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Abstract — Self-sustained musical instruments are non-linear dynamical systems that can produce a large
number of sound regimes, whose existence and stability depend on both design and a number of control
parameters. Determining which regimes exist for given parameters and which one is reached in practice
when several stable regimes coexist for identical parameters is of importance from both the making and
playing points of view. In this article, we consider a physical model of a trombone, and produce car-
tographies of the sound regimes in the space of playing parameters associated to the musician, namely
the blowing pressure and the lips parameters. In practice, boundaries of the parameters space regions
corresponding to different regimes are defined explicitly using Support Vector Machines. This approach is
implemented in an open-source python library pyEDSD which is presented here. Importantly, the method
is not specific to the considered application and the library may be of interest for other applications, in

particular in engineering.
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1 Introduction

As non-linear dynamical systems, musical instruments
produce a diversity of oscillation regimes, whose existence
and stability depend, often sensitively, on a large num-
ber of parameters [1-3]. Here we focus on brass musical
instruments, which include, among others, the trumpet
and the trombone. In these instruments, the main control
parameters are the blowing pressure, the lips mechanical
properties (often referred to as “embouchure parame-
ters”) and the configuration of the instrument acoustical
resonator, which the musician can change by moving the
slide (for the trombone) or by changing the fingering (for
the trumpet) [4]. Importantly, for a given configuration
of the resonator, several periodic sound regimes (musi-
cal notes) with different fundamental frequencies are pro-
duced depending on the playing parameters chosen by
the musician such as the blowing pressure and the lips
natural frequency [5, 6]. Characterising the dependency
of the obtained sound regimes on the playing parame-
ters is of practical importance both from a making and
playing point of view.

*Corresponding author: sylvain.maugeais@univ-lemans.fr

The study of the different regimes of brass instruments
is the subject of a large body of the literature [4-8] and is
complicated by the fact that the model is non linear, and
that the control parameters are not well known [9]. The
present study aims at simplifying the set up of such stud-
ies which are often quite slow when the model behaviour is
investigated systematically under the slow variation of a
parameter (e.g. poor man’s continuation) or more difficult
to implement (continuation [10]).

A possible way to investigate the regimes of a non-
linear dynamical system in general and in a model of
wind musical instrument in particular is to discretise the
parameters space and simulate the model for each point
(i.e. each set of parameters), to determine which regime is
reached after any transient dynamics has died out. This
strategy has been used in [1] but quickly becomes time-
consuming when the discretisation gets finer due to the
large number of simulations to perform. A more refined
method, based on the Explicit Design Space Decomposi-
tion (EDSD) technique developed in the series of papers
[11-16], has been proposed in [17] and used in [18, 19]
to study the clarinet regimes. The EDSD method com-
putes a decomposition of the so-called design space (here
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the space of control parameters) using Support Vector
Machines (SVM) which are easily computable functions
whose set of zeros defines the boundary of regions in
which the different regimes are observed. Compared to
the discretisation of the parameters space, this approach
requires a much lower number of time-domain simulations
of the considered model.

Here we introduce the python library pyEDSD, which
computes a SVM decomposition of the design space with
respect to a black box function. It is largely inspired by
the aforementioned works on EDSD which led to the part
of the CODES Matlab library dedicated to EDSD!. The
possibilities of pyEDSD are illustrated here on a physical
model of a trombone: in the space of the blowing pres-
sure and lip resonance frequency (the two main control
parameters) we compute the boundaries between the dif-
ferent observed periodic regimes for a given set of initial
conditions. The library itself is introduced in Section 2:
notions on main elements of the method, such as SVM,
are recalled and the possibilities of pyEDSD are illustrated
in explicit examples coded in python. In Section 3, the
method is applied to the cartography of the different
periodic regimes (corresponding to musical notes) of the
trombone in the space of the two main control parame-
ters of the musician. This section also entails a discussion
on the so-called complex and real representations of the
input impedance, and gives further reasons for favouring
the real one.

2 Explicit design space decomposition based
on Support Vector Machine

Support Vector Machines (SVM) are a class of
machine learning technique which has been widely used
for classification tasks. The underlying idea is to generate
an explicit (linear or non-linear) decision function that
corresponds to the boundary between different classes in
a space of relevant parameters. SVM have originally been
developed in the linear case by Vapnik in [20] and have
since been expanded and used in many different areas. It
was notably generalised in [21] for non linear kernels. The
interested reader can refer to dedicated textbooks such as
[22, 23] as entry points to the literature. In the following,
we detail only the few properties that are necessary for
the EDSD implementation (cf. Sect. 2.4).

In pyEDSD, the SVMs are computed using the library
scikit-learn, [24].

2.1 Definition of Support Vector Machines

We first present here the binary SVM which aims to
classify points associated to labels a or b, for two distinct
classes a and b.

Let z1,...,zx € R? be points and y1,--- ,yny € {a,b}
their labels. A decision function is a map D: R? — R

! CODES is
toolbox/.

available at http://codes.arizona.edu/
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Figure 1. Theoretical example of a SVM in the square [0, 1]*
obtained with scikit-learn. The left panel is linear, the
right panel is radial. The labels are represented by different
colours, red and blue. The cyan curve represents the separa-
tion between regions associated to different labels. The yellow
and purple curves represent the limits of the specified margins
around the boundary.

such that for all ¢, D(z;) > 0 if y; = a and D(x;) < 0 if
yi = b.

The Support Vector Machine algorithm is a classifier
that produces a decision function verifying the maximum-
margin property. In the practical case considered here, the
zeros of the decision function correspond to the boundary
between regions of the plane of two parameters associated
to different sound regimes. The maximum-margin prop-
erty requires that the distance from the separating subset

~1({0}) to the set of points z; is maximal, as illustrated
in Figure 1. In the linear case, this notion is relatively
self explanatory as the distance from a set of points to
a hyperplane is easy to compute. In the non-linear case,
this is not as easy, and is achieved by using the kernel
trick, which uses an embedding in a larger dimensional
space [21].

One of the maximum-margin property advantages is
that it makes the decision function unique (when it
exists), and ensures the best possible separation.

The library scikit-learn, through the function svc,
handles different types of kernels. The following ones are
directly implemented, but the user can also specify their
own:

— Polynomial K(z,y) = ({(z,y) + )%

— Gaussian radial K (z,y) = eVl*~ vl for y > 0;

— Sigmoid function K (z,y) = tanh(x(z, y)+c) Wlth K>
0 and c < 0.

The decision function is then of the form

x) = ZakK(ack,x) (1)
k

where the o are parameters calculated using the SVM
algorithm through an optimisation procedure (cf. loc. cit.
for more details).

As the SVM uses Euclidean distance, the result may
not be satisfactory if the variations of different coordi-
nates of the data do not have the same magnitude. As
is usually the case when comparing data with different
units, pyEDSD performs all its SVM computations with
dimensionless data.
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Figure 2. Example of a multi-class SVM. A posteriori,

the boundary in the middle could have been discarded, see
Section 2.5.

2.2 Multi-class SVM

Many strategies have been proposed to generalise
SVMs to multi-class classification [22, 23]. The one used
in pyEDSD is the so-called “One versus One” (abbreviated
as “ovo”) because it lends itself well to the generation of
points on the boundary (cf. Sect. 2.3).

Being given labelled points (z;,y;) € RY x L, with L a
set of £ ordered labels, the strategy “ovo” defines @
binary classification problems, one for each ordered pair
v = (a,b) with a,b € L, a < b. The SVM algorithm can

then produce decision functions D(q ), such that

ify,-:a

D(a,b) (3?1) >0 ify; =b.

{D(a,b) (zi) <0
A linear multi-class SVM is shown in Figure 2. We can
see on this example that, for the purpose of classification,
the boundary between classes 0 and 2 is actually useless.
This property is used for the multi-class EDSD detailed
in Section 2.5.

2.3 Finding points on the boundary of the SVM

Let D: C — R be a decision function (or actually any
sufficiently regular function) defined over a rectangular
cuboid C. The goal of this section is to produce points
on the boundary D = D~1(0) between the positive and
negative regions defined by D.

The first step is to take a random point o in the
search domain C' which serves as a starting point to a
minimization procedure of the function x — D(x)2. The
algorithm chosen for pyEDSD is the gradient algorithm,
which has the advantage of being simple and effective.
The idea is that if xg is close enough to the boundary of
D then the convergence should be the fastest, provided D
is sufficiently smooth, which is necessarily the case thanks
to the choice of a regular kernel for the SVM.

Note that in the original article [16], it is moreover
enforced that the points generated on D are the furthest
away from each other.

1.0 1

0.51
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~1.0 4

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Figure 3. Example of random points created on the bound-
ary of an SVM. For this example, all points verify |D(z;)| <
7.107%.

An example is given in Figure 3, for a decision func-
tion classifying the inner and outer points of a tri-
folium (obtained using pyEDSD), and the search space
C=[-2,2] x [-2,2].

Because the points of the boundary are independent
from one another, the generation can be parallelized by
choosing different stating points zo for each thread.

2.4 The full algorithm

The full algorithm is now detailed for a given black-
box function §: C' — {a,b} that classifies each point in
the parameter space in a class.

First let X C C be a finite set, which should con-
tain at least one element in each class and let Ny be an
integer. The algorithm first step is the production of a
set of Ny points in C' using a pseudo-random generator,
to add them to X and to evaluate the black-box func-
tion 3 on all points of X to produce the list of labels Y.
A first decision function Dy is then computed using the
scikit-learn library.

An iterative process subsequently starts, with w par-
allel threads. First, w random points are computed on the
boundary 0D, of the classifier, and the classifier criterion
[ is evaluated on these new points, which are then added
to X and their label to Y. A new classifier D,y is then
computed and a new step of the loop is performed. The
pseudo-code for the algorithm is given in Algorithm 1,
where the parallelizable parts are shown in blue.

2.5 Generalisation to multi-class classifiers

2.5.1 With the "ovo” strategy

The algorithm detailed in the previous section can
be adapted to multi-class black box functions using the
“ovo” strategy (cf. Sect. 2.2) and the pairwise decision
functions D(, ) for every ordered pair of classes with
a <b.

Regarding the impact on Algorithm 1, it means that
the generation of additional points must be done on the
frontiers of every decision function D, ), which contains
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Algorithm 1. Full EDSD algorithm.

Algorithm 2. Computation of the classifier of a disk.

Input : 6, C, X, No, N1, w
Xo < No pseudo-random points in C'
X — XUXp
Y — {fB(z) for z € X}
D — SVM(X,Y)
while N; # 0 do
X' « w pseudo-random points on 9D
Y’ «— {B(x) for x € X'}
X, Y —XuX,YuYy’
D — SVM(X,Y)
N1 «— N1 —w

Output : D

@ elements, where ¢ is the number of classes. How-

ever, this can be reduced as there may be regions which
are not neighbours, such as the boundary between classes
0 and 2 in the example in Figure 2. Some decision func-
tions can therefore be discarded and the search can be
performed over a subset specified by the user and denoted
neighbours in pyEDSD, which contains a list of the pairs
(a,b) relevant for the computation; see the trombone
regime example in Section 3.

Once the final decision functions are obtained, it is
possible to define a decision function for one class: first,
if a > b, define D(,3) = —D(p,q), then define

Dq(z) = e, Da,p)(@). (2)
b#a
If B(x) = a, then D4 ) (x) < 0 for all b # a and D,(z) <
0. The function D, can then be studied on its own, be it
for displaying or measuring purposes (see Sect. 2.6).

Note that, due to the use of the max in formula
(2), D, may not be as regular as the decision functions.
Therefore the gradient algorithm used to produce points
on the boundary may not be able to converge in the
neighbourhood of “corners”.

The generation of random points in the refinement
step are produced for one particular decision func-
tion, each of them therefore gets as an average of
N /#neighbours points in its boundary. To get a good
result, the number of neighbours must then be as small
as possible, or N1 must be increased. The example file
multiclass_2d.py of the library gives a full example and
is reproduced below.

2.5.2 With the "ovr” strategy

The “ovo” strategy of pyEDSD can be useful for a pre-
liminary exploration of the parameter space, when classes
are not all well identified. However, it can be quite slow
due to the refinement points distribution among all the
neighbours. Depending on the problem, it may be faster
to use binary classifiers once classes are identified. This
can be readily obtained with a loop for all the classes
a using the “ovr” strategy that uses the binary classifier
returning true if the output of 3 is a. An example is shown
in the example below, in which only the “main” part of
listing Algorithm 2 is changed to give Algotihm 3.

import pyEDSD as edsd

def func(X) :
r =(X[0]**2+X[1]**2)**0.5
if X[1] < 0 : return(0)
return(1+min(3, int(2*r)))

if name__ == "__main__" :

bounds = [[-2, -2]1, [2, 2]]
X0 = [[0, 0], [0.5, 0.5], [1, 11,
[1.5, 1.5]]

clf = edsd.edsd(func, X0=X0, bounds=bounds,
processes=4, NO = 20, N1 = 1000,
sve=dict(C = 100),
neighbours [(f1,21, [2, 3],
(3, 41, (o, 11, [0, 21, [0, 31,
edsd.save(clf, "multi.edsd")

[o, 411)

Algorithm 3. Setting up the “ovr” strategy.
for ¢ in Classes :
def £(X) :
return(func(X) == c)
clf = edsd.edsd(func, X0=X0, bounds=bounds,
processes=4, NO = 20, N1 = 1000,
sve=dict(C = 100))
edsd.save(clf, f"multi-{c}.edsd")

2.6 Computation of regions descriptors using
Monte-Carlo methods

For a given decision function D, either that of a pair
D4y given directly as an SVM, or one D, coming from
a multi-class SVM as in Section 2.5 equation (2), it is
possible to use the generation of points on the boundary
0D and Monte-Carlo methods to evaluate some quantities
like

— max and min of coordinates of points (to obtain a
bounding box),

— distances to a point,

— center of gravity,

— radius of D.

As an example, the trifolium diameter evolution is shown
in Figure 4 with respect to the number n of points on the
boundary. In this figure, the computation time at each
step is also shown with and without parallelisation (for
20 parallel threads).

Note that, although the error in the diameter estima-
tion tends to 0 with n, for a fixed n the error is of the
form O(diameter/n) in the uniform case scenario.

With the same technique, it is also possible to obtain
a mesh of the interior. For this pyEDSD first generates
points on the frontier 9D, from which it extracts a bound-
ing box. Then it generates uniformly distributed random
points in this box, of which only those that verify D < 0
are kept. The last step is to generate the Delaunay trian-
gulation using the points on the boundary and the points
in the inside. Note that the Delaunay triangulation is
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Figure 4. Evolution of the relative error in the estimation
of the diameter (circles) of the trifolium as represented in
Figure 3, and corresponding computation time (crosses) with
the number of points on the boundary. Cyan and purple colors
correspond to the case of one and 20 workers respectively.
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Figure 5. Example of a SVM constructed with Algorithm 1
and a mesh obtained with the method described in Section 2.6.
The bounding box is also computed using the boundary
points.

actually computed on the inhomogeneous data as it may
otherwise give unbalanced meshes. Once a triangulation
is computed, other quantities can be estimated, such as
the volume inside dD. An example of such a triangulation
is given in Figure 5.

3 Application to the trombone regimes

Velut et al. [5] computed, for a given lip frequency, the
mouth pressure threshold at which the equilibrium (non
oscillating) regime becomes unstable, often leading to the
production of a periodic regime corresponding to a note.
This provides insight on the ease of playing of the differ-
ent regimes of a trombone. We aim here at reproducing
and expanding these results by taking advantages of the
pyEDSD library capabilities.

Table 1. Reference lip parameters, as considered in [5].

pe (kg/m?) Qo
1/0.11 7

H (mm)
S5e—1

3.1 Physical model

An elementary trombone model is used here. It is
detailed in [4], Chapter 5. It is the same as the one used
in [5] and consists of a set of three equations describing
the lip opening h through a second-order differen-
tial equation that takes the form of a one degree of
freedom oscillator,
the trombone input impedance describing the res-
onator response in the frequency domain,
the input air flow modulated by the lips vibration
see equation (6).

In this model, the lips motion depends on four param-
eters: the lip opening at rest H, their quality factor Qy,
surface density uy and resonance frequency Fy. The ref-
erence values for these lips parameters are taken from [5]
and summarized in Table 1. Note that these values may
not be realistic, in particular that of @)y, but are kept as
such for comparison with the existing literature.

The second equation of the model comes from the
input acoustical impedance of the resonator Z = P/U
written in the Fourier domain, where P and U denote
respectively the Fourier transform of the downward pres-
sure p and that of the flow through the reed channel u. A
modal decomposition of the impedance is then performed

N PR
Ch Cp
Z =7
() C;jw—sn+jw—§

where w is the pulsation, N is the number of modes con-
sidered in the approximation of the impedance, the bar
~ denotes the complex conjugation, Z. = £ denotes
the characteristic impedance with p the air density, ¢
the speed of sound in air, and S the trombone mouth-
piece entry section. The modal parameters C,, and s,
are computed using the Rational Fraction Polynomial
method [25] that approximates measurements of the
input impedance of a Courtois trombone. With no extra
condition, one obtains the so-called C-representation. If

the extra condition Re(s,,Cy,) = 0 is added (see Eq. (7.23)
in [26]), ensuring that the impedance is zero at zero fre-
quency, the decomposition uses a real mode basis and
is called the R-representation. A R-representation can
be obtained from the complex one using the technique
described by Ablitzer [27].

The downstream pressure (i.e. the acoustic pressure in
the mouthpiece) can then be written as

N
p = 2Re (Z pn>
n=1

with the complex components p,, satisfying the differen-
tial equation
(5)

(3)

(4)

pn = Zchu + SnDn
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Table 2. Frequencies of the first seven input impedance
peaks of a Courtois T149 trombone fitted with a bass
trombone mouthpiece Holton 181. The first row indicates
the peak number.

n 1 2 3 4 5 6 7
F, 37 111 169 228 292 346 403

coming from a frequency-domain formulation (3)
obtained through an inverse Fourier transform, where u
denotes the flow through the lips. This is equivalent to
2N real differential equations.

Finally, the flow u entering the instrument resonator
and which is modulated by the lips opening h is described
by a Bernoulli law in the third line of (6). Note that as
h is allowed to be negative, the reed entering section in
this equation is set as w max(h,0). Moreover, because of
the possible inversion of the flow direction, the Bernoulli
law must be regularized along the lines of [6] using a
dimensionless parameter £ taken for the simulations to
be 1076,

The final set of equations is therefore

h+ &b+ wi(h — H) = b=p
pw) = Z(w)i(w)

u = wmax(h, 0)#}1% ©)

Pn = Z.Cpti + 8ppp, ¥n < N
p = 2Re (ij:l pn)

where P., = pyHw? is a physical parameter homogeneous
to a pressure, equivalent to the closing reed pressure for
reed instruments.

The model defined by equation (6) gives a system of
2N + 2 coupled ordinary differential equations with the
vector of state variables

E= (h, h7 §)%(pl)v %(pl)a R §R(pN)ﬂ %(pN))

depending on design parameters (which are fixed here
and encoded in the input impedance) and control param-
eters € comprised of the downstream pressure p,, and
lips parameters H, Fp, puy and Q. It can be solved for
any given set of initial conditions using an ODE solver.
For this study, we chose either a simple Runge-Kutta
solver of order four, or an implicit trapezoidal rule solver
for extra stability. Both are implemented in C for extra
speed, with a sampling frequency fs = 48 000 Hz which is
sufficient to ensure convergence.

3.2 Definition and detection of the regimes

When that the impedance is zero at zero frequency,
the model (6) has a static equilibrium solution

Estat = (H + [JZ::% ) §R (pitat) ) % (pitat) P )

with

|51 ] Hewy P

which exists for any values of p,,, and lip parameters, but
whose stability depends on these parameters [5]. Physi-
cally, this solution corresponds to the fact that no sound
is produced despite the fact that the musician blows into
the instrument.

Let 29 = (0,...,0) be the null state vector , which is
chosen as a fixed set of initial conditions, and € a set of
control parameters (p.,, H, Fy, t1¢, Q). The first step is to
compute which regime is reached by the system for these
initial conditions and a given set of control parameters.

3.2.1 Obtaining the periodic regime

The final regime computation is obtained by simulat-
ing successively segments of length © and checking if the
last one is periodic. If so, the iterative process is over and
the regime can be identified. Otherwise, a new segment
is computed using the ODE solver applied to system (6)
using as initial conditions the last computed values of the
previous segment.

The criterion chosen here to detect if the permanent
regime is reached relies on the signal envelope. For this,
the duration of the simulated time series must be much
longer than any possible signal oscillation period, i.e. © >
1/F; where F; denotes the smallest expected frequency
for periodic regimes coming from Table 2.

First, two “pathological” cases must be dealt with:
that of an unbounded signal labelled "Nan" and which
exists mainly when the numerical scheme does not con-
verge, and that of a signal going toward zero, labelled "0",
for which the envelope criterion cannot be used. Both are
detected using bounds on the downstream pressure abso-
lute value computed on a segment. For the first case, the
maximum must be smaller than a given bound, and bigger
than another bound in the second case.

With these two cases aside, the quantity

10g10 (max{pm(t),te[e—l/Fl,e]} )

max Pm

(o) = - 5 1R 7

approximates the signal envelope logarithmic slope. If it
is smaller than a given bound, then the simulated signal
is considered to be permanent. Otherwise a new segment
is computed. Note that if the signal converges toward 0,
this logarithmic slope may not be small.

This leads to another pathological case: depending on
the control parameters €, the system can show slow con-
vergence towards the periodic regime, which amounts to
a small logarithmic slope, which remains larger than the
fixed bound for a long time. It is therefore necessary to
fix a maximal duration of the simulated time series. If the
iterative process has not found a permanent regime after
this number, the signal is labelled as "Slow".
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Figure 6. Periodic part of signal obtained from system (6)
with R-decomposition of the input impedance, mouth pressure

pm = 6000 Pa, lip parameters from Table 1 and 3 different lip
frequencies Fy.

3.2.2 Identification of the regime

We can now suppose that the envelope logarithmic
slope is almost zero and that a permanent regime has
been reached. The instantaneous frequency F' of the
downstream pressure computed during the last segment
is obtained using the Yin algorithm [28] which comes with
an indicator of periodicity: the harmonic ratio.

If the harmonic ratio is bigger than a given reference
value hrwer = 1073, then the steady-state solution is ape-
riodic and ((€) ="Non periodic". This may encapsu-
lates many different kind of regimes worth studying, but
they are not the focus of the present study. When the
harmonic ratio is smaller than the reference, the solution
is considered to be periodic.

Figure 6 shows periodic signals obtained for the lip
parameters of Table 1, a mouth pressure p,, = 6000 Pa
and different values of Fy. In this figure, the playing fre-
quency is slightly above one of the acoustic resonance
frequency, given in Table 2. This is a general case for
the kind of lip models considered here (cf. [4], Fig.
5.6b). Although different from the others, the wave-
form obtained for Fy = 52.98 Hz is reminiscent of those
obtained by Elliott in [29].

We therefore define the regime towards which the sys-
tem converges as the nth register, where n corresponds to
the highest resonance peak index with frequency smaller
than the playing frequency

B(€) = max{n, F > 3(s,)/(2m)}. (8)

On the other hand, if the logarithmic envelope is smaller
than a reference 7(p) > 7ot = 1072, then the stable solu-
tion has not been reached during the mth simulation seg-
ment, so that we should iterate to the next m unless it
is bigger than a reference myax, in which case the solu-
tion must be very close to a frontier between regimes, and
B(€) = “Slow”.

This regime definition can be summarized with the
pseudocode detailed in Algorithm 4.

Algorithm 4. Regime definition.

Input : pm, €= (Fi, pue, Qe, H)
m 0, Sinit < =0
while m < Mmax do
= «— ODE solution with initial condition Zjni¢
p <« pressure(=)
if max(p) = Nan then return "Nan"
if max(p) < prer then return "Silent"
if 7(p) < Tret then
F, hr — Yin(p)
if hr < hr.or then
return max{n, F' > S(s,)/(2m)}
else return "Non periodic"
Einit — E(@)
m—m-+1
return "Slow"
Output : Regime

Regime 0 .
9 Regime 5
300 e ———T___
Regime 4
= 250
z et
> e - -
c .
3 2004 Regime 3
o
g r_/
E
= - Ty WNNINNEN =~ WSS
£
3 150 Regime 2
a
100 A
Regime 1
50
50 100 150 200 250 300

Lip frequency (Hz)

Figure 7. Evolution of the playing frequency with respect
to lip frequency, obtained with Algorithm 4 for each lip fre-
quency and initial condition Zo. The lip parameters are those
of Table 1, the mouth pressure is p,, = 6000Pa and the
program uses a R-representation of the input impedance.

Figure 7 shows the different regimes obtained for the
lip parameters given in Table 1 and computed for each
lip frequency using Algorithm 4. The regime 0, where no
sound is produced and the downstream pressure tends to
0, is represented by gray rectangles.

3.3 Mouth pressure oscillation threshold

To assess the precision of pyEDSD, the oscillation
thresholds — corresponding to the minimal value of the
mouth pressure for which an oscillation is produced for
the considered initial conditions — are computed here on
a range of lip frequency values. The results are com-
pared with those of [5, 6], obtained through a bifurcation
analysis, as illustrated in Figure 8.

For a given set of control parameters, the mouth
pressure threshold can be computed using bifurcation
diagrams, such as that of Figure 9 which is obtained using
the continuation software auto-07p [30].
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Figure 8. Map of regimes 1 to 6 obtained with pyEDSD,
together with theoretical pressure threshold as a red dotted
line obtained with auto-07p.

In this figure, two bifurcation diagrams are shown for
lip parameters given in Table 1 and two different lip fre-
quencies. For the smaller lip frequency (F; = 93.2Hz,
green curve), the Hopf bifurcation is direct, and the pres-
sure threshold corresponds to the destabilisation thresh-
old of the equilibrium solution obtained by a linear stabil-
ity analysis. However, for the larger lip frequency (F, =
101.8 Hz, blue curve) the Hopf bifurcation is inverse, and
the emerging periodic solution is unstable (dashed part
of the curve) until a saddle node bifurcation of periodic
orbits is reached, which gives the pressure threshold. Note
that the combination of the inverse Hopf bifurcation and
saddle node bifurcation of periodic orbits induces a dif-
ference between the destabilisation threshold of the equi-
librium solution and the threshold defined as the minimal
blowing pressure for which a sound can be produced. Here
however this difference is small, as shown in [6].

3.4 Pressure threshold obtained with pyEDSD

Algorithm 4 is used as a black box parameter function
0 for pyEDSD, where only the mouth pressure p,, and lip
frequency Fy are used as free parameters and Table 1 is
used to get a full set of lip parameters. For comparison
purposes, § must return only one type of data, and in the
example below all the regimes are strings.

To make sure points in each class are produced during
the initialisation phase of pyEDSD, the variable Xy must
contain points in each class. This is obtained by picking
high mouth pressure values (18 kPa) for a discretized set
of lip frequencies. That part of the initialisation process
uses a priori estimates of the mouth pressure, and it can
be found in [6]. According to the definition of regimes,
the set of possible classes is composed of

— 1 silent regime, "Silent";

— 6 different periodic regimes, "1" to "6";

— 1 regime indicating numerical scheme instability,
llNanll;

RMS

— F=1018 Hz
— F=932Hz

500 1

RMS value of downstrezam pressure (Pa)
S
o
3

T T T T T T T
600 800 1000 1200 1400 1600 1800 2000

Mouth pressure py, (Pa)

Figure 9. Bifurcation diagrams representing the evolution of
root mean square value of the downstream pressure p with
respect to the mouth pressure p,,, for the lip parameters of
Table 1 and two different values of the lip frequency: F; =
101.8 Hz (blue curve) and Fy = 93.2 Hz (green curves). Stable
and unstable parts of the branches are represented by solid and
dashed lines, respectively. The pressure threshold is indicated
in each case by a red circle.

Algorithm 5. Computation of the regimes classifier as
functions of lip frequency and mouth pressure.
bounds = [[0, 10], [350, 2e4]]
X0 = [[f, 18e3]
for f in np.linspace(100, 350, 50)]
clf = edsd.edsd(beta, X0=X0, bounds=bounds,
processes = 16, NO = 200, N1 = 5000,
svc=dict(C = 1000))

— 1 aperiodic regime, "Non periodic", which may con-
tain many different regimes;
— 1 slow convergence regime, "Slow".

We thus have 10 different regimes, and therefore

%0_1) = 45 possible neighbouring regimes. However,
during the exploratory phase, it is better not to set the
neighbours variable as it is not clear what class is close
to another, so the set of neighbours in this example is the
full set.

The main function of pyEDSD is launched by setting
the number of parallel workers for the search of points on
boundaries, the size Ny of pseudo-random discretisation
of the search space, and the total number of points Ny
on boundaries. The number of refinement steps (“while”
loop in Algorithm 1) is therefore Ny /#workers.

The full program (except the black box function () is
given in Algorithm 5. The full computation time is 120s
using 16 cores on a desktop computer.

Figure 8 shows the regions corresponding to the dif-
ferent classes in the (Fy, p,,)-plane of control parameters,
as obtained with the program above for the 6 periodic
regimes, together with the pressure threshold at which
the static regime becomes unstable, as computed with
auto-07p and displayed as a red dotted line (obtained
following [6], Fig. 7).

We see that pyEDSD is overall in good agreement
with the destabilization threshold of the static regime,
in particular for low lip frequencies. This precision could
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Figure 10. Zoom of Figure 8 around regime 6 (in brown)
together with "Slow" regime (purple) and theoretical mouth
pressure threshold (dotted red line).

be increased by setting N; to a greater value, or by
decreasing the number of neighbours.

Nevertheless, due to the possible existence of inverse
bifurcations (as described above), we do not expect here
a perfect match. In particular, the choice of initial con-
ditions =y might affect the results when several stable
regimes (and thus several basins of attraction) coexist for
identical parameters.

3.5 Slow convergence and boundary

The discrepancy shown in Figure 8 between the
destabilization threshold of the static regime and the
boundaries obtained with pyEDSD partly comes from our
definition of regimes and the limit given on the simula-
tion time Mmyax. Indeed, as shown in the work of Velut
[5], the transient time can relate to the real part of the
eigenvalues of the jacobian matrix of the system (6), and
it was shown in loc. cit. Section 3.2 that the eigenval-
ues can have small real part (implying long transients),
which is what is happening in our case. This is further
amplified by the choice of a high order numerical scheme
which, in presence of very small eigenvalues real part,
converges toward solutions with amplitude smaller than
floating point accuracy.

To reduce the computation time, a solution of the
model (6) is labelled "Slow" if the signal envelope log-
arithmic slope is “too far” from 0 even after a fixed sim-
ulation time of 20s. However, for lip parameters close to
the boundary between two regimes, the solution may con-
verge increasingly slowly toward one or the other regime,
which induces a small logarithmic slope. This is clearly
seen in Figure 10 where an enlargement of Figure 8 is
shown after a new and refined computation of the regimes
given by the listing Algorithm 6. Note that the neigh-
bours of interest are specified so that no time is allocated
to couples of classes that are not neighbours.

As expected, we see that the destabilization threshold
of the static regime lies within the "Slow" area.

Algorithm 6. Classifiers of the "Silent" and "Slow"

regimes around the regime "6".

bounds = [[300, 14e3], [350, 2e4]]

neighbours = [["Silent", "Slow"], ["6", "Slow"]]

clf = edsd.edsd(beta, X0=[], bounds=bounds,
processes=16, NO = 200, N1 = 3000,
sve=dict(C = le4), neighbours = neighbours)
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Figure 11. Comparison between C-reprensetation (orange
curves) and R-representation (blue curves) of the input
impedance of a Courtois trombone: relative error (top panel)
with respect to the experimental data, modulus (middle panel)
and argument (bottom panel).

3.6 Case of C-representation

Thanks to its use of a simple time integration, the
pyEDSD library can shed a new light on the use of C and
R-representations of the impedance.

Figure 11 shows both impedance representations of a
Courtois trombone, obtained experimentally in [6]. The
top panel shows the relative errors of both representa-
tions, showing that the C-impedance fits better the exper-
imental data. This is expected since it has more degrees
of freedom than the R-representation. The second panel
in Figure 11 shows the reconstructed impedances mag-
nitude. It shows that the C-representation is non zero
for zero frequency. Moreover, as the third panel shows
through a display of the phase of both impedance repre-
sentations, the C-representation is not even passive. This
fact alone suggests that the model should behave badly,
and the goal of this section is to show that this problem
can be circumvented for large enough values of the lip
frequency.

The RK4 numerical scheme appears to be unstable
when computing some solutions, so it is replaced in this
section by a trapezoidal rule solver, which gives good
approximations of constant Lyapunov stable solutions.
The trapezoidal rule solver is implicit and is consequently
slower than the RK4 scheme. Moreover, “ovr” strategy is
used to determine the regimes boundaries, as detailed in
Algorithm 7.
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Algorithm 7. Computation with the “ovr” strategy for
the C-representation of the input impedance.
bounds = [[0, 0], [350, 2e4]]
X0 = [[f, 18e3]
for f in np.linspace(10, 350, 10)]
X0 += [[50, 160]]
for m in ["1", "2", "3", "4", "E", "E", "Nan"]:
def f(x)
return(func(x) == n)
clf = edsd.edsd(f, X0=X0, bounds=bounds,
processes=16, NO = 10, N1 = 500,
sve=dict(C = 1000)) #
edsd.save(clf, f"carte_multiC-{n}-ovr.edsd")

20000

17500

15000

12500

10000

Nan
Regime 1
Regime 2
Regime 3
Regime 4
Regime 5
Regime 6

7500

Mouth pressure (Pa)

5000

2500

T T T T
150 200 250 300 350

Lip frequency F; (Hz)
Figure 12. Regimes obtained by pyEDSD for the
R-representation  of impedance (black lines) and
C-representation (coloured patches).

The output of pyEDSD is shown in Figure 12. The dif-
ferent regimes are represented by colour patches, and are
superimposed with the boundaries of regimes obtained
with the R-representation already shown in Figure 8, and
represented here by black lines.

In this figure, there is a noticeable but relatively small
difference between regimes 3 to 6 obtained with the two
types of representations, but the other regimes are com-
pletely disrupted by the C-representation, to such an
extent that regime 1 almost entirely disappears and is
replaced by the "Nan" regime which corresponds to down-
stream pressure with a RMS value above a non physical
level.

To explain this phenomenon, a point in the "Nan"
regime is chosen and the solution given by the trape-
zoidal rule solver is shown in Figure 13, where it appears
to converge toward a constant negative solution.

These solutions are actually known at least since the
work of Velut [5] where it was shown that, in the case
of C-representation, there are three different equilibrium
solutions, all with non zero amplitude: one with small
amplitude, and the other two that have no physical inter-
pretation. Figure 13 shows that at least one of these non
realistic solutions is actually Lyapunov stable. Moreover,

1e20

Downstream pressure (Pa)

r
0.0 0.5 1.0 15 2.0 25 3.0
Time (s)

Figure 13. Convergence toward a non zero solution obtained
with the trapezoidal rule solver starting at zero.
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Figure 14. Boundary or the regimes regions obtained by
pyEDSD as functions of the lip frequency, mouth pressure and
opening at rest as detailed in program Algorithm 8, colour
legends as in Figure 8.

Figure 12 shows that the solution of (6) initialised with
=p tends toward a non physical solution for a large range
of small lip frequency. This is consistent with the fact
that, for sufficiently small lip frequency values, the model
obtained using C-representation is not passive.

From now on, we will only focus on the
R-representation of the impedance.

3.7 Generalisation to 3D

We can now turn to the production of regime cartog-
raphy when H, p,, and F; vary, while @, and u are kept
fixed to the values given in Table 1. These three param-
eters have been chosen because their effects have already
been studied (cf. [6]).

Figure 14 represents the result of the Algorithm 8
(computation time: 6 min), obtained with pyEDSD using
the “ovo” strategy for H varying in the range
[1072m, 1072 m]. The need for negative valued H comes
from personal experiments as it appears necessary in
some cases to produce low notes. This is made possible
because the lips opening is allowed to be negative in the
model (6), and can be interpreted as tight lips.

The set of neighbours considered are the same as
that in Figure 8, the regimes "Nan" and "Slow" are not
computed.
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Algorithm 8. Construction of the 3D classifiers.
bounds = [[20, 10, -1e-2], [350, 25e3, 1le-2]]
= [[f, 15e3, 0]
for £ in np.linspace(360, 390, 5)]
neighbours = [[str(i), str(i+1)]
for i in range(len(regimes)+3)]
neighbours += [["Silent", str(i)]
for i in range(len(regimes))]
clf = edsd.edsd(func, X0=X0, bounds=bounds,
processes=16, classes = 16, NO = 1000,
N1 = 6000, svec=dict(C = 1000),
neighbours = neighbours)
edsd.save(clf, "carte_multi_3d.edsd")

Algorithm 9. Restriction of a classifier.

clf = edsd.load("carte_multi_3d.edsd")

clf.restriction([[0, 0], [350, 25000]],
lambda x:[x[0], x[1], 5e-4])

For an interactive version of this three-dimensional
figure, see the online version plotted with the
plotly.js.

3.8 Comparing 2D and 3D

Each classifier produced by the pyEDSD library has a
restriction method that produces a new classifier defined
via a map. It can be used either as a proper restric-
tion, or as a way to reduce the region of interest. The
restriction method takes as argument a new cuboid
C’, and a function C’ into C. For example, loading the
3D classifier from the previous section and restricting H
(i.e. the third argument) to H = 0.5mm is done as in
Algorithm 9.

This new classifier can be displayed and compared to
that of Figure 8. This comparison is shown in Figure 15
where colour patches represent the restricted classifier,
and the black lines the contours of the original 2D
classifier.

The result is satisfactory, although a difference is
clearly present, albeit less critical than that introduced
by a C-representation of the impedance (see Fig. 12).
The discrepancy between both methods may come from
different sources:

— the resolution used during the computation of classi-
fiers (which could be increased by changing N );

— the choice of kernel used for the classifications. Here
the default “rbf” was chosen, as it appears to be a
good choice in many situations;

— the parameters used during the SVM to change
the kernel regularity (parameters C' and v of the
scikit-learn function svm.SVC), as these parame-
ters ensure the classifier smoothness, and are used to
correct some artefact that may appear.
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Figure 15. Comparison of the 2D classifier of Section 3.3

(black lines), and the 3D classifier of Section 3.7 (colour

patches) restricted to H = 0.5 mm.
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Figure 16. Restriction to p,, = 15kPa of the 3D classi-
fier shown in Figure 14, together with bounding boxes (red
rectangles) obtained by a Monte-Carlo method.

3.9 Application to the ease of play

According to [4], Section 5.2.2, cartographies like that
of Figure 8 are useful to study the ease of playing, as
they give information about the mouth pressure threshold
necessary to produce a sound for a given regime.

In this section, the objective is to investigate the influ-
ence of lip opening at rest and lip frequency on the
ease of playing. To do so, restrictions of the 3D classi-
fier are used to study the evolution of maximal parame-
ter ranges when a quantity varies. As an example, let us
fix p,, = 15kPa and draw the corresponding restricted
classifiers as in Figure 16. The boundingbox method of
each classifier is then used to estimate the range of each
parameter for a given regime. This bounding box is com-
puted using a Monte-Carlo method to produce boundary
points, as detailed in Section 2.6. An example is shown
as red rectangles in Figure 16 for regimes 3 to 6.

With this technique, it is possible to follow the evolu-
tion of playing frequency and opening at rest ranges with
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Algorithm 10. Evolution of bounding boxes of classifier
restrictions with respect to mouth pressure.

clf = edsd.load("carte_multi_3d.edsd")
N = [ll1|l ll2ll IISII II4I| Il5|l Il6l|]

P = np.linspace(le3, 2e4, 20)
H = [[] for n in N]

F = [[] for n in N]

for p in P:

def res(x)
return([x[0], p, x[1]1])
restricted_clf = clf.restriction(
[[0, -1.5e-2], [350, 1e-2]], res)
for n in N :
restricted_clf.reset_random_pool()
b=restricted_clf.boundingbox(size_random =
class_id = str(2+n), processes = 16)
F[n] .append(b[1] [0]-b[0] [0])
H[n] .append(b[1] [1]-b[0] [1])

respect to a change in mouth pressure, as detailed in the
Algorithm 10.

Figure 17 shows the evolution of relative ranges of lip
frequency and opening at rest for which each periodic
regime from "1" to "6". Note that by construction, AH
is bounded by 2 cm.

Except for the first regime, Figure 17 shows that
both lip frequency and opening at rest ranges increase
with mouth pressure, which means that the precision in
F; and H is less critical to produce a sound at higher
pressure.

4 Conclusion

We presented pyEDSD, an open-source python toolbox
that implements an Explicit Design Space Decomposi-
tion (EDSD) method based on support vector machines
(SVM). The toolbox is designed to construct boundaries
in the space of relevant quantities of the model such as
parameters or initial conditions. It was used as a tool to
separate regions corresponding to different behaviors, e.g.
distinct oscillation regimes.

The toolbox capabilities have been illustrated in details
in simple examples, and the performances of the toolbox in
terms of both the accuracy of the results and the computa-
tion time have been assessed. In particular, a comparison
between the different possible strategies to handle classifi-
cation between multiple classes (regimes) is provided.

The possibilities of the toolbox have been subsequently
illustrated on a model of an actual physical system, namely
a trombone model with 11 resonance modes written as a
set of 24 coupled ordinary differential equations. This sys-
tem is known to produce several periodic regimes (corre-
sponding to musical notes) with different oscillation fre-
quency depending on the main control parameters. Impor-
tantly, several stable regimes can coexist in some parameter
regions, in a multistable configuration.

In the space of relevant control parameters, for a
given set of initial conditions corresponding to silence (i.e.
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Figure 17. Evolutions of relative ranges of lip frequency (top,
in cents) and opening at rest (bottom, in percentage) with
respect to pm,.

no oscillation) and for two different formulations of the
model, we computed cartographies showing which regime
is observed when a step of the blowing pressure, taken here
as a prototypical attack transient of the musician, is per-
formed. Our results illustrate that this approach is comple-
mentary to other approaches, in particular numerical bifur-
cation analysis. In particular, the method is well suited for
the exploration of high-dimensional space of parameters, or
other relevant quantities. Importantly, cartographies can
be obtained in spaces of different kind of quantities, for
example a control parameter and a set of initial conditions,
thus leading to the simultaneous investigation of the bifur-
cation structure of the system as well as of its basins of
attraction. Finally, and although we focused here on distin-
guishing between different dynamical regimes, it is impor-
tant to note that any kind of classification criterion can be
set by the user, e.g. amplitude, frequency, spectral content,
etc. From an application point of view, this can be particu-
larly valuable in the context of assistance to musical instru-
ment design, for example to determine the design parame-
ters leading to an enhanced playability or to an improved
intonation of the instrument.
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