow horizon-
tally and some of them lightly shook it in the air before
playing. This likely provided them a first impression of
potential changes in mass distribution, as alterations in
the position of the centre of mass or in the moment of iner-
tia could possibly be perceived through these actions (see
Sect. 2). The fact that they described differences very
similarly for a big change in mass distribution suggests that
they were in fact sensitive to such variations.

Finally, although we did not ask participants how sure
they were when answering, we could notice changes in their
sureness depending on the presented bow. Considering all
these insights, we designed and performed a second experi-
ment to better explore violinists’ sensitivity to mass distri-
bution modifications. This experiment is presented in the
next section.

5 The Paris experiment

After the preliminary experiment in Nantes, a new set of
tests was conducted in Paris with a different group of
violinists. The protocol of the study was approved by the
Ethics Committee of Sorbonne University (reference:
CER-2023_SALVADOR_CASTRILLO_ARCHET).
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5.1 Participants

Twenty (20) violinists participated, including 10 ama-
teurs and 10 professionals. Amateur players had an average
of 18 4+ 3 years of experience. Among the professionals,
there were two expert soloists with 44 and 52 years of expe-
rience; the remaining eight professional players had an aver-
age of 24 + 4 years of experience.

5.2 Procedure

A new discrimination test was designed with the aim of
reducing the bias of the participants, increasing their dis-
crimination performance and collecting their sureness level
in order to obtain more precise results for the sensitivity
measure d'. The Constant-Reference Duo-Trio (CR-DT)
test has been shown to lead to a really good statistical
power [26, 27] as well as a good operational power [26, 28]
and was therefore chosen. Moreover, the discrimination
test was divided in two parts, in order to explore the
multi-modal perception of bow mass distribution: one part
was conducted while just holding the bow, allowing only
haptic perception of the variations, while the other one
while playing with it, enabling both haptic and auditory
perception. The experimental session was then completed
with a free evaluation test like in Nantes.

All participants volunteered for the test, with each
session lasting about one hour. They were informed of their
rights, and all the data were anonymised. Participants were
given time to rest and could withdraw at any time. As
compensation, each violinist received a bottle of Spanish
extra-virgin olive oil. Unlike the Nantes test, the bow maker
was not present during these sessions.

5.2.1 Discrimination test by holding

According to the literature, there are two possible posi-
tions for the reference within a trial: either before the two
anonymous samples (first) or between them (middle).
There is no obvious choice. A study on the impact of refer-
ence position in tasting discrimination tests [29] with no
retesting proved that placing the reference in the middle
led to the highest sensitivity, minimizing the influence of
subjects’” memory on the test outcome. However, another
study on products having high sodium contents [30] found
that placing the saltier product as the reference at first
position is a more operationally powerful alternative. As
there is no existing literature on the optimal operational
power of various test protocols in evaluating bow quality,
we opted for the method perceived as the simplest by two
violinists (who would not take the test afterwards) in a
preliminary test, i.e. the CR-DT with the reference pre-
sented in the Middle (CR-DTM). The reference was always
bow A of Table 1, noted as A, when presented to the
participant as the reference bow and A when presented as
an anonymous bow, and two sequences of bows were
possible:

[A— Aif — X] or [X — Aif — 4]
with X € {B,C,D,E).

Before the first trial, the reference bow was given to the
participant for one minute so that they could familiarise
themselves by holding it. The task consisted in holding each
bow of the sequence as if they were about to play with it,
keeping it horizontal, and shaking it in the air for a maxi-
mum of 1 minute per bow. They were told that the refer-
ence was always presented in the middle, and that it was
constant through all the trials. They were asked to answer
the question “Which bow (either the first or the last) is the
same as the reference bow?” and to rate their sureness on
a scale from 1 (not sure at all, guessing) to 5 (absolutely
sure) with an interval of 0.5 points. No feedback was given
after each trial.

To minimise sensory fatigue, the three bows were tested
sequentially without possibility of retesting, and only one of
the two possible sequences for each of the four bows was
tested per participant. Consequently, the test consisted of
four trials, one per bow X € {B, C, D, E}. The order of
the bows was random throughout players, and the two pos-
sible sequences for each bow were distributed evenly across
participants. Therefore, for each bow, the total number of
trials in which the bow was presented last is the same as
the number it was presented first (10 times each sequence
over the 20 participants).

5.2.2 Discrimination test by playing

After a short pause (about 3 min), the second discrimi-
nation test was conducted. In this case, participants were
asked to play their own violin with the bows. The protocol
was based on the same CR-DT method but the reference
was presented twice, in the first position and in the middle
(CR-DTFM). Similarly to the discrimination test by hold-
ing, the reference was always bow A of Table 1, noted as
At when presented to the participant as the reference
bow and A when presented as an anonymous bow. Two
sequences of bows were possible:

[Arof — A4 — Arcf - X] or [Arof —X — Arcf - A]
with X € {B,C,D,E}.

Again, this choice was based on a preliminary test with the
same two violinists as before. For them, the task was easier
if the reference bow was presented twice, once before each
anonymous bow. Indeed, playing requires more concentra-
tion and leads to more variability, because of differences
in the sound which could be caused just by differences in
playing, than just holding the bow. This is in agreement
with some studies in sensory literature that suggest a higher
performance, due to the memory advantage from the
double sampling of the reference and an increased stability
of the comparisons between the sensory distances (e.g.
[27, 30-32]).

Before the test, participants were asked to play with the
reference bow for 1-2 min to familiarise themselves with it
and to adjust the hair tension to their preference. This time,
the hair tension was not measured due to time constraints.
The task consisted in playing with all four bows in a row for
a maximum of one minute each. They were invited to
include some bouncing bow strokes such as spiccato and
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to play the same excerpts for each trial and for each bow,
chosen freely by each participant. Then, they were asked
to answer the following question: “Which bow (either the
second or the fourth) is the same as the reference bow?.
No feedback was given and participants were asked about
their sureness level, using a scale from 1 (not sure at all,
guessing) to 5 (absolutely sure) with an interval of
0.5 points.

Similarly to the discrimination test by holding, the test
consisted of four trials (one for each bow) in random order,
while the two possible sequences for each bow were evenly
distributed across the 20 participants.

5.2.3 Free evaluation test

After the two discrimination tests, participants were
asked to do a short final test, consisting in comparing the
bows by pairs. The objective was to investigate how violin-
ists describe changes in the moment of inertia and the posi-
tion of the centre of mass verbally. Certainly, a semantic
classification of the comments could lead to a perceptual
characterisation of each mass distribution, as already done
previously for the qualities of different violins [33, 34]. To
ensure that differences would be most likely perceived, only
the extreme pairs A-C and A-E were considered.

For the first pair (A — (), they were asked to play
freely with the reference bow A for 2 min, including bounc-
ing strokes. Following a verbal cue, they were asked to close
their eyes and hold the bow tight, allowing a quick modifi-
cation to the mass distribution by the experimenter and
reducing the inter-stimulus interval to 4-5 s. Once the mass
distribution for bow C'was set, they were asked to hold the
bow, play and verbalise any differences perceived for as long
as they wanted. The same process was repeated for the
second pair (A — E), and all their comments were instantly
transcribed. All participants responded in French, and their
comments were translated into English by the authors.

5.3 Results and discussion

In this section, we present the results of the two discrim-
ination tests — holding and playing, as described above — as
well as the free evaluation test.

5.3.1 Discrimination tests

Figure 10 displays the participants’ responses in both
Duo-Trio tests, showing at the same time correctness and
sureness level. Without considering correctness, the average
sureness level (overall sureness) is 2.56 for the holding test
and 2.91 for the playing test (see Fig. 11). The unpaired
t-test comparing these overall sureness levels showed a sig-
nificant difference (two-sided p = 0.049, o = 0.05), indicat-
ing that participants were significantly more confident in
the playing test than in the holding test. However, their dis-
crimination performance was not better when playing than
when holding, rather the opposite (25 wrong responses in all
holding tests versus 33 in all playing tests). Finally, there
were no significant differences in the overall surenesses
between the bows of each test, except for the holding test
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Figure 10. Distribution of responses for both holding and
playing discrimination tests (Duo-Trio). The horizontal axis
represents the two qualities of the responses: correctness, with
incorrect responses shown in red on the left and correct responses
in green on the right; and sureness, which ranges from 1 (not sure
at all, guessing) to 5 (absolutely sure) in 0.5-point intervals. The
marker type represents the real position of the reference bow A:
circles when it was presented in first (holding test) or second
(playing test) position, and crosses when it was presented last.
There are N = 20 responses for each test and bow pair,
corresponding to 20 participants. The distribution of responses
for all bows, that is, the combination of all responses from each
test regardless of the bow, is represented as a blue filling.

where the overall sureness was significantly higher for the
A-FE pair than for the A-C pair (p = 0.039).

We expected low sureness levels when participants gave
incorrect responses, or at least lower than those of the
correct responses. However, such a difference was not
found, neither for the playing nor for the holding test, as
can be seen from the widespread distributions on the hori-
zontal axis of Figure 10 both for the wrong and correct
responses. Additionally, we compared both groups of par-
ticipants, professionals (10) and amateurs (10), finding no
significant difference in their average sureness levels nor in
their discrimination performance.
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Figure 11. Average sureness level without considering correct-
ness (i.e. overall sureness), represented with blue vertical lines:
2.56 for the holding test and 2.91 for the playing test. The color
and marker type for the responses follow the same convention as
in Figure 10.

A study by Shin et al. [27] suggests that the CR-DTFM,
combined with a previous familiarisation with the reference
and informing participants that the reference is constant
along the test, seems to be sufficient for them to adopt
the t-strategy (see Appendix B for more context on decision
strategies). Thus, for the calculation of d’, we will assume
this strategy for the playing test, and in the lack of other
evidence and literature for the CR-DTM protocol, we will
keep this assumption for the holding test too.

Values of d' are calculated from the ROC curves built
with the sureness-informed responses scattered in Figure 10.
The horizontal axis of this figure is arranged such that the
difference between two correct responses with a sureness
level of 1 and 1.5 is the same as between one correct response
and one wrong response with a sureness level of 1. This fea-
ture is associated with the method used to calculate d’,
which is detailed in Appendix B (specifically, d’ values are
computed using equation (18). Measured ROC curve points
and the correspondent theoretical ROC curve for the calcu-
lated d' are shown in Appendix C. For both tests and for
each bow, the number of times that the reference was
presented first (N; = 10) was the same as the number of
times that it was presented last (N, = 10), as each of the
20 participants only tested one of the two possible sequences
for each bow.

Alongside the bias measure ¢, the calculated values of
sensitivity d’ for both the holding and playing tests are pre-
sented in Table 3 and Figure 12.

The trials of both tests were ordered randomly. No
learning or fatigue effects were observed in the discrimina-
tion performance, as the rate of correct responses did not
show significant differences across the four possible places
of each trial. For the provided sureness levels, a particular
order effect was not found either.

By holding

The sensitivity to detect subtle changes in mass distri-
bution (pairs A-B and A-D) as well as a large change in
moment of inertia (pair A-C) by just holding and/or
shaking the bow is low. The calculated d’ values are small,
notably for bow D, and their lower confidence bounds for
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Table 3. Sensitivity measure (d’) and bias measure (c)
calculated from the results of the discrimination tests by holding
and playing, presented in Figure 12. d’, ¢ and their 95%
confidence intervals (lower one-sided confidence bound, LCB, for
d" and two-sided confidence interval, CI, for ¢) are calculated
with equations (B4), (B6), (B8) and (B12), presented in
Appendix B. The variance for the confidence intervals has been
calculated using equation (B13) for d’ and equation (B5) for c.
The values of d’ whose LCB is higher than zero, and thus
revealing a significant discrimination, are indicated in bold.

Pair  d’' (95% LCB) ¢ (95% CI)

0.04 (—0.74)
—0.04 (—0.81)

0.00 (—0.55 to 0.55)
0.38 (—0.18 to 0.96)

Holding  A-B 0.68 (—0.11) 0.14 (—0.43 to —0.70)
A-C 0.70 (—0.09) 0.64 (—0.02 to 1.30)
A-D  0.04 (—0.74) 0.00 (—0.55 to 0.55)
A-E 1.27 (0.42) 0.40 (—0.39 to 1.19)

Playing  A-B 0.93 (0.12) 0.64 (—0.02 to 1.30)
A-C 0.98 (0.16) ~0.29 (—0.88 to 0.30)
A-D
A-E

the one-sided difference test are below zero. Consequently,
the null hypothesis that bows B, C'and D are not perceived
different than the bow A cannot be rejected. However,
participants did perceive a notable difference between
bow A and the bow with a large change in the centre of
mass (bow E), for which the value of d’ is centred around
1.3 and significantly above zero. For this specific bow, only
2 participants out of 20 provided incorrect responses.
Nonetheless, as indicated by the red circles in Figure 10,
both non-discriminators for the pair A-F in holding were
very confident, which lowers the value of d’ considerably.

Bias measure ¢ was calculated without considering the
sureness level, so only from hit and false alarm rates
(Eq. (10) in Appendix B). The small values of the criterion
location ¢, with their confidence intervals including zero,
show that the bias for responding “reference first” or “refer-
ence last” was low.

It is important to note that with larger sample sizes the
variance of d’ would decrease, leading to more precise esti-
mates (narrower confidence intervals). This could poten-
tially lead to additional conclusions that were not possible
to reach in this study. Specifically, we speculate that with
a larger sample size bows B and C' (which have moments
of inertia different from bow A) may have yielded a d’ value
significantly greater than zero in the discrimination test by
holding, indicating a clear discrimination from bow A.

By playing

When playing, the large variation in the centre of mass
(bow E) was almost as poorly perceived as the small one
(bow D), resulting in a d’ value around 0 for both. On
the other hand, the bows in which the moment of inertia
changes (B and C) were better detected: 6 participants
out of 20 gave wrong responses, which, after computing
the ROC curves, yields d' values around 1. The null
hypothesis can be rejected for both bows, indicating a sig-
nificant perception of these changes.
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Figure 12. Sensitivity d values from Table 3, with two-sided 95% confidence intervals (Eq. (B7) in Appendix B). The variance for

the confidence intervals has been calculated using equation (B13).

Table 4. Classification of comments verbalised by the violinists in the free evaluation test. Representative comments in French for
each sub-category are provided in quotation marks (translations to English by the authors).

Category Sub-category Comments
Heaviness  Heaviness Heavier/Lighter (“Plus/moins lourd/léger”)
Mass Heavier/Lighter at the tip/middle/frog, lots/lack of weight at the t./m./f., weight distribution
distribution  (“Plus/moins lourd/léger au/a la pointe/milieu/talon”, “trop/manque de poids au/a la p./m./t”.,
“répartition du poids”)
Spiccato Spiccato Comments on differences in spiccato, comfort in spiccato, spiccato quality, and the position of the
bouncing point (referred to as “point de sautillé’)
Playability Playability Comments about ease of playing at the frog/tip/in general, entering the string, grip, stability
(“plus/moins facile a jouer au talon/pointe/en général’, “entrer dans la corde’, “adhérence’, “stabilité”)
Comfort Comments about comfort/ease at the tip/frog/in general (“Confortable/a l'aise a la pointe/au talon/
en général”)
Other Other Comments on sound quality, preference, definition, weakness, precision, balance of sound. ..

Like in the holding test, the criterion location ¢ was
calculated from equation (10). Again, no bias was observed
towards a particular response in general.

5.3.2 Free evaluation test

Forty nine comments were obtained for the comparison
of bow C'versus bow A, and 47 for bow FE versus bow A.
Based on a lexical and semantic analysis, they were grouped
in the perceptual categories and sub-categories defined in
Table 4. The proportion of each category for each test is
illustrated in Figure 13.

When comparing both tests, we observe a difference in
the prevalence of the spiccato category. The big change in
moment of inertia (test A — C) appeared to modify the
behaviour of the bow when playing bouncing strokes, since
one out of three comments made by participants specifically
referred to this quality. In the second test, where only the
centre of mass was modified, spiccato appeared to be less
prevalent.

Regarding the other major perceptual category, heavi-
ness, comments were addressed in two different ways: some
of them referred to a specific part of the bow, and others did
not. They were classified into sub-categories “Mass distribu-
tion” and “Heaviness”, respectively. Most of them referred to
a change in perceived heaviness, either an increase or a

decrease, and are classified in Table 5. Regarding changes
of this perceptual category at different parts of the bow,
the numbers are unfortunately too small to draw robust
conclusions. However, regarding the total number of com-
ments referring to a heavier or lighter bow, we observe that
bow C'was perceived as heavier, whilst bow F was judged as
lighter than bow A.

It is worth to highlight that six participants observed a
significant shift in the bouncing point toward the tip from
bow A to bow C, which indicates that it is a parameter
to which they were sensitive. Such a phenomenon is
potentially linked to the physics of the bouncing bow, as
presented in Section 2.3.

6 General discussion

In this section, we summarise the main findings of our
research and present the discussion based on three compar-
isons. First, we compare the protocol used in the discrimina-
tion test of the preliminary experiment in Nantes with that
employed in the Paris experiment. Next, we contrast the
results of the two discrimination tests performed in Paris.
Finally, we analyse the vocabulary used by participants
to describe changes in bow mass distribution in the free
evaluation test, in relation to the results of the discrimina-
tion tests performed in Paris.
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Figure 13. Percentages of the four main perceptual categories resulting from the semantics collected during the free evaluation test.
S: Spiccato; H: Heaviness; P: Playability; O: Other (sound quality, preference, etc.). Total number of comments: 49 for test A - C'and

47 for test A — E.

Table 5. Classification of comments of the category “Heaviness” stating changes in the perceived heaviness. The first three columns
refer to evaluations at three specific bow parts: frog, middle and tip. Comments on changes of heaviness in general, without specifying

exactly where, are counted in the fourth column.

Test “2nd bow is...” “. ..at the frog” “...at the middle” “...at the tip” “...in general” Total

A->C “...heavier...” 2 1 4 4 11
.. lighter...” 2 0 0 0 2

A-F “ . heavier...” 2 0 1 1 4
«.. lighter...” 0 2 4 4 10

6.1 Comparison between tests: Nantes vs. Paris

Evaluating the differences between two bows is a com-
plex task. It is not a passive task, like a hearing test, but
rather an active one: the perceptual process of assessing
the qualities of the bow involves dynamic actions (such as
playing the violin) that may vary from one instance to
another. In the preliminary test performed in Nantes (pre-
sented in Sect. 4), an important bias was noticed in the
responses to the A Not-AR, protocol, as participants tended
to respond “different” even when the same bow was pre-
sented. Furthermore, in this test some players did not play
exactly the same excerpt with the reference bow as with the
anonymous bow, which only increases the uncertainty of
the perceptual process. Unfortunately, we are unable to
ascertain the true nature of this bias; we can only speculate
about it and hypothesise that players perceived differences,
even if there were none, due to the variability of the test
conditions.

In the Duo-Trio task, participants were invited to play
with two anonymous bows and to choose which one
matched the reference bow, which was presented before
each anonymous bow. According to literature [23], the
Duo-Trio method has demonstrated an empirical advan-
tage by discouraging response bias. Indeed, the Paris test
responses were relatively unbiased, thereby improving the
precision of the calculated sensitivity values d’. Addition-
ally, participants were asked to rate their level of sureness,
enabling a finer determination of sensitivity compared to
the Nantes test. As expected, a higher number of partici-
pants and a reduction of the bias led to smaller confidence
intervals for the Paris experiment. However, they are
included in the intervals for the Nantes experiment, show-

ing consistency in the sensitivity measurements between
both testing protocols.

6.2 Comparison between discrimination tests in Paris:
holding vs. playing

Since we speculated that bow quality perception may be
multi-modal, both from haptic and auditory events, we
designed two tests to investigate two different ways of eval-
uating bow qualities. The significance of the results of the
tests is somewhat constrained by the relatively small sample
size, which provides less precise estimates for d’' values
(resulting in larger confidence intervals). For example,
because of the relatively small sample of participants,
having one or two more participants could have led to a
LCB above zero for the holding test of bows B and C. Nev-
ertheless, for those bows whose the LCB is above zero, we
can conclude a notable difference from bow A.

From Table 3 and Figure 12, we can draw some conclu-
sions. Among the bows with a centre of mass different from
that of bow A (D and E), only bow E was significantly
differentiated when holding, but not when playing. For
bow D, in holding or playing, we cannot conclude if the
difference with bow A was perceptible or not. For the pair
A-FE, both d’ values represent the maximum (holding, d' =
1.27) and minimum (playing, d’ = —0.04) among all tests,
suggesting a noticeable difference between holding and
playing, although not statistically significant.

A plausible explanation for why a variation in the centre
of mass could be better perceived when holding the bow
than when playing with it can be derived from equations
(1) and (3). The force of the little finger necessary to hold
the bow horizontally Fy, is directly proportional to the
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Figure 14. Finger forces necessary to exert a constant force on
the string Fg, for all the possible distances between the frog of
the bow and the hair-string contact point z5. Two bows are
represented, A and F, and two constant vertical forces on the
string Fs = 1 N and Fg = 0.1 N.

position of the centre of mass zcy, so a change of 10% in
this position would be felt through a change of 10% in
the little finger force. The nature of the task lets the partic-
ipant evaluate the change in F7,, since it is not time depen-
dant. In contrast, when bowing the string with a specific
vertical force, the fingers should adapt their force on the
stick for each different bow-string contact point Fg, as illus-
trated in Figure 14. Consequently, in a playing situation
violinists can only evaluate differences in finger forces
dynamically, which may be more difficult. A change of
Ty implies a displacement of the vertical intercept of the
finger force linear function (Eq. (3)), and consequently also
a displacement of z., (i.e. the point of the bow where the
player transitions from pressing with the little finger to
pressing with the index). These changes would affect the
“comfort zone”, defined as the segment of x5 where the
player’s finger forces do not exceed a comfortable threshold.
For a typical vertical force of the bow on the string of Fg =
1 N (as per [19]), the comfort zone is 1.1 cm closer to the
frog in bow E than in bow A (see Fig. 14). Given that under
normal playing conditions the speed of the bow on the
string is several centimetres per second, this displacement
appears too small to be perceived during a stroke.

Since participants did not play particularly soft in the
test, a vertical force of 1 N seems appropriate. Note,
however, that when playing with a very low vertical force,
such as Fg = 0.1 N (lowest force that still produces a steady
tone, as per [19]), only the little finger would be involved,
resembling a holding situation with the player using his
or her little finger to reduce the vertical force on the string.
This force would vary less along the length of the bow (see
Fig. 14), potentially allowing violinists to better perceive
the differences between bows with contrasting centre of
mass positions. Furthermore, the displacement of the com-
fort zone would be much larger, reaching up to 11.4 cm for
the A-FE pair for this specific force Fg = 0.1. A separate
study that constrains the participants to play only in piano
dynamics could clarify whether sensitivity to centre of mass
displacements improves when playing with low vertical
forces.

Bows B and C differ from A in their moments of inertia,
with a variation of +4% and +11.6% respectively. Partici-
pants were in general sensitive to both variations when
playing, as it is shown in Table 3 with values of d’ signifi-
cantly greater than zero. Contrariwise, we cannot say the
same for the holding test, since the LCB falls below zero
for both bows. Although not significantly, both d’ values
in holding are well above zero (0.68 for B and 0.70 for C),
so we speculate that they are also perceived as different
from bow A when holding. However, we would need more
participants to confirm a statistically significant difference.

6.3 Comparison between discrimination and free
evaluation tests in Paris

During the discrimination test, participants were not
asked for the criteria they were using to give a response. This
decision was made in order to diminish the cognitive fatigue
associated with such tasks. As a result, we do not know the
exact criteria chosen by the participants in the discrimina-
tion test. However, the free evaluation test helps identify
these criteria. To optimise the task, only the bows with a
big variation in the moment of inertia (bow C) and in the
position of centre of mass (bow E) were considered for the
free evaluation test. We expect these criteria to be similar
to those used by the participants during the discrimination
test.

In the free evaluation test, participants described the dif-
ferences between bows with a substantial change in either
the moment of inertia or the position of the centre of mass
(pairs A-C and A-F respectively). Bow C was perceived
heavier than the reference bow A. Additionally, a significant
number of comments referred to an alteration in spiccato
performance. These changes in the perceived qualities, prob-
ably from differences in the effort exerted by their fingers or
from variations in the bouncing frequency of the bow (cf.
Sect. 2.3), may be the origin of the good performance shown
by participants in the discrimination tests.

Concerning bow FE, most of the comments on heaviness
described it as lighter than bow A. This perceived lightness
can be attributed to the reduced effort to keep the bow hor-
izontal (cf. Sect. 2.2), which has been suggested as the cause
of the good sensitivity for pair A-Fin the discrimination test
by holding. However, it is important to note that the free
evaluation test involved playing the violin with the bows
rather than just holding them, and the results of the discrim-
ination test by playing did not indicate strong sensitivity for
pair A-E. We hypothesise that the less constrained nature of
the free evaluation test, which allowed violinists to explore
the bows more freely in terms of time and repertoire, enabled
them to feel the differences not only while playing but also
when they were not making contact with the strings. This
broader exploration may have led them incorporate aspects
from the holding task into their judgments.

7 Conclusion

The goal of the present study was to explore how
violinists perceive differences in bow mass distribution.
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A custom-made lightweight violin bow, to which masses
could be added along the stick, was tested in different per-
ceptual experiments. The mechanical properties of interest
for this study were the horizontal position of the centre of
mass and the moment of inertia around the pivot point
formed by the thumb and middle finger. A set of five dis-
tinct mass configurations were designed, facilitating inde-
pendent adjustments of both mechanical properties while
maintaining the total mass constant.

A preliminary discrimination test was conducted in
Nantes. It consisted in an A Not-AR test, during which
the first bow was always reference bow A, and the second
could be the same bow or a different one. Participants failed
to identify the same bow a high number of times, revealing
a significant bias in their responses that could compromise
the precision of the sensitivity calculations. However, most
participants were consistent in describing the differences
between contrasting bows: they felt a change in heaviness
when the centre of mass moved by an amount of 10%,
and a different spiccato behaviour when the moment of
inertia was increased by 12%. We hypothesise that the pro-
tocol of the discrimination test was not effective in high-
lighting the differences they felt in the free evaluation,
because it may have led them to perceive differences with
the same bow likely related to differences in playing. Conse-
quently, a second set of experiments was conducted in Paris
with other violinists, which included two discrimination
tests using a more suitable protocol (CR-DT) and a free
evaluation test.

The first discrimination test in Paris involved violinists
evaluating differences by holding and shaking the bow in
the air. In the second discrimination test, violinists were
asked to play their own instruments with the given bows.
Finally, the last test focused on evaluating large changes
in mass distribution, with participants verbally expressing
any perceived differences in detail. During the first test,
violinists did not seem to perceive a variation of 4% in
the centre of mass, but they successfully detected a change
of 10%. However, their sensitivity to such changes appeared
to decrease when playing with the bow in the second test, as
they did not seem to perceive either small or large changes
in this parameter. This decrease in sensitivity during play-
ing could be due to the complexity of evaluating changes in
finger force, as it varies constantly during a bow stroke,
whereas the necessary finger forces to hold the bow horizon-
tally does not change with time. Concerning changes in the
moment of inertia, both bows with a little (4%) and a big
(12%) variations were perceived significantly when playing
and at the limit of significance when holding, indicating
that a majority of violinists may be sensitive to both small
and big modifications of this parameter. Finally, the com-
ments during the free evaluation test suggest that both
modifications altered the perceived weight of the bow,
surely from haptic differences through their fingers, but
the moment of inertia seems to have a greater influence
on the quality of bouncing bow strokes. This raises doubts
about the ‘rigidity” among players and dealers regarding
what constitutes an acceptable weight for a bow (around
60 £+ 1 g), as heavier and lighter bows are often avoided

due to concerns about their marketability. Our study sug-
gests that perceived weight can fluctuate without a change
in mass, indicating that mass may not accurately reflect
perceived weight. Further research involving variations in
total mass while keeping the centre of mass constant could
provide additional insights into how violinists perceive bow
weight.

The mass distribution is only one of the mechanical
properties of a bow, with other characteristics such as
elasticity, camber, density, and total weight also playing a
fundamental role in the perception of its qualities. The
advantage of the bow’s mass distribution is that it can be
easily adjusted by bow makers by changing the components
of the frog and tip with lighter or heavier alternatives. The
presented findings highlight the complexity of bow quality
perception solely based on differences in mass distribution,
offering insights into the perceived qualities dependent on
this property.
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Appendix A

Bouncing frequency of the bow on a rigid support

This appendix corresponds to the model referenced by
Askenfelt and Guettler in their paper [15]. While they present
the final formula of the bouncing frequency, they do not detail
the steps leading to it. To verify the result, we adopted the
assumptions from their model and independently worked
through the process to see if we arrived at the same formula, which
we did.

Following [15], the bow can be modelled as a rigid stick
attached to an elastic hair. In this model, the bow is positioned
horizontally, supported by both the pivot point and the string,
which is considered a rigid support for this approximation. If there
is no action from the violinist, the forces acting on the bow would
be solely the weight of the bow W, and the reacting forces from
both the string Fg and the pivot point at the thumb Fr (see
Fig. Al).

‘When the hair of the bow is in contact with the string, it bends
into a shape similar to a triangle. Figure A1 illustrates the dimen-
sions of the hair after loading and the main forces involved in this
deformation. Through some simplifications, it is possible to obtain
an expression of the restoring force that acts to restore the hair to
its equilibrium position (dashed line in Fig. A1). First, let us apply
Newton’s second law to the loading point of the hair, which is in
translational equilibrium:

Fs+Ty+Ty=0.

Assume that the point of contact between the hair and the load-
ing force is frictionless for this particular problem. In that case,
tension is constant along the length of the hair, and we have
T, = T[; = T. Projecting Newton’s second law onto the y-axis
gives then:

Fs— T,sino — fﬁsin[)’ =Fg— T(sino+sin ff) = 0.

For a bow that has been tightened, angles & and f remain fairly
small during bouncing. Therefore we can use the small—angle

sin f = tan ff =
(see Fig. A1). The formula for the restoring force Fy is then simpli-
fied to:

approximation: sino ~tana =2 and
Xs

L,\q

Fs =~ L =k
S XS(L _XS))’ eqya

where ko, = TL[zs(L — 25)] ™" is the equivalent stiffness of the
hair for an in-plane vertical displacement y.

Let us suppose that the bow can rotate around an axis perpen-
dicular to the -y plane, passing through 25 = 0. Let us assume that
the only forces that act on the system are the restoring force
Fs= = keyyuy and the weight W ow = Miow, g cos 0(—11y), where g is
the gravitational acceleration. Using small-angle approximations,
we obtain 0 ~ Xis y— 0= x% y and cosf = 1. Applying the rotational
form of Newton’s second law with these approximations leads us to
the following equation of motion:

TL
F—4
Xs

- FSXS = MpowgXcm — _

. 1
10 ~ 1 —5 = WyewXcu
Xs

TLxg _ Myow8XenXs
1L —xs)” I

y+

Fs(0)

Figure Al. Forces on the bow (top) and on the loaded hair
(bottom). The vertical axis of the loaded hair has been amplified
to aid in visualizing the forces.

This equation describes the motion of a forced harmonic oscillator
with a constant forcing term, due to the weight of the bow (right
side of the equation). The oscillator is characterised by its natural
angular frequency g, which depends on the tension of the hair T,
the position of the loading point along the z-axis xs, and the rota-
tional inertia of the bow L

_ TLXS
TN =)
The constant force shifts the equilibrium position of the oscillator
but does not affect its natural angular frequency wy. Finally, the
formula for the bouncing frequency of the bow in contact with
the string is deduced from wy straightforwardly:

o= TLxs
PN om \[1(L = xs)’

which is the same formula presented in [15].

Appendix B

Signal detection theory concepts

Signal detection theory (SDT) begins with the premise that
almost all reasoning and decision-making occur amidst some level
of uncertainty. Below are all the concepts and formulas used in this
paper.

B.1 Decision strategies

Three major decision strategies are commonly reported in the
literature for A Not-AR and Duo-Trio tests: the likelihood ratio
(p-strategy), the difference (t-strategy), and the comparison-of-
differences (COD-strategy, only for Duo-Trio) [35]. The fS-strategy
involves setting a criterion at some level of the ratio of the likeli-
hoods of the two stimuli presented and then making a decision
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based on where the perceived ratio from the stimuli of a trial falls
relative to this criterion. Conversely, the t-strategy involves
making a decision based on the comparison of the differences from
both stimuli with the reminder. Finally, the COD-strategy is
similar to the t-strategy, but in this case, the absolute difference
from both stimuli is taken into account (the sign of the difference
is ignored).

For a given perceptual difference, these decision strategies
influence discrimination performance (in terms of proportion of
correct answers), which needs to be accounted for. Therefore, dif-
ferent formulas have been derived for calculating sensitivity
indexes depending on the strategy. As only the t-strategy has been
hypothesised in this paper, only the formulas corresponding to this
strategy will be presented here.

B.2. Protocol used in Nantes: A Not-AR test

The responses of the participants to an A Not-AR test,
explained in Section 4.2, can be represented in a contingency
table like Table B1. The stimuli S; and S, represent the bow pre-
sented after the reference bow A, and R; and R, the two possible
answers.

Participants’ sensitivity can be estimated from the distance
between Hit (H) and False Alarm (F) rates, namely the d’
(d-prime) statistic. For a thoughtful but friendly explanation of
this measure, let us refer to the work of O’Mahony [36]. H and F
are defined as follows:

_ Hits False alarms
" Hits + Misses

~ F.alarms + C.rejections’

B.2.1 Sensitivity
The formula for calculating d’ in the case of a t-strategy is the
following:

d = V2[0 ' (H) - o (F)], (B1)
where d)*l(P) denotes the operator giving the inverse of the
normal cumulative distribution .4°(0,1) for the probability P,
namely zscore.

The variance of d’ can be approximated from the variance
of zscores (see Chapter 13 in Hautus et al. [37]). These values
follow an approximately normal distribution, with the following
variance:

P(1—P)

o2 ((1)71 (P)) = Ni[d) (q)—l (P))]

(B2)

where ¢(z) denotes the standard normal density function
for the z-score and N the number of trials. The variance of
d’ is then:

2(d) = 2H(1 — H) 2F(1—F)

= > S (B3)
Ni[g(@7 (H))]T N [¢(@7H(F))]

where N; and N, are the number of trials of S; and S,
respectively.

B.2.2 Bias

SDT also gives a simple measure of bias, the criterion location
¢, calculated from H and Frates (see Chapter 2 in Macmillan and
Creelman [23]):
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Table B1. Stimulus-response table for an A Not-AR test.

R;: A (Same)
S]Z A Hits

R,: Not-A (Different)

Misses (error)

So: Not-A  False alarms (error) Correct rejections
1
c=—5 [0 (H)+ > (F)] (B4)
7(e) = ;[0 (@7 (1)) + o (@7 (F)]. (B5)

When F exceeds the miss rate (1 — H), ¢ turns negative, and vice
versa. When those rates are similar, ¢ tends to zero, indicating an
absence of bias towards one response or the other. Extreme values
of ¢, higher than 1 or lower than —1, occur when H or F are both
large or small.

B.2.3 Confidence intervals and null hypothesis significance
testing

To determine if d’ values are significantly greater than zero, a
one-sided difference test is performed. The null hypothesis is
H,y: d' <0,1i.e. there is no perceptual difference between both stim-
uli S; and S,. The alternative hypothesis H; : d' > 0 posits that
there exists a perceptual difference between them. For a confidence
level o, the lower one-sided confidence bound is calculated as

follows:
LCB =d' —z;_,\/a(d),

where 2z_, = ® (1 — ) is the zscore for the confidence level
1 — . The null hypothesis can be rejected at the o level if
d" = 0 falls below the lower bound of the interval, i.e. if

d > z1_4\/0?(d'). In this study, the typical value of o = 0.05

was consistently used.

The two-sided confidence interval would be used to test if d’ is
greater than or less than a certain value. In our case, this approach
does not seem appropriate to evaluate the difference with zero,
since d’ should only grow in the positive way due to a greater dif-
ference between the stimuli. However, the two-sided confidence
interval gives a general idea of the possible range of the true value
of d’, reason why it is shown in Figures 9 and 12. It is also used to
evaluate the significance of the difference between two d’ values,
and it is calculated as follows:

{d, — Z1-u/2V O'z(d/),d, +Zlfz/2\/ O'z(d/)] .

Contrarily to d’, the criterion location ¢ can take either positive or
negative values depending on the bias. To determine if it is signif-
icantly different from zero, a two-sided test is performed with the
null hypothesis Hy : ¢ = 0 (no bias). The confidence interval of ¢ for
a confidence level o is:

o= 2o/ + 21/

The null hypothesis can be rejected at the « level if ¢ = 0 falls out-
side the confidence interval.

(B6)

(B7)

(B8)

B.3. Protocol used in Paris: Duo-Trio test

Before diving into the complexity of processing the sureness
levels associated with the responses of the participants, let us first
present the simple case, without taking them into account.
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Table B2. Stimulus-response table for a Duo-Trio test.

Rq: Ref. first
HitSl
Misses, (error)

Rs: Ref. last

Si: Ref. first
So: Ref. last

Misses; (error)
Hith

B.3.1 Duo-Trio test without sureness levels

For Duo-Trio tests, also called Two-Alternative Forced Choice
with Reminder (2-AFCR) tests, a contingency table like that of
the A Not-AR test (Tab. B1) is not possible, since both stimulus
are presented in every trial. Participants were asked to choose
which one, the first or the last, is equal to the reference stimulus.
However, an analogous table (Tab. B2) can be constructed based
on the order in which the stimuli are presented [23]. The stimuli Sy
and S, represent the two possible sequences, either with the refer-
ence in the first or last position, and R; and Ry the two possible
responses.

H and Frates are calculated from Table B2 similarly as for the
A Not-AR test:

_ HitSl
" Hits; + Misses;

_ Misses,
" Hits, + Misses, |

The sensitivity index for the t-strategy can be calculated with the
following formula [25]:

/7L -1 !
dfﬁ[(l) (H) -0 '(F)].

The calculation of the variance of d’ and the criterion location c, as
well as their respective confidence intervals, is done similarly to the
case of A Not-AR tests.

(B9Y)

B.3.1. Duo-Trio test with sureness levels

When participants provide a sureness level for each answer, a
table similar to Table B3 can be constructed. Each combination of
sureness level and the accuracy of the answer (i.e., each column in
Tab. B3) represents a distinct criterion for detecting a difference
[38]. Using these criteria, a set of experimental points can be plot-
ted in the FH-plane, forming the points of a receiver operating
characteristic curve (ROC).

Experimental ROC points from Table B3 can be built using
the next expressions:

1 & K
H,=— a;, WwithN;=)> a; B10
k NI; 1 /:2:1 j ( )
1< K (
Fp=— b;, withNy =5 b;. B11

Here, K is the total number of criteria (columns of Tab. B3) and
0 < k< K. At first, the criterion for calculating H and F'rate would
be to consider the highest sureness, that is, the first column of
Table B3. That gives the pair (Hy, F}). Then the criterion would
be lowered progressively to give the rest of the pairs.

The R-index is an estimator of the area-under-curve (AUC) of
the aforementioned ROC curve. It quantifies the difference
between two samples in terms of the probability of detecting such
difference in a paired comparison. A R-index value close to 1.0
indicates that paired samples are easy to differentiate, while a
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Table B3. B3 Stimulus-response table for a Duo-Trio test with
three sureness levels: NS (not sure at all/guessing), S (sure) and
VS (very sure).

Ri: Ref. first Rs: Ref. last
VS S NS NS S VS

Si: Ref. first aj as ag ay as ag
Sg: Ref. last b1 bQ bf; b4 b5 b()

value near 0.5 shows that those stimuli are not easily distinguish-
able. Supposing that both H and F follow normal distributions
with equal variance, the R-index and its estimated variance
6*(R) are related to the Mann-Whitney statistic U, defined as:

K-1 K 1 K
U= > 0t > an
=1 j=itl k=1

These relations were provided by Bi, equations (3) and (9) [38]:

I U
NN,
5*(R) = NllNz [R(1=R)+ (N2 —1)(¢q, +R?)

+(NV1 = 1)(g, — R*)],

2
represents the cumulative distribution function of a

where ¢ = ¢, = F(xo), Xo = (41 < %5, 7> < %) and F()

bivariate normal distribution with mean vector pu =

(0, 0) and covariance matrix X = <015 Of) )

For 2-AFC tests (Two-Alternative Forced Choice tests), d’
and its estimated variance 62(d’) can be linked to R as follows
(Bi, Egs. (29) and (30) [38]):

d = V207'(R) (B12)
2
#(2)

We assume that the previous equations are also applicable for
Duo-Trio (2-AFCR) tests using a t-strategy, since the value of
d" (Eq. (B9)) is the same as for 2-AFC tests [25].

From the value of d’ and its variance, the LCB and confidence
interval used for hypothesis testing is calculated similarly than for
the A Not-AR test (Egs. (B6) and (BT7)).

Appendix C

ROC curves from Paris discrimination tests

The data points derived from the Paris discrimination tests
using equations (B10) and (B11) are illustrated in Figure C1. In
each case, a total of 18 points are computed, corresponding to
9 sureness levels for each of the 2 possible answers. The diameter
of each marker is proportional to the number of points that share
the same coordinates (ties). From the calculated values of d' using
equation (B12), a theoretical ROC curve is represented as a blue
line, following the function F'+ H derived from equation (B9):
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Figure C1. Experimental ROC points and theoretical ROC
curves (in blue) for the Paris discrimination tests. Holding test
on the left, playing test on the right. From top to bottom: bows
B, C, D and E. The 95% confidence interval for the theoretical
curve is represented as a blue filling.

H(F) = o(@7(F) + V2d'),

where ®(z) is the operator giving the normal N(0, 1)
cumulative distribution for the zvalue. Consequently,
the blue line depicted in each subfigure is not intended
as a fit to the experimental points in the FH-plane, but
rather represents the theoretical curve derived from the
calculated value of d’ based on these points, under the
assumption that all previously discussed conditions
(including the use of a t-strategy by all participants) are
satisfied. The two-sided 95% confidence interval for d’
(Eq. (BT7)) is represented as a filling around each ROC
curve.
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