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Abstract – In an ideal isotropic diffuse sound field, uncorrelated plane waves arrive uniformly from all
directions. Recent theoretical work has shown that uncorrelated sources arranged on a spherical surface
can also be used to synthesize diffuse fields that exhibit a uniformly vanishing active sound intensity, albeit
without position-independent isotropy. How the principles extend to finite-sized rectangular cuboid and
discrete source layouts remains an open question. This study considers the multi-axial superellipsoid as a
flexible parametric geometry for uncorrelated acoustic source distributions. By tuning its shape parameter
p, the superellipsoid transitions from an ellipsoid p = 2 to a rectangular cuboid p → ∞, enabling a
systematic analysis of active intensity using differential geometry, Gegenbauer expansion, and numerical
simulations. Findings indicate that a superellipsoidal source layer of directionally uniform density requires
to be driven by a non-uniform source variance, for which a generic solution is proposed. For the ellipsoid,
the proposed variance is exact and emphasizes distant sources, while for the rectangular cuboid, it remains
an approximation, but still effectively emphasizes sources near edges and corners. For discrete source
layouts, zero active intensity can be approximately synthesized within a domain shrunk by a factor of N

N+1

provided that (i) sources are arranged in uniform directions of a tight spherical 2N + 1 design and sample
the proposed variance, or (ii) a comparable number of sources with uniform variance is distributed in a
minimum potential energy configuration.
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1 Introduction

The spherically isotropic diffuse field is a common
concept of an ideal sound field, in which uncorrelated
plane waves arrive from all directions with cylindri-
cally or spherically isotropic variance, yielding a position-
independent sound pressure level, a vanishing active
sound intensity, and correlation that only depends on the
Euclidean distance between two sound pressure observa-
tions [1].

Typical models of reverberation and the diffuse sound
field in room acoustics can be found, e.g., in Kuttruff’s
textbook [2]. Advanced statistical theories considering
diffuse fields were described by Polack [3] and Badeau [4],
and for less ideal diffuse fields, anisotropy in rever-
beration was described by Nolan et al. [5]. Similarly,
direction-dependent reverberation curves were observed
by Berzborn and Vorländer [6], and common-slope mod-
eling of multi-slope reverberation curves was proposed by
Götz et al. [7]. Direction-dependent reverberation times
were artificially generated by Alary et al. [8] and proven
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to exist, e.g., by Bilbao and Alary [9] for ideal rectangular
cuboid rooms.

The synthesis of perfectly diffuse sound fields is essen-
tial for controlled laboratory conditions, enabling precise
evaluation of various acoustic phenomena. This includes
assessing the diffuse-field sound transmission of build-
ing partitions [10] and acoustic absorbers [11, 12], as
well as analyzing the diffuse-field response of microphone
arrays [13–15] and dummy heads [16–18]. Additionally,
it plays a crucial role in evaluating the performance and
perceptual quality of active noise control and cancella-
tion algorithms [19–21]. Beyond measurement applica-
tions, diffuse sound field synthesis is also a key objective
in spatial sound reproduction, where the goal is to create
a perfectly enveloping auditory experience [22–26].

Basic spatial audio rendering techniques can effec-
tively synthesize diffuse sound fields for moderately dense
loudspeaker layouts and a centered listener [22]. For
instance, object-based rendering with amplitude pan-
ning, channel-based rendering, or scene-based Ambisonic
rendering could be considered. However when employed
with point-source loudspeakers arranged in a circle (2D),
inherent limitations become evident at off-center listening
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positions, according to recent studies that have shown
there being limits of the synthesis region, in which a
uniformly diffuse envelopment is perceived [25, 27–29].
Experimental results on 2D loudspeaker arrangements
from [25, 30] suggest that circular arrangements of sur-
rounding vertical line sources can extend the perceptually
diffuse synthesis region.

For a more comprehensive introduction to diffuse-field
synthesis with uncorrelated sources, readers are referred
to recent theoretical studies: the theory by Tanaka and
Otani on continuous- and discrete-direction uncorrelated
plane waves [31–33], and our theory on continuous layers
of surrounding sources at finite radius [34].

According to our theoretical work [34], continuous,
uncorrelated layers of sources driven by a uniform vari-
ance σ2 = 1 can ideally and uniformly suppress the syn-
thesis of active sound intensity, when arranged in the free
field. Ideal layers include parallel, cylindrical, or spherical
geometries, and require acoustic sources that correspond
to Helmholtz Green’s functions G(r) for the correct num-
ber D of space dimensions, see Table 1. In this framework,
the expected active sound intensity was shown to exactly
correspond to a surface integral over the variance times
the gradient of the Green’s function for the Laplace equa-
tion, denoted by the calligraphic symbol G(r), see Table 2.
This follows from the relation <{iG∗∇G} ∝ ∇G. The
underlying mathematical functions, rooted in potential
theory, provide an analogy to Newton’s spherical shell
theorem in gravitational physics [35] and Gauß’ law in
electromagnetism.

While this may be useful in theory, practical loud-
speaker layouts in anechoic environments–even when
employing the correct acoustic source type–rarely con-
form to idealized circular or spherical continuous layers.
In many cases, spatial constraints require non-circular
or non-spherical layouts, extended more in one dimen-
sion than others, or rectangular and cuboid geometries.
Moreover, real-world synthesis relies on a finite num-
ber of discrete sources, making discretization strategies
essential.

The theory by Tanaka and Otani [31–33] investigates
how diffuse sound fields are synthesized under three dif-
ferent conditions: (i) an ideal of infinitely many uncor-
related plane waves, (ii) infinitely many plane waves
controlled by a finite set of uncorrelated spherical har-
monics, or (iii) a finite set of plane-wave directions laid
out as spherical t-design [36] and driven by a finite set
of uncorrelated spherical harmonics. For the imperfect
cases (ii) and (iii), the authors introduce the term pseudo-
perfect diffuseness. Differences were analyzed with regard
to the isotropy metric by Nolan et al. [5] and other com-
mon diffuse-field metrics, such as two-point correlation
and uniformity of the sound pressure level [37]. The repro-
duction of ideal metrics has been shown to be achievable
within a region limited by the Helmholtz number kx < N ,
where x is the observer’s distance from the origin, and k
is the wave number. This limit holds when restricting the
spherical harmonic order to N , using a spherical t = 2N
design, or both [32].

Table 1. Green’s function G(r) of the Helmholtz equa-
tion in D = 1, 2, 3 space dimensions.

D 1 2 3

G(r) e−ikr

i2k
− i

4
H

(2)
0 (kr) e−ikr

4π r

Table 2. Green’s function G(r) of the potential equation
in D = 1, 2, 3 space dimensions and their derivative.

D 1 2 3

G(r) − r
2
− ln r

2π
1

4π r

G′(r) − 1
2
− 1

2π r
− 1

4π r2

Despite the undeniable relevance of the kx < N limit
for the set of investigated metrics–and its compliance with
the limit for Ambisonic sound field synthesis at a given
Ambisonic order N , cf. [38–44]–psychoacoustic studies
suggest that a perceptually faithful synthesis is feasible
under less restrictive constraints [45–47]. Given the psy-
choacoustic evidence and the frequency independence of
active sound intensity in our theory [34], an alternative,
less restrictive, and frequency-independent radial limit
should be identified.

Listener envelopment, a key perceptual attribute of a
diffuse sound field, depends on both low interaural level
differences (ILDs) and low interaural coherence. Of these
two metrics, studies of practical scenarios indicate that
achieving sufficiently low interaural coherence is rarely
a challenge [25, 29]. However, maintaining low ILDs has
been shown to be challenging [25, 29]. ILDs arise due to
acoustic shadowing by the listener’s head and they should
be proportional to the active sound intensity component
along the interaural axis, normalized by the sound level,
as assumed in Merimaa’s work [48, 49]. As a simplifica-
tion, the diffuseness metric ψ = 1−‖I‖/(2cw) was intro-
duced to quantify the absence of normalized active inten-
sity [48, 49]. If a stronger empirical relationship between
ILD and diffuseness ψ can be established, high diffuse-
ness could be interpreted as eliminating directional bias
indicated by perceptible ILDs, in the most sensitive head
orientations. This may prove to be a perceptually relevant
aspect of diffuse sound field synthesis.

To achieve a high diffuseness ψ with non-spherical
or non-circular source layers, this paper focuses on an
optimum source activation variance σ2, which needs not
be constant but should minimize the synthesized active
intensity, ideally reaching I = 0. Apart from the rela-
tion to gravitation [34], the problem also relates to
known problems in electrostatics. In a charged conduc-
tor, many electric charge particles distribute across its
surface according to a continuous surface charge density
σS ensuring that the internal electric field E = 0 van-
ishes. Alternatively, if there is only a finite number of
charges, their discrete positions will minimize the electric
field inside the conductor. Existing studies on analytic
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surface charge density for multi-axial ellipsoidal conduc-
tors [50–52] provide valuable insights. However, for more
arbitrary conductor shapes [53–55], numerical methods
are the preferred approach [56, 57]. For a finite number of
discrete sources, the problem closely relates to the Thom-
son problem, which seeks the optimal minimum-energy
distribution of equally charged, mutually repelling elec-
trons on a sphere, or more arbitrary surfaces [58–61]. This
paper aims to refine and further exploit these analogies
for the synthesis of diffuse sound fields.

1.1 Definitions and metrics

As previously investigated [34], common metrics can
be employed such as active sound intensity I, potential
sound energy density w, and diffuseness ψ in the sound
field, cf. [2, 48, 49, 62, 63], as well as sectoral intensity
dIu0
dΩ0

at the origin to monitor isotropy of I. These squared
metrics include integrals of a source term, for which either
∇G(r) ∝ −u/rD−1 or G′(r) ∝ 1/rD−1 remains after statis-
tical expectation with uncorrelated acoustic sources, over
the squared source density σ2(xs), as derived in [34]. The
individual source at xs has the distance r = ‖xs − x‖
from the observer at x along the direction u = xs−x

r , or
r0 = ‖xs‖ from the origin along the direction u0 = xs

r0
,

see Figure 1. At a source xs, the angle φ is the inclina-
tion between the direction vector u from the origin to
the surface element dS(xs) whose normal is n, so that
cosφ = uᵀn. The surface element dS can be re-expressed
as solid-angle element dΩ0 from the origin or dΩ from the
observer dS = rD−1

0 dΩ0

cosφ0
= rD−1dΩ

cosφ , see Figure 1 and [34].
For any star-shaped, uncorrelated, continuous layer,

this study considers sources distributed with uniform
angular density within the solid angle dΩ0 for any direc-
tion u0 from 0, cf. Figure 1. Note that this is in contrast to
our previous work [34], in which sources were distributed
uniformly on the surface and got activated by a surface
density σ2(xs), denoted as σS(xs) in equation (20), for
distinction. For this study, sources shall be activated by
a directional density σ2(u0) with regard to the origin, so
that their contributions become ρ cdI = 1

N σ
2∇G dΩ0 to

the active sound intensity and 2ρ c2 dw = 1
N σ

2 G′ dΩ0 to
the potential sound energy density. These contributions
define the integrals and the diffuseness metric ψ,

−ρ c I =
1
N

∫
SD−1

σ2 u dΩ0

rD−1
, (1)

2ρ c2w ≈ 1
N

∫
SD−1

σ2 dΩ0

rD−1
, (2)

ψ = 1− ‖I‖
2 cw

· (3)

These metrics can be evaluated at any observer position
x. Discrete sources xsl = r0l u0l distributed uniformly

Figure 1. Rounded cuboid S enclosing V , locations: orig. 0,
src. xs, rec. x, directions: u0, u, ux, n, distances: r0, x, xmax,
r, elements/angles: dS, dΩ0, dΩ, φ0, φ.

across the directions use a sum over the index l, instead:

−ρ c I =
1
N̂

L∑
l=1

σ2
l ul

rD−1
l

, (4)

2ρ c2w ≈ 1
N̂

L∑
l=1

σ2
l

rD−1
l

· (5)

In both the continuous and discrete scenarios, the scalars
N or N̂ are used to equalize potential sound energy den-
sity at the center 2 ρ c2 w(0) = 1, and physical quantities
are density of air ρ = 1.2 kg

m3 and speed of sound c = 343m
s .

In a diffuse sound field, these above metrics are expected
to be

w = const, I = 0, ψ = 1, (6)

while in the free sound field of a single source, the
diffuseness metric vanishes ψ = 0.

For the continuous layer equation (1) and a dedicated
observer position x, we assume that every direction u
observed relates to a position xs on the source layer S
contributing

−ρ c u dI(u) = u
σ2 dΩ0

rD−1
(7)

to −ρ c I. Using dS = rD−1
0 dΩ0

cosφ0
= rD−1dΩ

cosφ , the sectoral
intensity observed within a small, differential cone dΩ
around the observed direction u can be defined as:

dI(u)
dΩ

∝ σ2

rD−1
=

σ2

rD−1
0

cosφ0

cosφ
· (8)

1.2 Condition for isotropy at x = 0

As discussed in [34] and obvious from equation (8), a
position-specific isotropic active intensity can be enforced
and leads to an optimal source activation for the partic-
ular observer position x

dI(u)
dΩ

= const, =⇒ σ2 = rD−1
0

cosφ
cosφ0

· (9)
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Similarly as shown in Figure 5 in [34], pervasive isotropy
at every observer position is, however, infeasible unless
both of the angles match φ = φ0. This match only hap-
pens either for an infinite sphere r0 →∞, or at the origin
x = 0, where isotropy is enforced by

dI(u0)
dΩ0

= const, =⇒ σ2 = rD−1
0 . (10)

1.3 Estimating perceptually relevant aspects

Regarding the technical metrics discussed above, it
is important to estimate their perceptual relevance. For
instance, non-ideal and non-continuous source layouts are
expected to produce slightly lower diffuseness values than
the ideal ψ < 100%. A useful question is how much
lower can ψ be before the imperfection becomes per-
ceptible. The perceptual significance of the other met-
rics should also be addressed. Interestingly, not even
ideal continuous source layers of finite radius are able
to produce a perfectly constant sound energy density
w 6= const., perfect and position-independent isotropy
dIu(u)

dΩ0
6= const., or a two-point correlation of the sound

pressure C(x,x + ∆x, k) 6= C(k∆x) that is independent
of location and orientation, as shown in [34].

To maintain a reasonably constant sound pressure
level or w, simulations shown in [30] suggest that shrink-
ing the usable listening area to about 80% of the available
dimensions keeps the level sufficiently constant, with vari-
ation on position change limited to 1 dB, which appears
to be within the relevant JND of loudness [64, 65].

Sectoral intensity dI
dΩ exhibits strong directional vari-

ation when there is anisotropy, such as in the sparse cir-
cular configuration of uncorrelated vertical line sources
simulated in [25, 29]. However, in large portions of these
simulated fields, perceptual metrics, such as ILD and
IC, exhibited only moderate variations. This suggests
that fine-grained directional details of sectoral intensity
may not be perceptually relevant. Moreover, since IC is
derived from correlation, and interaural cross-correlation
can be modeled by the two-point correlation in the
sound field (Fig. 3 in [66]), the relative ease of achiev-
ing low IC suggests that precisely replicating the ideal
isotropic two-point correlation function C(k∆x) may not
be perceptually relevant.

The diffuseness ψ = 1 − ‖I‖/(2cw) is arguably a
macroscopic metric but reflects a fundamental acoustic
cause of ILD [49, 67], and in case of uncorrelated sources
also relates to IC. This is because ‖I‖ describes an over-
all balance in sectoral intensity. Depending on the relative
contribution of active intensity uᵀ

iaI/(2cw) aligned with
the interaural axis uia, a listener’s head casts an acoustic
shadow, yielding ILD. Accordingly, we propose modeling
ILD–and for the synthesis with uncorrelated sources also
IC–as inversely proportional to the diffuseness metric ψ.

To obtain a quantitative overview in relation to known
perceptual thresholds [25, 68–70], we propose a simple
model consisting of: (i) an isotropic diffuse sound field

with a total plane-wave variance σ2
diff = ψ, which mixes

with (ii) a single direction of the variance σ2
dir = 1 − ψ.

This model allows us to determine ILD and IC values
resulting from the simple diffuse-plus-directional mixture
for any given balance controlled by the diffuseness param-
eter ψ, as shown in Figure 2. The interaural cues were
computed for different mixtures 0% ≤ ψ ≤ 100% of
uncorrelated diffuse sound and direct sound, the diffuse
field was modeled either as horizontal (D = 2) or spher-
ical (D = 3) surround layout, and the directional sound
incidence was varied in angle across the frontal semi-
circle. Binaural cues were simulated using the Neumann
KU100 HRTFs [71] and averaged across gammatone fre-
quency bands of one equivalent rectangular bandwidth
(ERB), between 200 Hz and 12.8 kHz, using the mod-
els from previous works [25, 29]. The resulting curves
in Figure 2 serve as a quantitative rule of thumb, sum-
marizing how the diffuseness metric maps to noticeable
interaural metrics [25, 29]:

– The IC JND of 0.5 is generally uncritical and remains
below threshold across directions with a diffuseness of
ψ > 40% as shown in Figure 2 (left).

– In contrast, the ILD JND of approximately 1 dB
is identified as the more critical cue, as depicted
in Figure 2 (right). To render ILD perceptually irrele-
vant, a diffuseness as high as ψ > 80%–90% is required
when the directional component aligns with the inter-
aural axis. No ILD is introduced if its direction lies in
the median plane, making the IC the dominant cue in
this region, requiring ψ > 40%, as in the point above.

This motivates the explicit goal of this study: to syn-
thesize a sound field with I → 0 or ψ → 100%. Sim-
ulations presented below include the ψ = 90% contour
as a reference for critical listening with sensitive head
orientations.

2 Continuous superellipsoid layer

As a prototypical, practical definition of a layer shape
S that contains all the source points xs = [xs1, . . . , xsD]ᵀ
and stays within the given bounds, we define a multi-axial
superellipsoid [57, 72, 73] with the uniform exponent p,

S =

{
xs ∈ RD :

D∑
i=1

|xsi|p

ap
i

= 1

}
. (11)

Its semi-axes a1, . . . , aD can be adjusted to fit spatial
positions x = [x1, . . . , xD]ᵀ in RD restricted within rect-
angular bounds −ai ≤ xi ≤ ai of a room, for all Cartesian
dimensions i = 1, . . . , D. For p = 2, S forms a multi-axial
ellipsoid that touches the Cartesian boundaries only at
its vertices and co-vertices. As p → ∞, S approaches a
rectangular cuboid, with sharp edges and corners fully
occupying the available space. At an intermediate value,
such as p = 10, the edges and corners remain rounded, as
shown in Figure 7 and resembling the sketch in Figure 1.
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Figure 2. Interaural coherence (IC) and interaural level difference (ILD) evaluated for sound fields of varied diffuseness
0 ≤ ψ ≤ 1. The evaluation uses a variably-weighted mix of a 2D/3D diffuse sound field with a single plane wave from a
horizontal, frontal azimuth angle. Gray areas indicate one just-noticeable difference (JND) from a diffuse-field reference with
IC = 0, ILD = 0.

From the implicit definition F =
∑D
i=1

|xsi|p
ap
i
− 1 = 0

of the superellipsoid, cf. (11), the surface normal n is
determined by the gradient [74, 75] n = ∇F

‖∇F‖ ,

n =

[
p |xsi|p−1

ap
i

]
i√∑D

i=1

(
p |xsi|p−1

ap
i

)2
, (12)

and it plays an important role in the calculations below.
Its inner product with its coordinate xs simplifies because
of the definition

∑D
i=1

|xsi|p
ap
i

= 1 into

xᵀ
s n =

1√∑D
i=1

(
|xsi|p−1

ap
i

)2
. (13)

2.1 Condition for vanishing active intensity with p = 2

Newton demonstrated for gravitation inside a spher-
ical shell [35], and Thomson and others later extended
this to the equivalent ellipsoidal shell problem in electro-
statics [50–52], that an enclosed region with a vanishing
gradient field at any x ∈ V requires for any direction u
an opposing-direction criterion that equivalently applies
to diffuseness synthesis, cf. [34]:

dI(+u)
dΩ

=
dI(−u)

dΩ
· (14)

Applying this constraint to two surface positions xsl and
xsm of the superellipsoid, with their variances σ2

l and σ2
m,

equation (8) in Section 1.1 yields

σ2
l

rD−1
0l

cosφ0l

cosφxl
=

σ2
m

rD−1
0m

cosφ0m

cosφxm
· (15)

The cosines cosφ0l = uᵀ
0lnl and cosφl = uᵀ

xlnl involve
unit vectors defined as u0l = xsl

r0l
and uxl = xsl−x

rl
, as

well as the surface normal defined in equation (12). By

these definitions, we obtain from the respective surface
normals nl at xsl and nm at xsm:

σ2
l

rD−1
0l

xᵀ
sl
r0l

nl
(xsl−x)ᵀ

rl
nl

=
σ2
m

rD−1
0m

xᵀ
sm
r0m

nm
(xsm−x)ᵀ

rm
nm
· (16)

The observer position x can be freely chosen along the
line between both positions uxl = xsl−x

rl
= −uxm =

−xsm−x
rm

= xsl−xsm
rlm

, which allows to cancel rij

σ2
l

rD0l

xᵀ
slnl

(xsl − xsm)ᵀnl
=

σ2
m

rD0m

xᵀ
smnm

(xsm − xsl)ᵀnm
· (17)

Inserting the inner product equation (13) for xᵀ
slnl and

equation (12) for xᵀ
smnl yields

σ2
l

rD0l

1

1−
∑D
i=1

xsmix
p−1
sli

ap
i

=
σ2
m

rD0m

1

1−
∑D
i=1

xslix
p−1
smi

ap
i

· (18)

For p = 2, the term [1 −
∑D
i=1

xsmixsli
a2
i

]−1 equals on
both sides and cancels. The resulting equation leads to
the directional source activation for the ellipsoid that
provides vanishing active intensity:

σ2
l

rD0l
=

σ2
m

rD0m
, =⇒ σ2 = rD0 . (19)

This directional density σ2 = rD0 with regard to the ori-
gin relates to the typical electrostatic surface charge den-
sity σS when inserted into the relation σS dS = σ2 dΩ0

between the corresponding integrals. Replacing dS =
rD0 dΩ0

xᵀ
s n

, we can prove its equivalence, cf. equation (13),

σS =
xᵀ

s n

rD0
σ2, =⇒ σS = 1/

√
∑D
i=1

(
|xsi|p−1

a
p
i

)2

(20)

to the well-known expression for σS from analogous
literature on electrostatics [50–52].
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Figure 3. Diffuseness ψ (colormap, solid contour: 90%) and level w normalized to origin (dotted 1 dB contour) for 2D, 3:2
ellipse of 100 equi-angle uncorrelated vertical line sources (a–d) or 6:4:3 ellipsoid of 2500 maximum determinant nodes with
uncorrelated point sources (e–h): (a, e) with unity variance σ2 = 1, (b, f) isotropy-enforcing variance σ2 = rD−1

0 , (c, g) variance
σ2 = rD0 , and (d, h) σ2 = rD0 r

2
a for ideal diffuseness.

2.2 Proposal for small active intensity with p > 1

For other p 6= 2, it is obvious that the factors[
1−
∑D
i=1

xslix
p−1
sli

ap
i

]−1

and
[
1−
∑D
i=1

xsmix
p−1
sli

ap
i

]−1

on both
sides of equation (18) are generally unequal in their
dependency on i and j. They cannot be canceled, and the
opposing direction criterion becomes useless for other val-
ues of p than 2. Using the boundary element methods [56]
or round-robin cases in [57, 76, 77] could offer accurate
but also effortful solutions. As a practical alternative,
this paper proposes the approximate solution1 involving
equation (19)

σ2 = rD0 r2
a, (21)

r0 =

√√√√ D∑
i=1

x2
si ra =

√√√√ D∑
i=1

x2
si

a2
i

·

It is approximate for p 6= 2 but turns out to be accurate
enough for the application, as demonstrated below.

3 Simulation study

3.1 Ellipse (D = 2)

ForD = 2, Figure 3 analyzes the diffuseness and sound
energy density of a 3:2 horizontal ellipse of vertical line

1 It has been found by comparison with a less robust mode-
matching solution proposed in a preprint [78], for D = 2 using
circular, and for D = 3 using spherical harmonics.

Figure 4. Directional intensity dI/dΩ0 = σ2/r0 in 2D, nor-
malized at 0◦, observed at x = 0 for different azimuth angles
to between 0◦ and 90◦ (quadrants are symmetric) for 2:3
2D horizontal ellipse/rectangle of uncorrelated vertical line
sources (superellipse p = 10) with different variances σ2;
isotropy requires σ2 = r0.

sources (a–c). Obviously, the unity variance σ2 = 1 in (a)
is not ideal for extended diffuseness greater than 90%;
yet the diffuseness level already reaches a high level with
>80% everywhere inside.

The variance σ2 = rD−1
0 in (b) greatly enlarges the

90% contour, and finally σ2 = rD0 in (c) provides ideal
diffuseness everywhere inside; σ2 = rD0 r

2
a in (d) is equiv-

alent and therefore delivers the same result as (c); the
potential sound energy density w is similar for all (a–d).

Figure 4 analyzes isotropy by the directional con-
tributions observed at 0. For the ellipse of the ratio
a1 : a2 = 2 : 3, the distant sources are under-represented
by the factor 2/3, i.e. −1.76 dB, with unity variance, see
ell σ2 = 1 curve. The ideal isotropy variance σ2 = rD−1

0
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Figure 5. Diffuseness ψ (colormap, solid contour: 90%) and level w normalized to origin (dotted 1 dB contour), for the rectangle
of the ratio 3:2 (2D), and for the cuboid of the ratio 6:4:3 (3D), both with p = 10, using 100 equi-angular nodes as uncorrelated
line vertical sources (2D) or 2500 maximum determinant nodes as uncorrelated point sources (3D), respectively: (e, i) with unity
gain σ2 = 1,(f, j) isotropy-enforcing gain σ2 = rD−1

0 , (g, k) gain σ2 = rD0 , and (h, l) σ2 = rD0 r
2
a for ideal diffuseness. (i–l) are as

(e–h) but plotted along an inclined plane cf. Figure 7.

perfectly removes this shortcoming in the ell σ2 = r0

curve, while the ideal diffuseness variance σ2 = rD0 is not
isotropic for the elliptical geometry, see ell σ2 = r2

0 curve.
It overemphasizes distant sources and exaggerates their
level by the factor 3/2, i.e. 1.76 dB.

3.2 Rectangle/Superellipse (D = 2)

The 3:2 horizontal p = 10 superellipse with uncor-
related vertical line sources approximates a 3:2 rectan-
gle and is analyzed Figures 5 (a–d) in terms of diffuse-
ness synthesized by the directional variances (a) σ2 = 1,
(b) σ2 = rD−1

0 , (c) σ2 = rD0 , and (d) σ2 = rD0 r2
a. Ideal

isotropy variance σ2 = rD−1
0 in (b) produces diffuseness

inside that already exceeds 70%; the sound energy den-
sity levels w shown in the figure remain largely unaffected
(a–c). Regarding the 90% diffuseness contour, isotropy
variance σ2 = rD−1

0 in (b) greatly enlarges this contour,
slightly more so does σ2 = rD0 in (c), but it only reaches

the corners for the simulation with the proposed superel-
lipse approximation σ2 = rD0 r2

a (d); the sound energy
density levels w behave similarly for (e–h) as for the
elliptic cases (a–d).

Figures 4 analyzes isotropy by the corresponding
directional contributions, see rect curves. The noticeable
difference to the ell curves of the ellipse occurs around the
56◦ angle targeting the corner of the circumscribed 3:2
rectangle. There, the maximum radius max r0 is reached,
σ2 = 1 exhibits a minimum directional contribution,
σ2 = rD0 a maximum one, while σ2 = rD−1

0 is the ideal
isotropy solution. The largest maximum and anisotropy
is reached by the proposed approximation σ2 = rD0 r2

a. Its
curve indicates an over-emphasis of the contributions in
the corners of up to 4.5 dB.

3.3 Ellipsoid (D = 3)

For D = 3, Figures 3 shows in (e–g) a similar analysis
for an ellipsoid with the axis ratio 6:4:3. The cases in (e–g)
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Figure 6. Directional intensity dI/dΩ0 = σ2/r20 in 3D, with azimuth ϕ ∈ [−π, π] and zenith ϑ ∈ [0, π] angles mapped
as (x, y) = (ϕ · | sinϑ|0.4, π

2
− ϑ), values are normalized at (x, y) = (0, 0) and show equation (9) for the different choices

σ2 =
{

1, r20, r
3
0, r

3
0 r

2
a

}
, for a 6:4:3 ellipse (top) or superellipsoid cuboid (bottom).

are convincing already from (f) on and perfect in (g) and
(h). The potential sound energy density w would nearly
be perfectly flat for the gain σ2 = 1 in (e) compared to
(f–h), but its diffuseness is only slightly higher than 70%,
off center. In the (f–h) cases, slightly more than a +1 dB
sound energy gain has to be accepted as unevenness near
the boundaries. The proposed approximation σ2 = rD0 r2

a

in (h) is identical to the accurate ellipsoid solution in (g).
Figures 6 analyzes the isotropy for the ellipsoid in

(a–d) by the directional contributions for different choices
of σ2. The isotropy-enforcing levels σ2 = rD−1

0 accom-
plish perfectly flat results in (b), while for σ2 = 1 the
most distant direction is quieter by about −6 dB in (a),
and in (c) σ2 = rD0 , it is louder by 4 dB. Isotropy in (d)
of course matches with the equivalent solution (c).

3.4 Cuboid/Superellipsoid (D = 3)

The p = 10 superellipsoid approximating a rectan-
gular cuboid with the axes ratio 6:4:3 is analyzed in
Figures 5 (e–l). The xy cross-section (e–h) only cuts the
vertical edges, which seem to be uncritical compared to
the 2D case above. The diagrams (f–h) already look con-
vincing. For instance, σ2 = rD0 in (g) appears to be a
good choice, and σ2 = rD0 r2

a in (h) does not yield fur-
ther improvements on the xy cut1. However, for the maps
Figures 5 (i–l) of the inclined cross-section cut2, which
runs through corners and edges of the superellipsoid as
illustrated in Figures 7, the 90% contour of the analytic
solutions Figures 5 (i–k) does not reach corners and edges,
and it only does so with the proposed approximation (l).

In Figures 6 (e–h), the isotropy is analyzed for differ-
ent variances. While the σ2 = 1 solution in (e) clearly
lacks the more distant parts of the layer, isotropy for the
central listener is perfect in (f), overemphasizes the dis-
tant walls for σ2 = r3

0 in (g), and largely over-emphasizes

Figure 7. Cross-section: 6:4:3 rectangular cuboid, superel-
lipse p = 10: cut1, 2 are rotated by 0◦, 36.9◦ wrt. x.

edges and corners by up to 9 dB in the σ2 = rD0 r2
a

case (h).

4 Discrete source layers

4.1 Radial limit for spherical t-designs

When the number of uncorrelated sources is finite,
the synthesis region with high diffuseness ψ > 90% is
expected to be limited, as shown in previous work [25,
29]. This section proposes a way to estimate this limit.

The theory behind the metrics of Section 1.1 per-
mits defining the active intensity as the gradient field
−ρ c I = ∇UI of a scalar potential UI, as justified
in Section 4.3 in [34]. The scalar contribution of sources
within dΩ0 is described by dUI = σ2 G dΩ0, instead of the
element −ρ cdI = σ2∇G dΩ0, which was used to define
equation (1).

To establish a radial limit for vanishing active inten-
sity, we may equivalently require this scalar potential UI

to remain constant for an observer at some distance x
from the origin, cf. Figure 1. As a simple case, we con-
sider a unit-sphere layer SD−1 with r0 = 1, uncorrelated
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sources located at u0, and uniform directional variance
σ2 = 1. The potential UI observed at xux becomes

UI ∝
∫

SD−1

G(r) dΩ0(u0) (22)

∝
∞∑
n=0

xn
∫

SD−1

C(ν)
n (uᵀ

xu0) dΩ0(u0). (23)

In equation (23), the Laplace Green’s function G ∝ 1/r2ν

of the exponent ν = D−2
2 was expanded using the gener-

ating function G ∝ (1 − 2zx + x2)−ν =
∑∞
n=0 x

n C
(ν)
n (z)

of the Gegenbauer polynomials (cf. [79], 18.2.E4 in [80]),
where the radius r between the observer at xux and a
source at u0 is given by r = ‖xux−u0‖ =

√
1− 2zx+ x2,

using the direction cosine z = uᵀ
xu0. This expansion is

introduced to exploit the orthogonality of Gegenbauer

polynomials,
∫

SD−1
C

(D−2
2 )

n (z)C(D−2
2 )

m (z) dΩ0 = 0 for
n 6= m. For m = 0, orthogonality implies that when
expanding the integrand in equation (23) by C

(ν)
0 = 1,

all higher-order terms n > 0 must vanish after integra-
tion and leave only the constant term for n = 0. This
makes UI = const. within |x| ≤ 1, as expected for the
sphere [34].

However, the ideal result no longer holds for discrete
source distributions. The unit sphere SD−1 can be well
discretized using nodes {ul} of a spherical t-design [36],
which ensures orthogonality to the constant function
C

(ν)
0 = 1. Specifically for polynomials up to t, we have

L∑
l=1

C(ν)
n (uᵀ

xul) = 0 , (24)

but only for the degrees 0 < n ≤ t. Beyond this limit, the
orthogonality no longer holds, affecting the discretized
form of equation (23)

UI ∝
∞∑
n=0

xn
1
L

L∑
l=1

C(ν)
n (uᵀ

xul). (25)

This introduces non-constant sampling errors for terms
with n > t, leading to artifacts that scale with higher-
order terms xt+1, xt+2, . . . . For x ≤ 1, the dom-
inant artifact term is xt+1 1

L

∑L
l=1 C

(ν)
t+1(uᵀ

xul). We
crudely estimate its coefficient by assuming that its
aliased components contribute to a nonzero summa-
tion that remains approximately unity across a vari-
able off-center direction ux. Accordingly, we approximate√

1
SD−1

∫
SD−1

[
1
L

∑L
l=1 C

(ν)
t+1(uᵀ

xul)
]2

dux ≈ 1. Hereby,

we can estimate a radial limit for a constant potential UI

by multiplying the dominant term xt+1 with unity and
comparing it to an exponential function

xt+1 < e−b,

x < e−
b
t+1 ≈ 1− b

t+1 · (26)

This reasonably suggests that the effective region of the
synthesized diffuse field increases with larger t, and hence
with a higher number of spherical t-design nodes. To
estimate a limit, we assume b = 2 and introduce the
Ambisonic order N as a resolution concept defining t =
2N + 1 [47]. Based on this and the simulations shown
below, we may assume that the resulting limit x < N

N+1
also holds as an approximate relative radial limit in case
of non-spherical or non-circular layers. With x as the dis-
tance between origin and observer, and xmax as its largest
value when the observer reaches the surface along ux,
see Figure 1, we obtain the constraint

x

xmax
≤ N

N + 1
· (27)

4.2 Thomson problem

The problem of interest here was originally formu-
lated by Thomson [81] for the sphere, seeking the equilib-
rium positions of discrete charges in a minimum poten-
tial energy configuration [60, 82]. Later, it was extended
to more general cases, including manifolds and the Riesz
s-energy [59], as well as ellipsoids [58].

For a typical formulation of a minimum potential
energy problem in electrostatics [58], the potential U
describes the potential energy per normalized charge at a
given position. Since the field expresses the force acting on
a normalized charge by the negative gradient F = −∇U ,
seeking a minimum potential energy corresponds to min-
imizing the potential for every charge location. To ensure
a meaningful formulation, the potential Ul at the position
xsl of a charge must exclude the field it contributes itself:
while its magnitude scales the external force it experi-
ences, it does not exert an external force on itself. To
keep it simple, we seek the minimum potential Ul for a
single charge l ∈ [1, L] on our superellipsoid at a time.
Using ∇lUl = −Fl, we can minimize the first-order Tay-
lor expansion Ul−F ᵀ

l v ·∆x = Uminl for a small, improv-
ing shift ∆x along a tangential vector v from the current
position xsl. This formulation yields Newton’s method
with an iterative shift ∆x = Ul−Uminl

F ᵀ
l v

times v. The direc-
tion v is chosen as the projection of the external force Fl
onto the tangential space, which is computed using the
projection matrix Tl defined by the normal vector nl as
Tl =

(
I−nln

ᵀ
l

)
[58]. Thus, we define the update direction

as v = Tl Fl. Formulating Newton’s method with step
size µ, neglected term Uminl → 0, regularization ε, and
projection back onto the superellipsoid yields the update

xsl ← xsl + µUl
Tl Fl

‖Tl Fl‖2 + ε
(28)

xsl ←
xsl[∑D

i=1

(
|xsli|
ai

)p
] 1

p

· (29)
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Figure 8. Diffuseness ψ (colormap and 90% contour) and level w normalized to origin (blue dotted 1 dB contour) of a unit
circle of L = {4, 6, 8, 12} equi-angle uncorrelated vertical line sources (dots) in the subfigures (a–d), compared against a circle
of the relative radius x/xmax = {1/2, 2/3, 3/4, 5/6} (orange red, dotted).

Here, the normal vector, tangential projection, potential,
and electrostatic force are defined as:

nl =

[
|xsli|p−1

ap
i

sign(xsli)
]
i√∑D

i=1

(
|xsi|p−1

ap
i

)2
(30)

Tl =
(
I− nln

ᵀ
l

)
(31)

Ul =
∑

m∈[1,L]\l

{
1

(D−2) rD−2
lm

, D 6= 2

ln rlm, D = 2
(32)

Fl =
∑

m∈[1,L]\l

xsl − xsm

rDlm
(33)

µ =
1
L
, ε =

U2
l

10D−2
· (34)

For the simulated configurations below, an inner loop
swept over the node updates l = 1, . . . , L according to
equations (28)–(29), and an outer loop iterated these L
times.

The Thomson problem can be modified to deter-
mine unequal charges σ2

l of fixed node positions,
whose potential energy can be expressed as U =∑
l

∑
m\l σ

2
l (log rlm)σ2

m for D = 2 or U =∑
l

∑
m\l σ

2
l (r−D+2

lm )σ2
m for D 6= 2. This results in an

eigenvalue problem, where the eigenvector must have all-
positive entries σ2

l > 0, and the goal is to minimize its
eigenvalue U → min. However, this problem is ill-posed
and appears to require solving an equivalent boundary-
element problem involving convex optimization [83]. For
simplicity, we omit this complication.

4.3 Discretization study in 2D

Uncorrelated vertical line sources evenly arranged in
a circle are the ideal case. Discretized to L = {4, 6, 8, 12}
evenly spaced sources, the simulation yields maps shown
in Figure 8 (a–d). Obviously, the relative sweet area
within which diffuseness exceeds ψ ≥ 90% is reduced and
scales with the number of sources. Scaling for the corre-
sponding x

xmax
contour is estimated as in equation (27)

by L−2
L , as drawn in orange red. L = t + 1 equi-angle

nodes correspond to a tight spherical t design for the cir-
cle. Following this contour, t in equation (26) was fixed to
t = 2N + 1 to comply with the radial limits in the maps
and the L = 2N + 2 equi-angle nodes.

Figure 10 (a–e) shows similar results for the rectan-
gle/superellipse with p = 10 and the continuous vari-
ance σ2 = rD0 r2

a sampled at the equi-angle directions
of the corresponding t-designs, for uncorrelated, vertical
line sources. Whether the x

xmax
= N

N+1 contour actually
reaches an acceptable consistency with the 90% diffuse-
ness contour appears to strongly depend on the sampling,
and in particular corners or edges can get cut-off in (a–h)
with a small number of sources.

Figure 10 (e–h) analyzes equal-variance σ2 = 1, uncor-
related, vertical line sources whose layout solve the Thom-
son problem for minimum potential energy, after initial-
ization by an equi-angular layout. There appears to be
a slight difference to (a–e) by the 90% diffuseness cov-
erage and 1 dB potential energy contours reaching cor-
ner regions a bit more closely, however occasionally not
as a connected region (f, g). Sources tend to be pushed
further into the corners, because with σ2 = 1, only the
spacing between the equal-variance, discrete sources can
approximate the required continuous density σ2 = rD0 r2

a.

4.4 Discretization study in 3D

For the sphere, there are too few equi-angle discretiza-
tion schemes and spherical t-designs [36] are more use-
ful. To define the sweet area for diffuse-field synthesis
with discrete sources, the Chebyshev-type quadratures
from [84–86] were chosen as t designs for discretization.
Consistent with the choice above, the parameter t for the
sphere is chosen to be t = 2N + 1.

Simulation yields results in Figure 9 that are simi-
lar to those for the circle discretized by a t = 2N + 1
design in Figure 8. Only now for the sphere, the number
of sources needs to be much larger with L = {6, 12, 24, 70}
for N = {1, 2, 3, 5} and t = {3, 5, 7, 11}, when com-
pared to L = {4, 6, 8, 12} for the circle. This ensures
that the sweet-area radius estimated in equation (27) also
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Figure 9. Diffuseness ψ (colormap and 90% contour) and level w normalized to origin (blue dotted 1 dB contour) of a unit
sphere of L = {6, 12, 24, 70} point sources (dots) from spherical {3, 5, 7, 11} designs (Gräf, Chebyshev-type [84]) in the subfigures
(a–d), compared against a relative radius x/xmax = {1/2, 2/3, 3/4, 5/6} (orange red, dotted).

Figure 10. Diffuseness ψ (colormap and 90% contour) and level w normalized to origin (blue dotted 1 dB contour) of a 3:2
p = 10 superellipse/rectangle of L = {4, 6, 8, 12} vertical line sources (dots) using/initialized by equi-angular circular {3, 5, 7, 11}
designs, with t-designs and σ2 = rD0 r2a in (a–d), and sources with σ2 = 1 arranged by solving the Thomson problem in (e–h),
compared against a relative radius x/xmax = {1/2, 2/3, 3/4, 5/6} (orange red, dotted).

nicely models the ψ = 90% diffuseness contour, as indi-
cated by the orange red, dotted circle. Concerning the
sound energy density, the 1 dB contour stays outside this
sweet area until Figure 9 (c) with a discretization by 24
sources. The slightly non-constant sound pressure level
measured by ρ c2 w appears to be negligible in practical
implementations using N < 4 or t-designs with t < 9.

Figure 11 (a–e) shows similar results for the
cuboid/superellipsoid with p = 10 and the continuous
variance σ2 = rD0 r2

a sampled at the directions of the cor-
responding t-designs. Whether whether the x

xmax
≤ N

N+1
contour actually reaches an acceptable consistency with
the 90% diffuseness contour depends on the sampling, and
in particular corners or edges can get cut off in (a–h) for
the layouts with only a few points.

Figure 11 (e–h) shows the equal-variance σ2 = 1
solutions for the Thomson problem that was initialized
by spherical t-design nodes. Here in 3D, these solutions
appear to have clearer benefits, since their 90% dif-
fuseness contours and their 1 dB potential energy con-
tours reach more effectively into edge and corner regions.
Sources will tend to be pushed further into these regions
of the manifold that exhibit a larger radius. As in 2D, we
also expect in 3D that the variation of spacing between
the equal-variance σ2 = 1 sources has to model the
continuous density σ2 = rD0 r2

a. The difference between
this unit-variance solution and sampling the continu-
ous density at given directions is most likely a more
flexible customization of the source configuration to the
manifold.
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Figure 11. Diffuseness ψ (colormap and 90% contour) and level w normalized to origin (blue dotted 1 dB contour) of a 6:4:3
p = 10 superellipsoid/cuboid of L = {6, 12, 24, 70} point sources (dots) using/initialized by spherical {3, 5, 7, 11} designs (Gräf,
Chebyshev-type [84]), with t-designs and σ2 = rD0 r2a in (a–d), or sources with σ2 = 1 laid out to solve the Thomson problem
(e–h), compared to a relative radius x/xmax = {1/2, 2/3, 3/4, 5/6} (orange red, dotted).

5 Conclusion

Building on our previous work on ideal theoretical
conditions for synthesizing diffuse sound fields [34]–e.g.,
continuous spherical layers of uncorrelated sources–this
paper explored the use of more realistic, rectangular, and
discrete source layers.

We focused on achieving a high diffuseness metric ψ
across an extended area. The metric ranges from 0% for
the directional field of a single source to 100% for a locally
diffuse sound field. To clarify its perceptual significance,
we conducted a simple simulation to evaluate how it gov-
erns relevant auditory metrics. The results suggest that
maintaining both low IC and low ILD near their lowest
JND requires a diffuseness threshold of ψ ≥ 90%, above
which the synthesis is likely to be perceived as ideally
enveloping and diffuse. Below this threshold, certain head
orientations may cause ILDs to become perceptible.

While earlier work on continuous source layers with
ideal geometries employed equal variance σ2 = 1 to syn-
thesize a full 100% diffuseness throughout the entire vol-
ume, this study demonstrated how the same goal can
be pursued for non-circular/non-spherical source layers
of ideal sources. The intensity of each individual source
must decay according to G ∝ 1/rD−1, where D = 2, 3
is the number of spatial dimensions. In general, these
sources must also be driven by a suitable non-uniform
variance σ2. As a practical parametric shape, we focused
on the superellipsoid centered at the origin, whose shape-
controlling parameter p can be adjusted from an ellipsoid
p = 2 to a rectangular cuboid as p→∞.

For 2D and 3D continuous superellipsoid layers of
uncorrelated sources arranged with uniform directional
density, we propose an approximate solution for the

source variance: σ2 = rD0 r2
a. Here, r0 measures the dis-

tance of each source to the origin and ra the relative
radius change between ellipsoid and superellipsoid.

For the ellipsoid (p = 2), both in 2D and 3D, the
proposed variance reduces to σ2 = rD0 as ra = 1. The
factor rD0 provides stronger activation of sources at a
larger distance from the origin. This solution was proven
to achieve zero intensity and, therefore, perfect diffuse-
ness (ψ = 100%) inside the ellipsoid. It was shown to
be equivalent to the exact equilibrium surface-charge
distribution in the analogous elliptic conductor prob-
lem in electrostatics, where the field inside is necessarily
zero.

For the superellipsoid (p = 10), which corresponds
to a rounded rectangle/cuboid in 2D and 3D, the pro-
posed variance σ2 = rD0 r2

a stays an approximate solution
but reaches a high diffuseness of ψ > 90% nearly every-
where inside the superellipsoid. The additional term r2

a

emphasizes sources in corners and edges.
We could moreover show that providing isotropy to a

central observer requires source activation by the variance
σ2 = rD−1

0 . It should be stressed that this is incompatible
with the proposed variance σ2 = rD0 r2

a for large-area syn-
thesis of diffuseness. In particular, large-area diffuseness
emphasizes anisotropy towards sources at larger radii, in
edges, and corners, when compared to σ2 = rD−1

0 .
For discrete source layouts, we could define a relative

radial limit x
xmax

< N
N+1 of the synthesis area achiev-

ing ψ ≥ 90% diffuseness when using circular/spherical
layouts arranged in tight spherical t = 2N + 1 designs.

We could show that this radial limit still serves as a
rough estimate of the ψ ≥ 90% area for ellipse/ellipsoid
and rectangle/cuboid constellations, with the proposed
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source variance σ2 = rD0 r2
a sampled at the directions of

a tight spherical t = 2N + 1 design.
Solving the Thomson problem was proposed as an

alternative to find discrete superellipsoid source layouts
driven by uniform variances σ2 = 1. This scenario
appeared to largely adhere to the same radial limit when
using a similar number of sources.

We were unable to find any other than a numerical
evidence that the proposed density σ2 = rD0 r2

a is a rea-
sonable approximation for our application. Future work
could consider numerical simulations to define the limits
of the approximation, and whether it could serve as supre-
mum/infimum baseline solution for solvers in electrostat-
ics/elasticity, in addition to more elaborated baselines,
e.g. [76].
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