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Abstract – The Classical Plate Theory (CPT), First-order Shear Deformation Theory (FSDT), and Third-
order Shear Deformation Theory (TSDT) have been widely applied in analyzing the Sound Transmission
Loss (STL) of composite laminates. However, there are no accurate criteria or formulas to determine the
convergence criterion in the process of sound transmission loss analysis. The current method for deter-
mining convergence is based on assessing a few typical frequencies to judge convergence across the entire
frequency range, resulting in inaccuracies in the high-frequency region and wasting significant computa-
tional resources. To address this issue, this paper proposes a new convergence criterion and formula based
on CPT, FSDT, and TSDT. These formulas provide a precise framework for determining the optimal num-
ber of modes required for convergence, ensuring computational efficiency and accuracy in STL calculations
for composite laminates across all frequency ranges.
Keywords: Sound transmission loss, Composite laminates, Convergence criterion

1 Introduction

Currently, scholars have conducted extensive research
on the sound transmission loss (STL) of composite lami-
nated plates, and reliable calculation methods for STL
based on CPT, FSDT, TSDT, HSDT, and Biot the-
ory have been developed. However, the convergence cri-
teria and calculation formulas for the STL of compos-
ite laminates are not yet mature. Relying solely on
experience or rough judgments can easily lead to poor
accuracy in the results of the high-frequency range of
STL.

When the thickness of a plate is less than 1/20 of the
wavelength of the deformation mode, the plate can be
treated as a thin plate structure. In thin plate analysis,
the effects of shear and rotation are neglected in the equa-
tions of motion. This is referred to as the Classical Plate
Theory. Craven and Gibbs [1, 2] applied CPT to sim-
ulate the propagation of sound waves generated at the
connection between any structure attached to the plate,
demonstrating the accuracy of their results through com-
parison with previous literature. Lee and Ih [3] utilized
CPT to study the STL of finite large single-layer parti-
tions, investigating differences between overall STL and
non-resonant STL.
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CPT can provide accurate results in the low-frequency
range; however, its accuracy diminishes in the high-
frequency range. Therefore, the equations should be
adjusted using the first-order shear deformation theory in
order to consider the impact of shear deformation, yielding
more precise results. Shen [4] established a theoretical
model for the STL of orthogonally reinforced composite
laminates using FSDT. They solved the vibroacous-
tic governing equations through the spatial harmonic
expansion method, providing a basis for further acoustic
optimization. Ye [5] simulated the top and bottom plates
of composite sandwich panels with a core using FSDT.
A linear displacement model was used to analyze the
transverse and in-plane displacements of the soft-core
layer, examining the transmission loss of vibration and
sound in softcore sandwich panels. Based on FSDT, Hu
[6] proposed a semi-analytical model for analyzing the
STL of functionally graded material plates under thermal
loading. The model investigates the impact of material
parameters, boundary conditions, and other factors on
STL. Fu [7], using FSDT, established an STL model for
doublelayer reinforced composite laminates. This model
considered the excitation force of plane sound waves and
employed the principle of virtual work for an analytical
solution, analyzing the influence of geometric parame-
ters on STL. Chandra [8], employing FSDT, analyzed
the vibration and STL characteristics of functionally
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graded material plates, studying different loads and
incident sound waves to analyze their variations. Kim
[9] developed a free vibration theoretical model for com-
posite laminates and sandwich panels, using FSDT to
establish a mixed variational principle. Their method’s
accuracy was validated through comparison with previous
literature. Chen [10] conducted research on four-edge
simply supported functionally graded material sandwich
panels based on FSDT. Through numerical comparisons
and analysis, the study investigated the characteristics
of free vibration and STL, investigating how various
parameters impact the fundamental frequency and sound
insulation capabilities.

For moderately thick plates or laminates, the influence
of transverse shear deformation is significant. The third-
order shear deformation theory can better meet the accu-
racy requirements and provide a better description of shear
deformation and shear stress distribution along the thick-
ness direction of the plate. Shi [11] introduced an improved
TSDT for analyzing the vibroacoustic problems of shear-
flexible plates. It derived consistent variational governing
equations and appropriate boundary conditions, which can
easily be applied to static and dynamic analyses of lami-
nates. Amabili [12] studied the nonlinear forced vibration
of composite laminates using both FSDT and TSDT. It
compared response curves calculated using different the-
ories and conducted a thorough analysis of the results.
Danesh [13] analyzed the STL of functionally graded mate-
rial plates under plane wave excitation and external volt-
age. By combining TSDT with the Hamiltonian princi-
ple, it obtained the vibroacoustic governing equation of
the plate and solved it analytically to obtain STL curves.
Saffari [14] investigated the STL of porous functionally
graded materials (PFGM) using TSDT, considering three
models with non-uniform core porosity distribution, and
assessed the effects of temperature changes on STL. Muc
and Flis [15] analyzed the free vibration characteristics
of porous functionally graded plates using TSDT and the
Ritz method. Vinyas [16], combining TSDT with finite ele-
ments, analyzed the vibration frequency response of annu-
lar plates. An analytical approach based on TSDT was
used by Gunasekaran [17] to analyze the vibroacoustic
response of plates made of functionally graded graphene-
reinforced composite material. It considered the influence
of edge loads on free vibration modes and analyzed reso-
nance amplitudes.

For the analysis of STL in thick plates, it’s nec-
essary to consider the higher-order shear deformation
theory (HSDT). A simplified approach for solving the
free vibration of functionally graded plates using HSDT
was introduced by Belabed [18]. The lateral displace-
ment is divided into bending, shearing, and stretching
components, significantly reducing the workload of the-
oretical analysis by reducing the number of unknowns.
Mantari [19], based on HSDT, proposed a heartwood
composite laminate theory, explaining the approximate
parabolic distribution of transverse shear strains with

Figure 1. Analysis of the effect of convergence or not on STL.

boundary conditions and analyzing static and dynamic
results of different thickness plate shells. Zhang [20,
21] proposed a method considering structural stiffness
and strength constraints that significantly improved the
sound insulation performance of composite laminates
while reducing the mass of the viscoelastic damping
layer. Using HSDT, Xu [22] investigated the character-
istics of STL in nanocomposite plates reinforced with
porous graphene that are functionally graded. They sim-
plified the analysis model and investigated sound radi-
ation and transmission. Naves [23–25] proposed a new
HSDT with parabolic variation by expanding the in-plane
displacement using sine and hyperbolic functions.

Berryman [26] compared experimental measurements
with Biot’s theory for composite materials and conducted
an analysis of parameters like porosity. Bolton [27] and
others used Biot’s theory to analyze the propagation of
sound waves in porous elastic materials. They derived
analytical solutions to calculate the STL of polyurethane
foam boards. Ye [28] and Tian [29] studied the sound
transmission loss of sandwich plate based on high order
shear deformation.

Analyzing the current state of research on STL in
composite laminates reveals that the governing equa-
tions of motion of these laminates are primarily based on
CPT, FSDT, TSDT, HDST, and Biot’s theories. How-
ever, for laminates, there is currently no reliable conver-
gence criterion and formula for theoretical results of STL.
The current approach to determining convergence mainly
involves analyzing a few typical frequencies and then esti-
mating the convergence for other frequencies. Yet, if the
truncation iteration count does not converge during STL
calculations, significant loss of STL data in the high-
frequency range can occur, leading to inaccurate results,
as shown in Figure 1, in the low-frequency range below
1000 Hz, the results are almost coincident, but the results
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Figure 2. Coordinate system and ply numbering used for laminates.

in the frequency range above 1000 Hz are incorrect. This
paper establishes for the first time a convergence criterion
and formula for calculating the basic convergent mode
numbers of STL in composite laminates. This can be
directly used to determine the truncated iteration count
for STL across all frequency ranges.

The structure of this paper is as follows. In chapter
Two, based on CPT, FSDT, and TSDT, we derive and
analyze the theoretical governing equations for STL in
composite laminates. Chapter Three presents analysis of
the convergence characteristics and parameter influences
of laminates and derives the convergence criterion for-
mula for composite laminates. Chapter Four concludes
the paper.

2 Theoretical formulation

2.1 Basic assumption

At the current stage, the commonly used thin plate
theories are CPT, FSDT, and TSDT. In this section,
the accuracy of these theoretical models is verified
through calculations, and based on this, the vibration
and sound transmission model for laminated plates is
derived. According to the CPT, the displacement function
expression of laminated plates can be written as [30]:

us(x, y, z, t) = u0s(x, y, t)− zs
∂w0

∂x

vs(x, y, z, t) = v0s(x, y, t)− zs
∂w0

∂y

ws(x, y, z, t) = w0s(x, y, t) (1)

where, (u0s, v0s, w0s) is the displacement of laminated
along the coordinate axes on the x–y–z plane.

According to the FSDT, the displacement function
expression of laminated plates can be written as [30]:

us(x, y, z, t) = u0s(x, y, t) + zϕx(x, y, t)
vs(x, y, z, t) = v0s(x, y, t) + zϕy(x, y, t)
ws(x, y, z, t) = w0s(x, y, t) (2)

where ϕx = ∂u
∂z , ϕy = ∂v

∂z .

According to the TSDT, the displacement function
expression of laminated plates can be written as [30]:

us(x, y, z, t) = u0s(x, y, t) + zφx(x, y, t)

− 4
3h2

z3

(
φx +

∂w0

∂x

)
vs(x, y, z, t) = v0s(x, y, t) + zφy(x, y, t)

− 4
3h2

z3

(
φy +

∂w0

∂y

)
ws(x, y, z, t) = w0s(x, y, t). (3)

2.2 Constitutive equation

Assuming that the coordinate system shown in
Figure 2 is used, with n orthogonal anisotropic layers,
where each layer has an elastic symmetry plane parallel
to the x–y plane, we can express the constitutive equa-
tion of the layer for a rectangular plate of total thickness
h as:

σx

σy

σxy

σyz

σxz


=


Q11 Q12 0 0 0
Q12 Q22 0 0 0

0 0 Q66 0 0
0 0 0 Q44 0
0 0 0 0 Q55





εx

εy

γxy

γyz

γxz


(4)

where, Qij is the material parameters for each layer:

Q11 =
E1

1− ν12ν21
, Q12 =

ν12E2

1− ν12ν21
=

ν21E1

1− ν12ν21

Q22 =
E2

1− ν12ν21
, Q66 = G12. (5)

As laminated plates are composed of several orthogonal
anisotropic layers, and the material axes of each layer
can have any orientation with respect to the laminated
plate coordinates, the constitutive equation for each layer
must be transformed into the laminated plate coordinates
(x, y, z). The stress-strain relationships in the k layer of
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Table 1. Intrinsic frequency results for analytical and numerical solutions.

Mode

number

(m,n)

CPT (Hz) FSDT (Hz) TSDT (Hz)

FEM

solution

(Hz)

Modal shape

(1, 1) 28.74 28.74 28.74 28.74

(1, 2) 71.86 71.82 71.85 71.84

(1, 3) 143.69 143.56 143.68 143.76

(1, 4) 244.23 243.86 244.20 244.95

(1, 5) 373.44 372.57 373.36 376.60

(2, 2) 114.96 114.88 114.95 114.91

(2, 3) 186.79 186.57 186.76 186.76

(2, 4) 287.31 286.79 287.26 287.84

(2, 5) 416.50 415.42 416.40 419.32

(3, 3) 258.59 258.17 258.55 258.51

(3, 4) 359.09 358.29 359.01 359.42

(3, 5) 488.25 486.76 488.10 490.64

(4, 4) 459.55 458.23 459.42 460.08

(4, 5) 588.66 586.50 588.45 590.94

(5, 5) 717.71 714.51 717.40 721.30

the laminated plate coordinates are given by:





σx

σy

σxy

σyz

σxz






(k)

=





Q̄11 Q̄12 Q̄16 0 0

Q̄12 Q̄22 Q̄26 0 0

Q̄16 Q̄26 Q̄66 0 0

0 0 0 Q̄44 Q̄45

0 0 0 Q̄45 Q̄55





(k)




εx

εy

γxy

γyz

γxz






.

(6)

The transformed material parameter Q̄ij is given by:

Q̄11 = Q11cos4θ + 2 (Q12 + 2Q66) sin2θcos2θ +Q22sin4θ

Q̄12 = (Q11 +Q22 − 4Q66) sin2θcos2θ

+Q12

(
sin4θ + cos4θ

)
Q̄22 = Q11sin4θ + 2 (Q12 + 2Q66) sin2θcos2θ +Q22cos4θ
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Q̄16 = (Q11 −Q12 − 2Q66) sin θcos3θ

+ (Q12 −Q22 + 2Q66) sin3θ cos θ

Q̄26 = (Q11 −Q12 − 2Q66) sin3θ cos θ

+ (Q12 −Q22 + 2Q66) sin θcos3θ

Q̄66 = (Q11 +Q22 − 2Q12 − 2Q66) sin2θcos2θ

+Q66

(
sin4θ + cos4θ

)
(7)

where, the fiber orientation angle θ represents the angle
between the fiber direction of each individual layer and
the x-axis.

Assuming that the length and width of the laminated
plate are a and b, respectively, the displacement field of the
four-ended simply supported plate can be expressed as:

u(x, y, t) =
∞∑

m=1

∞∑
n=1

Umn cosαx sinβy

ν(x, y, t) =
∞∑

m=1

∞∑
n=1

Vmn sinαx cosβy


(antisymmetric cross-ply)

u(x, y, t) =
∞∑

m=1

∞∑
n=1

Umn sinαx cosβy

v(x, y, t) =
∞∑

m=1

∞∑
n=1

Vmn cosαx sinβy


(antisymmetric angle-ply)

w(x, y, t) =
∞∑

m=1

∞∑
n=1

Wmn sinαx sinβy (8)

where, i =
√
−1, α = mπ/a, β = nπ/b.

To verify the accuracy of the three plate theories men-
tioned above, a study was conducted on the precision of
the free vibration solutions for these theories. Table 1
shows the free vibration of simply supported laminated
plates in an air medium, calculated using both theoreti-
cal methods and finite element numerical methods. This
laminated plate has dimensions of 1 m, with a thickness
of 0.002 m for each of the four layers. The density is
1400 kg/m3, Young’s modulus is 20e9 Gpa, shear modulus
is 7.6923e9 Gpa, Poisson’s ratio is 0.3, and the layer angles
are [0, 90, 90, 0]. In the finite element method, multi-layer
shell elements were used for modeling, with 50 elements in
both longitudinal and transverse directions. As shown in
Table 1, the results obtained by the three thin shell the-
ories are almost identical to those obtained by the finite
element method calculation.

2.3 Equations of fluid and sound boundary conditions

As shown in Figure 3, when the sound wave pi is inci-
dent on the layered panel along the x–z plane at an angle
θi, it generates reflected sound wave pr and transmitted
sound wave pt. The layers of the layered panel from top to
bottom are the first layer to the nth layer. In the figure,
hn and hn+1 are the upper and lower surfaces of the nth
layer, respectively. The upper and lower sides of the layered
panel are both air media. To facilitate modeling and anal-
ysis, cylindrical coordinates are also used to represent the
STL.

Figure 3. Acoustic wave incidence diagram of laminates [31].

The harmonic incident sound pressure in the plane on
the upper surface of the laminate can be described as [6]:

pi(x, y, z) = p0e
j(ωt−kxx−kyy−kzz) (9)

where, p0 denotes the incident sound pressure amplitude,
ω denotes the acoustic circular frequency, (kx, ky, kz) are
the wave number components along the (x, y, z) direction
respectively, which can be written as:

kx = k0 sinϕ cos θ

ky = k0 sinϕ sin θ

kz = k0 cosϕ

(10)

where, k0 = ω/c denotes the number of waves in the air,
and c is the speed of sound.

The reflected sound pressure can be expanded into a
double Fourier series [5]:

pr(x, y, t) =
∞∑

m=1

∞∑
n=1

Rmnηmne
j(ωt+kzz) (11)

where, ηmn = sinαx sinβx, α = mπ/a, β = mπ/b; Rmn

is the m–n order reflected sound pressure amplitude.
The transmitted sound pressure can be described as:

pt(x, y, t) =
∞∑

m=1

∞∑
n=1

Tmnηmne
j(ωt−kzz) (12)

where, Tmn is the m−n order transmitted sound pressure
amplitude.

Tmn =
jρ0ω

2Wbmn

kz
ej hkz

2 . (13)

2.4 The governing equations for composite laminates
based on the theories of CPT, FSDT, and TSDT are
as follows

Continuing with the study of the acoustic transmis-
sion loss for the CPT, the FSDT and the TSDT, and
deriving the control equations for the laminated under the
three theories, the matrix form of the control equations
of motion for the three theories is given below.
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The transfer matrix equation for laminates based on
CPT [30] is:

See the Equation (14) bottom of the page

The nonzero elements are given in Appendix A.
The transfer matrix equation for laminates based on

the FSDT [30] is given by:








S11 S12 0 S14 S15

S12 S22 0 S24 S25

0 0 S33 S34 S35

S14 S24 S34 S44 S45

S15 S25 S35 S45 S55





− ω
2





I0 0 0 0 0

0 I0 0 0 0

0 0 I0 0 0

0 0 0 I2 0

0 0 0 0 I2














Umn

Vmn

Wmn

Xmn

Ymn






=






0

0

Pmn

0

0






.

(15)

The nonzero elements are given in Appendix B.
The transfer matrix equation for laminates based on

the TSDT [30] is given by:

See the Equation (16) bottom of the page

The nonzero elements are given in Appendix C.

2.5 Validation of sound transmission loss

By applying the Fourier transform to the incident sound
pressure, we can obtain the following translation [6]:

Imn =
4mnπ

(
e−jkxa cosmπ − 1

) (
e−jkyb cosnπ − 1

)
p0[

(kxa)2 − (mπ)2
] [

(kyb)
2 − (nπ)2

] ·

(17)


 s11 s12 s13

s12 s22 s23

s13 s23 s33

− ω2

 I0 0 0
0 I0 0
0 0 Ī0




Umn

Vmn

Wmn

 =


0
0

Pmn

 . (14)




S11 S12 S13 S14 S15

S12 S22 S23 S24 S25

S13 S23 S33 S34 S35

S14 S24 S34 S44 S45

S15 S25 S35 S45 S55

− ω2


m11 0 0 0 0

0 m22 0 0 0
0 0 m33 m34 m35

0 0 m34 m44 0
0 0 m35 0 m55






Umn

Vmn

Wmn

Xmn

Ymn


=



0
0
pmn

0
0


. (16)

The sound transmission loss can be expressed as:

STL = 10log10

( ∞∑
m=1

∞∑
n=1

|Imn|2/

( ∞∑
m=1

∞∑
n=1

|Tmn|2
))

.

(18)

To verify the correctness of the theoretical deriva-
tions in this paper, the laminated plate shown in Table 2
is selected as a reference example, and finite element
analysis software COMSOL is used for comparative
calculations with four-end simply supported boundary
conditions. Considering the incident angles along the x-
axis and z-axis relative to the plane of the sound waves,
the calculation results are shown in Figure 4. The CPT
calculation results show slight deviations compared to
FSDT and TSDT, which is due to the neglect of layer-wise
shear deformation effects in the assumptions of CPT. A
comparison with the finite element method shows that the
curves roughly overlap, thereby validating the accuracy of
the analytical method proposed in this paper.

3 Validation of sound transmission loss and
convergence analysis

3.1 Analysis of convergence characteristics of sound
transmission loss

The convergence curve of acoustic transmission loss of
laminated at 20 000 Hz frequency is shown in Figure 5,
and the curve exists in three regions: non-convergence
region, basic convergence region and complete conver-
gence region, which are defined as follows in this paper:

Non-convergence zone (NCz): When the number
of modal iterations is less than 41, it can be seen that the
error between the acoustic transmission loss value and
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Table 2. Laminated material parameters.

Symbol Description Value Unit

Physical parameter
h Thickness of each layer 0.002 m
a Length 1 m
b Width 1 m
n Layers 4
Material parameter
E1 = E2 Young’s modulus 20e9 pa
G12 = G13 = G23 Shear modulus 7.6923e9 pa
µ Poisson’s ratio 0.3
ρ Density 1400 kg/m3

Air parameters
P0 Amplitude of incident sound pressure 1 Pa
c Velocity of sound in air 343 m/s
ρ0 Air density 1.21 kg/m3

Figure 4. Comparison of the results of the analytical solution
and the finite element method for acoustic transmission loss.

the value of the acoustic transmission loss in the case of
complete convergence is greater than 0.1 dB. The region
where it is true is called the non-convergencezone.

Basic convergence zone (BCz): When the number
of modal iterations reaches 41 times, it can be seen that
the error between the acoustic transmission loss value and
the value of acoustic transmission loss in the case of com-
plete convergence is less than 0.1 dB, and this region is
called the basic convergence zone.

Complete Convergence Zone (CCz): When the
number of modal iterations reaches 1474, it can be seen
that the change value of the STL value has been less
than 0.0001 dB, and this area is called the complete
convergence zone.

Considering the reasonable allocation of computa-
tional resources, when the number of modal iterations
reaches 41 times, the calculation results of STL of lami-
nated no longer appear to jump or lack precision, so when
carrying out the acoustic transmission loss calculation,
the modal number adopts the value of the basic conver-
gence zone to fully comply with the requirements of the
computational accuracy.

Figure 5. Convergence analysis of STL in laminated.

3.2 Influence of medium parameters on convergence

The convergence of the acoustic transmission loss of the
laminated at different frequencies is shown in Figure 6,
which indicates that the number of iterations of the acous-
tic transmission loss of the laminated at different fre-
quencies is different, and the number of modal iterations
required to reach complete convergence is higher with the
higher frequency, and the number of modes in the case of
complete convergence is linearly related to the frequency.
The analysis of the number of iterations required for con-
vergence at different frequencies shows that the conver-
gence is very fast in the range of 1000 Hz to 80 000 Hz,
and the number of iterations required to reach full con-
vergence increases with the increase of frequency and is
linearly related to the frequency of the incident acous-
tic wave as shown in Figure 7, and the number of modes
required to reach full convergence is a logarithmic func-
tion for different thicknesses as the frequency increases
and the number of modes required to achieve full con-
vergence becomes smaller with the increase of thickness,
and therefore, the formula for the convergence criterion
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Figure 6. Convergence value of STL of laminated at different frequencies. (a) 1000 Hz ∼ 8000 Hz (b) 8000 Hz ∼ 80 000 Hz.

Figure 7. Fully converged modal number versus frequency.

can be described as follows:

M(f) = k(h)fm(h) f > 0, k(h) > 0,m(h) > 0 (19)

where, M(f) is the modulus, k(h), m(h) denotes a coef-
ficient related to the thickness of the laminated and f

denotes the frequency of the incident acoustic wave.
In order to establish a generalized convergence cri-

terion for the acoustic transfer loss of laminates, it is
necessary to analyze the convergence of some important
parameters affecting the acoustic transfer loss of lami-
nates. As shown in Figures 8 and 9, the effects of Young’s
modulus and shear modulus of the laminated on the con-
vergence of the STL are analyzed respectively, and it can
be seen that the Young’s modulus and shear modulus of
the laminated have no effect on the STL.

The effect of different laminated thicknesses on the
convergence of STL is shown in Figure 10, and it can
be seen that the convergence of laminated thickness is
related to the number of modes, and the number of
iterations for complete convergence decreases with the
increase of shell thickness and is linearly correlated,
and the change is more obvious at 20 000 Hz, and in

Figure 8. Convergence values of STL for laminates with different Young’s modulus (1000 Hz, 20 000 Hz). (a) 1000 Hz. (b)
20 000 Hz.
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Figure 9. Convergence values of STL for laminates with different shear modulus (1000 Hz, 20 000 Hz). (a) 1000 Hz. (b)
20 000 Hz.

(a) (b) 

Figure 10. Convergence values of STL for different thicknesses of laminated (1000 Hz, 20 000 Hz). (a) 1000 Hz. (b) 20 000 Hz.

the laminated thicknesses of 0.001 m, 0.002 m, 0.003 m,
respectively, 0.004 m, 0.005 m, 0.006 m, the number of
fully converged iterations are 53, 42, 32, 28, 26, 25,
respectively, and it can be concluded that the number
of iterations and the thickness are in inverse logarithmic
function. Meanwhile, in order to verify the correctness of
the above conclusions as well as to propose the relevant
convergence criterion formula, the relationship between
the number of iterations and the thickness at 10 000 Hz,
20 000 Hz, 30 000 Hz and 40 000 Hz is calculated, as shown
in Figure 11, which shows that the number of itera-
tions and the thickness all exhibit the linear relationship
described above, and the convergence criterion formula of
the thickness of the laminated is:

M(h) = k(f)hm(f) h > 0, k(f) > 0,m(f) < 0 (20)

where, M(h) is the number of modes of complete con-
vergence, k(f),m(f) is the correlation coefficient of the
incident sound wave.

Figure 11. Completely convergent relationship between the
number of modes and thickness.

Theeffectofdifferent laminatededge lengthson thecon-
vergence of STL is shown in Figure 12, which shows that
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Figure 12. Convergence values of STL for laminates with different edge length (1000 Hz, 20 000 Hz). (a) 1000 Hz. (b) 20 000 Hz.

Figure 13. Fully converged modal number versus edge
length.

the convergence of laminated edge lengths is related to the
number of modes, the number of fully converged iterations
increases with the increase of edge lengths, and the num-
ber of fully converged iterations is linearly correlated to the
laminated edge lengths. At the laminated side lengths of
0.5 m, 1 m, 1.5 m, 2 m, 2.5 m, 3 m, 3.5 m, and 4 m, the num-
ber of iterations for complete convergence at 1000 Hz is 2,
8, 12, 18, 22, 25, 28, and 32, respectively, and it can be con-
cluded that the number of iterations required for complete
convergence is directly proportional to that of the lami-
nated. In order to verify the correctness of the above con-
clusion, the comparison curves of modal number and STL
at 20 000 Hz with different laminated edge lengths are cal-
culated as shown in Figure 13, and it can be found that the
modal number is proportional to the laminated edge length
at 20 000 Hz. Therefore, the convergence criterion equation
for the laminated edge length is:

M(a) = k(f)a+ b f > 0, a > 0, k(f) > 0 (21)

where, M(a) denotes the number of modes at full
convergence, k(f) denotes the frequency correlation

Figure 14. Comparison of present convergence formula and
numerical results in different sound wave frequency.

coefficient of the incident acoustic wave on the surface
of the laminated, a and b denotes laminated edge length.

3.3 Convergence criteria and formula verification

The relationship between the number of fully conver-
gent modes and the frequency of incident sound wave, the
thickness of laminates and the length of laminates can be
summarized as follows:

M(f) = k(h)fm(h) f > 0, k(h) > 0, m(h) > 0
M(h) = k(f)hm(f) h > 0, k(f) > 0, m(f) < 0
M(a) = k(f)a+ b f > 0, a > 0, k(f) > 0

.

(22)
To further verify the accuracy of the convergence

criterion formula, the theoretical and numerical modal
numbers of the C-layer laminated (parameters shown
in Tab. 2) are shown in Figures 14, 15 respectively.
The modal numbers obtained from the convergence for-
mula are completely consistent with those obtained from
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Figure 15. Comparison of present convergence formula and
numerical results in different single layer thickness.

numerical calculations for complete convergence, thus
once again proving that the convergence formula pro-
posed in this paper has high accuracy.

4 Conclusion

In this paper, an analytical model for STL analysis of
laminated structures is derived using three thin plate the-
ories. Based on the CPT, FSDT and TSDT theories, con-
vergence criteria and formulas for the calculation of STL
in laminated are established. The following conclusions
can be drawn:

(1) Based on the three theories of CPT, FSDT and TSDT,
a new convergence criterion and formula for calculat-
ing the STL of laminates are proposed, which can be
directly used to determine the truncated iteration of
STL in each frequency range.





M(f) = k(h)fm(h) f > 0, k(h) > 0, m(h) > 0

M(h) = k(f)hm(f) h > 0, k(f) > 0, m(f) < 0

M(a) = k(f)a + b f > 0, a > 0, k(f) > 0

. (23)

(2) The laminated STL curve has three distinct regions
(non-convergence region, basic convergence region and
full convergence region). As the frequency increases,
the computational resources required to achieve full
convergence will significantly increase, and on bal-
ance, the basic convergence region can be used.

(3) The STL convergence curves obtained based on the
three theories of CPT, FSDT and TSDT almost over-
lap; Young’s modulus and shear modulus of the lam-
inated have no effect on the STL; the number of iter-
ations required for complete convergence decreases
with increasing shell thickness, but increases with
increasing length.
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Appendix A

The nonzero elements in the transfer matrix equation for
laminated plates based on CPT are as follows:

S11 = A11α
2 +A88β

2,

S12 = (A12 +A66)αβ,

S12 = −B11α
3 − (B12 + 2B66)αβ2,

S22 = A66α
2 +A22β

2

S23 = −B22β
3 − (B12 + 2B66)α2β

S33 = D11α
4 + 2(D12 + 2D66)α2β2 +D22β

4.

Appendix B

The nonzero elements in the transfer matrix equation for
laminated plates based on FSDT are as follows:

S11 = A11α
2 +A66β

2, S12 = (A12 +A66)αβ,

S14 = B11α
2 +B66β

2,

S15 = (B12 +B66)αβ, S22 = A66α
2 +A22β

2,

S24 = S15, S25 = B66α
2 +B22β

2,

S33 = κ(A55α
2 +A44β

2), S34 = κA55α,

S35 = κA44β, S44 = D11α
2 +D66β

2 + κA55α,

S45 = (D12 +D66)αβ, S55 = D66α
2 +D22β

2 + κA44.

Appendix C

The nonzero elements in the transfer matrix equation for
laminated plates based on TSDT are as follows:

S11 = A11α
2 +A66β

2, S12 = (A12 +A66)αβ,

S13 = −c1
[
E11α

2 + (E12 + 2E66)β2
]
α,

S14 = (B11 − c1E11)α2 + (B66 − c1E66)β2,

S15 = (B12 − c1E12 +B66 − c1E66)αβ, S22 = A66α
2 + 422β

2,

S23 = −c1
[
E22β

2 + (E12 + 2E66)α2
]
β, S24 = S15,

S25 = (B66 − c1E66)α2 + (B22 − c1E22)β2,

S33 =
(
A55 − 2c2D55 + c22F55

)
α2 +

(
A44 − 2c1D44 + c21F44

)
β2 + c21

[
H11α

4 + 2 (H12 + 2H66)α2β2 +H22β
4
]
,

S34 =
(
A55 − 2c2D55 + c25F55

)
α− c1

{
(F11 − c1H11)α3 + (F12 − c1H12) + 2 (F66 − c1H66)αβ2

}
,

S35 =
(
A44 − 2c2D44 + c22F44

)
α− c1

[
(F22 − c1H22)β3 + [(F12 − c1H12) + 2 (F66 − c1H66)]α2β

]
,

S44 =
(
A55 − 2c2D23 + c22F55

)
+
(
D11 − 2c1F11 + c21H11

)
α2 +

(
D66 − 2c1F66 + c21H66

)
β2,

S43 =
[(
D12 − 2c1F12 + c21H12

)
+
(
D66 − 2c1F66 + c21H66

)]
αβ,

S55 =
(
A44 − 2c2D44 + c22F44

)
+
(
D66 − 2c1F66 + c21H66

)
α2 +

(
D22 − 2c1F22 + c21H22

)
β2,

m11 = I0,m22 = I0,m23 = I0 + c21I6
(
α2 + β2

)
,m34 = −c1 (I4 − c1I6)α,m35 = −c1 (I4 − c1I6)β,

m44 = I2 − 2c1I4 + c21I6,m55 = I2 − 2c1I4 + c21I6, c1 = 4/
(

3h2
)
, c2 = 3c1.
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