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Abstract – The modelling approach presented here aims at developing accurate, yet computationally
efficient, numerical models of brass instrument resonators including nonlinear propagation, viscothermal
losses and radiation effects in 2D axisymmetric domains. The central idea is to bridge the refined accuracy
of 2D models with the efficiency of reduced-order modal approaches. To model the nonlinear acoustic
propagation inside the resonator, we propose the use of the Blackstock equation, a more appropriate
choice when dealing with nonlinear standing wave motion, compared to the more commonly used Burgers
equation. The first step of the approach consists in obtaining a complex modal basis from a 2D axisymmetric
finite element model of the linearized equations. Here, a bounded domain outside the resonator, with a
nonreflecting boundary condition, is included to explicitly account for 2D radiation effects. Moreover,
the effects of the viscothermal boundary layers at the interior walls are modelled efficiently through an
impedance boundary condition. The Blackstock equation is then projected onto the resulting 2D complex
modal basis, leading to a compact set of nonlinear ordinary differential equations (ODEs) that can be
truncated at any suitable number of terms. This leads to exploitable reduced formulations, adapted to
quick temporal simulations, bifurcation analysis or parametric studies, retaining nevertheless the accuracy
provided by 2D axisymmetric models. Additionally, the explicit account of the exterior acoustic field allows
for the calculation of radiated sound pressures as well as directivity patterns, contrary to typical 1D models.
Experimental validation and illustrative numerical results are presented for a simplified trumpet geometry
in both linear and nonlinear scenarios, highlighting the benefits of the proposed approach.

Keywords. Nonlinear acoustic propagation, Brass instruments, Complex modes, 2D axisymmetric model,
Reduced-order models.

1 Introduction

The physical modeling of brass wind instruments has
received considerable attention in the last few decades [1].
These instruments constitute complex physical systems
that, from the point of view of physical modeling, still
present many challenging aspects. These include the non-
linear interaction between the lip vibration and the acous-
tics of the resonator [2], nonlinear acoustic propagation
inside the bore [3], viscothermal losses occurring at the
inner walls [4], radiation directivity, among others. In this
work, our focus is on the modelling of the instrument
itself, i.e., without the influence of the lip vibration and
the associated control by the musician.

Previous studies have, by and large, employed rel-
atively simple models to study the acoustics of brass
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horns. Typically framed in one-dimensional contexts,
most developed models were aimed at reproducing the
fundamental features of these instruments. One generally
seeks simplified models for their physical interpretabil-
ity and low-computational cost, which allow for more in-
depth analysis as well as computationally intensive tasks
like parametric studies, optimization or sound synthe-
sis. However, despite their general ability to reproduce
behavior observed experimentally, at least qualitatively,
simplified models often present inherent limitations that
prevent them from capturing the more subtle features of
real instruments. For example, 1D models often rely on
the assumption of plane wave propagation which, albeit
reasonable in the narrower parts of the instrument, clearly
breaks down at the exit of the instrument. Even though
spherical wave propagation models have already been pro-
posed to treat this issue [5], these are not guaranteed to
reproduce the complex nature of pressure fields at these
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Figure 1. Illustrative scheme of the proposed modeling approach: (1) discretize 2D linear problem via FE model; (2) compute
the complex modal basis from the associated quadratic eigenvalue problem; (3) projection of nonlinear acoustics PDE onto
complex modal basis.

junctures. Moreover, the radiative boundary conditions
need to be enforced at the exit of the instrument, often
based on approximate models [6], representing another
important source of error. Finally, 1D models typically
aim to reproduce acoustic fields solely inside the instru-
ment, providing little information about the radiated
sound which is, ultimately, one of the most important
criteria to assess the instruments’ quality.

Another important aspect is related to nonlinear acous-
tic propagation inside the resonator, particularly a rele-
vant feature influencing the timbre of brass instruments [7].
Although many studies have dealt with this topic, modeling
efforts almost exclusively rely on the Burgers’ equation [8,
9]. However, this equation assumes only forward or back-
ward propagating waves and its use in the context of brass
instruments is (at least) questionable, since standing waves
are formed inside the instrument.

In the commercial contexts, for example, where manu-
facturers are interested in optimizing/fine-tuning certain
aspectsof their instruments, theaccuracyprovidedbythese
models often falls short of the desired goals. Therefore,
there is a need for more refined models, that can reliably
capture the finer details missed by simplified ones. On the
other hand, refined higher-order models can (and have)
been pursued, in both 2D or 3D numerical domains and
using different models for the acoustics [10, 11]. Needless
to say that, in general, these models entail large computa-
tional costs and, although able to provide refined physical
descriptions at specific configurations, are inadequate for
parametric studies, optimization, bifurcation analysis, etc.

The motivation behind this work lies on the need to
build a physical model that provides: (1) an accurate
description of the pertinent acoustic phenomena, includ-
ing nonlinear propagation, viscothermal losses as well as
2D propagation and radiation effects, and also (2) an
efficient/exploitable framework (low computational cost)
that can be used for relatively quick temporal simula-
tions, parametric studies, optimization, bifurcation anal-
ysis, etc. The approach proposed here aims to bridge the

accuracy provided by 2D-axisymmetric models and the
efficiency of reduced-order modal approaches. The general
idea consists in using a 2D finite element (FE) model of
the linearized equations to obtain a suitable modal basis
that can then be used to project the nonlinear acous-
tics equation, leading to exploitable reduced-order models
(composed of a truncated set of nonlinear ordinary dif-
ferential equations (ODEs)). An illustrative diagram of
the proposed approach is shown in Figure 1 (Note: sym-
bols appearing in Figure 1 will be defined in the following
sections).

By considering an exterior acoustic field (outside the
flaring horn), the 2D FE model allows us to explicitly
model the radiated sound field, bypassing issues related
to the choice of a suitable propagation and/or radi-
ation impedance model (plane or spherical waves [5])
unavoidable when using typical one-dimensional mod-
els. Additionally, the viscothermal losses at the walls
represent a linear phenomenon (albeit with an intricate
frequency dependency [4]) and can hence be included
in the FE model. The latter will be modeled via an
impedance boundary condition, an efficient approach that
avoids solving explicitly the (usually very thin) acoustic
boundary layers [12].

Due to the localized nature of the modeled energy dis-
sipation mechanisms (viscothermal and radiation losses),
the eigenvalue problem stemming from the 2D FE model
leads to a complex modal basis [13]. Contrary to real nor-
mal modes, complex modes contain phase information
that essentially encapsulate the localized (or unevenly
distributed) nature of the dissipation mechanisms.

In this particular context, the full potential of modal
decomposition is highlighted. Firstly, the modal basis
serves to spatially discretize the problem. Secondly,
because modes have characteristic natural frequencies,
they can also serve to discretize the system in the fre-
quency domain, i.e., modes whose natural frequencies fall
outside the frequency bands of interest can generally be
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neglected. Notably, this property is useful for mitigating
numerical dispersion, a common problem when solving
wave equations using finite difference or finite elements
methods in the time domain [14]. Thirdly, modes have
characteristic damping ratios which represent, in a sim-
ple manner, the often-times intricate dissipation mecha-
nisms. For example, viscothermal losses are notably dif-
ficult to model in the time-domain since they give rise
to fractional-order derivatives [15]. These can however
be easily represented in a modal framework, suited for
both frequency and time-domain analysis. Finally, modal
approaches are able to represent nonlinear terms via con-
stant tensors which, although generally dense (induc-
ing modal coupling), have been proven useful to treat
nonlinear problems in an efficient manner [16, 17].

In Section 2, the derivation of the nonlinear acoustics
model is presented. Section 3 describes the 2D FE dis-
cretization, computation of complex modes, and the sub-
sequent formulation of the reduced-order model. Section 4
presents illustrative numerical results on a simplified
trumpet geometry, used here as a study case. Finally,
experimental validation, in both linear and nonlinear
scenarios, is presented in Section 5.

2 Model description

2.1 Nonlinear acoustics in 3D domains

In most applications, not involving explosions or other
supersonic events, nonlinear acoustics are typically mod-
eled through what are often called weakly-nonlinear mod-
els. Starting from the set of irrotational compressible
Euler equations and a state equation for the fluid, a wide
variety of models have been proposed over the years, well
documented in an historical review by Jordan [18]. Of
particular interest to us, are the so-called wave equations,
where the acoustic field is represented by a single scalar
variable. When deriving wave-like formulations in the
context of weakly-nonlinear acoustics models, one of the
first results appears as the Söderholm equation [18, 19],
written here in its lossless form, in terms of the velocity
potential φ(x, t)

φ̈− c2∆φ+ 2 (∇φ̇ · ∇φ) + (γ − 1)φ̇ (∆φ)

+ (γ + 1) (∇φ̇ · ∇φ)∆φ = 0 (1)

where the over-dot denotes temporal derivatives, ∇ and
∆ are the gradient and Laplacian operators, c is the
speed of sound in the fluid, and γ its adiabatic index.
Note that the acoustic pressure and velocity can be easily
obtained from the derivatives of the velocity potential via
p(x, t) = −ρ∂φ/∂t and v(x, t) = ∇φ. In equation (1) we
can easily identify the linear wave equation and three non-
linear terms, two quadratic and one cubic. Lower-order
approximations can be derived, valid in more constricted
amplitude ranges. For example, neglecting the cubic term
in equation (1) leads to the second-order approximation

known as the Blackstock equation [20]

φ̈− c2∆φ+ 2(∇φ̇ · ∇φ) + (γ − 1)φ̇(∆φ) = 0. (2)

By the substitution corollary [21], we can replace the
first order approximation ∆φ = φ̈/c2 in the last non-
linear term (γ− 1)φ̇(∆φ) such that it is transformed into
(γ − 1)φ̇φ̈/c2 , leading to the lossless form of the famous
Kuznetsov equation

φ̈− c2∆φ+ 2(∇φ̇ · ∇φ) +
(
γ − 1
c2

)
φ̇φ̈ = 0. (3)

The lossless forms of the Blackstock (2) and
Kuznetsov (3) equations are both second-order approx-
imations and represent equivalent physical models [22].
However, the Kuznetsov equation presents a nonlinear
term involving a second-order time derivative φ̇φ̈ that can
lead to numerical difficulties, for example, when perform-
ing temporal integration using explicit schemes. In these
contexts, the Blackstock formulation is a more appro-
priate choice. Furthermore, we will see later that the
nonlinear terms in the Blackstock equation lead to more
compact formulations when using modal approaches. As
a side note, the lossless forms of the popular Westervelt
and Burgers’ equations can be derived directly from the
second-order approximations shown here. Neglecting the
first nonlinear term in equation (3) leads to the West-
ervelt equation and further assuming strictly forward
propagating waves, in a 1D context, leads to the inviscid
Burgers’ equation [23].

All these models represent the cumulative nature of
nonlinear acoustic propagation and are hence able to
reproduce wave-steepening phenomena and the develop-
ment of shock waves. However, their ability to describe
these phenomena accurately differs quantitatively. The
ranges of validity for nonlinear wave equations are typi-
cally given in terms of the acoustic Mach number M =
u/c. For the third-order Söderholm equation, a rough esti-
mate is given in [24] as M < 0.7, while it is approximately
M < 0.1 for the second-order Blackstock/Kuznetsov
equations. In this work, we opted for the Blackstock
equation as a good compromise between model complex-
ity and accuracy. It is likely that this model is plausi-
ble for moderate-to-high dynamic levels in real playing
conditions. However, neglecting higher-order terms could
eventually induce errors at extreme dynamics levels, par-
ticularly near the formation of shock waves. Neverthe-
less, the formulation presented here can be extended to
higher-order models with relative ease.

2.2 Nonlinear formulation for 3D-axisymmetric
problems in cylindrical coordinates

Brass instruments are made up of long pipes with
variable cross-section along their central axis. In most
cases, pipes are bent at several locations to render them
more compact. Some studies have underlined that curved
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duct bents can induce some mistuning and/or added dis-
sipation in the response of brass instruments [25]. How-
ever, for sufficiently smooth bents in relatively narrow
ducts, these effects can be considered negligible in a first
approximation. Under this assumption, we can consider
the instrument as an axisymmetric object and the equa-
tions derived previously can be significantly simplified,
i.e., we can transform the generic 3D model (2) into an
axisymmetric 2D formulation in cylindrical coordinates
(r, z, ϕ), where r, z and ϕ are the radial, longitudinal and
angular coordinates, respectively.

The Blackstock equation (2) in cylindrical coordinates
can be written as

φ̈− c2
[
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r

∂

∂r
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Furthermore, because we consider an axisymmetric
domain, the derivatives with respect to the azimuthal
angle, ∂φ/∂ϕ vanish, and hence equation (4) simplifies
to
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= 0. (5)

At this point it must be highlighted that total length
L of a brass instrument is generally much larger than
its characteristic radial dimensions S(z). Consequently,
acoustic perturbations inside the instrument’s bore are
composed essentially of plane waves. This assumption
breaks down only near the exit of the instrument, where
the cross-section is larger. Because of the larger cross-
section, acoustic levels near the exit of the instrument
are also relatively weaker. With that said, large amplitude
acoustic perturbations and hence nonlinear propagation
are known to develop primarily at the narrower parts of
the horn, where the plane wave assumption is reasonable.
This leads us to the conclusions that, in the context of
brass instruments, the nonlinear terms in equation (5)
involving the radial derivative ∂φ/∂r can confidently be
neglected. Finally, equation (5) can be simplified to

φ̈− c2
[
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Figure 2. Diagram of the considered axisymmetric model.
The dashed and dash-dotted lines correspond to the viscother-
mal Γvt and radiative Γr boundaries, respectively.

a 2-D formulation where only two quadratic nonlinear
terms subsist.

2.3 Free-field radiation and non-reflecting boundary
condition

In commonly used one-dimensional acoustic models,
one has to consider which type of radiating boundary con-
dition to impose at the open-end of a flaring horn. A wide
variety of approximate models can be used, with different
degrees of accuracy, considering either plane or spherical
wave propagation [5, 6]. Moreover, one-dimensional mod-
els are geared towards a description of the acoustic field
inside the resonator but provide little information about
the radiated sound field, which can be useful to calculate
radiation efficiency parameters or directivity patterns. In
two-dimensional models these questions are not posed
since the pressure fields outside the open-end can be
calculated explicitly, when considering an exterior field.
Hence, two-dimensional models are not only more accu-
rate, but can also provide extra information regarding the
radiative character of the studied instrument.

The typical framework for this type of 2D models
involves the consideration of an exterior domain with spe-
cial boundary conditions, aimed at simulating an anechoic
environment, as illustrated in Figure 2 (boundary Γr).
Here, one needs to treat that fact that an unbounded (infi-
nite) domain is to be modeled by a necessarily bounded
(finite) computational domain. For exterior acoustics
problems, solutions must obey the Sommerfeld radiation
condition at infinity [26]

lim
ξ→∞

ξ

(
∂φ

∂ξ
− ikφ

)
= 0 (7)

where k is the wavenumber and ξ = ‖x‖ is a radius cen-
tered near the origin of the sound source. It essentially
states that, sufficiently far away from the source, solu-
tions allow only outgoing waves. Methods to approximate
this condition numerically typically involve either infinite
elements, thin absorbing layers (perfectly matched lay-
ers) or non-reflecting boundary conditions, as described
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extensively in the reviews [27] or [28]. These attempt
to minimize spurious reflections (incoming waves) in the
artificially bounded domain (here a sphere of radius R).
Depending on the nature of the exterior problem and the
type of radiating sources involved, different methods can
be more or less appropriate, and chosen based on crite-
ria of accuracy and/or computational efficiency. Here we
have used one of the simplest and most widely used non-
reflecting boundary condition, where a relation between
the unknown solution and its radial (normal) derivative
is imposed at the boundary of the spherical enclosure Γr.
It was first proposed by Bayliss and Turkel [29] and is
written in the frequency domain as

∂φ

∂n
− ikφ+

φ

R
= 0 on Γr. (8)

It represents a first-order approximation of equation (7)
that is easy to implement in FE models and effective in
simple scenarios like ours, i.e. a relatively well-defined
location of the radiating “source” (horn’s open-end) cen-
tered around a spherical domain. The choice of the radius
R of the spherical exterior domain will always be a com-
promise between accuracy and computational time. That
is, a larger R will better approximate the limiting Som-
merfeld condition (7) but will also lead to larger systems
and hence larger computational cost. In this work, val-
ues of about 0.15 < R/L < 0.5 were typically used.
From our experience, relatively small exterior fields (say
R ≈ L/6) do not affect significantly the predicted modal
frequencies nor damping ratios. However, when calculat-
ing far-field directivity patterns for example, a larger R is
typically well-advised, for improved accuracy (particu-
larly for lower-order modes where wavelengths are large)
but also to mitigate potential near-field effects.

2.4 Viscothermal losses modeled by an impedance
boundary condition

Aside from the radiation losses discussed above,
another important energy dissipation mechanism is musi-
cal resonators are the viscothermal losses related to the
nature of the acoustic field near the interior walls [30].
In light fluids, bulk (or compressible) viscous effects are
very small and generally neglected, even though these can
eventually play a role in the presence of shock waves [31].
Near the wall interface, acoustic perturbations will form
“acoustic boundary layers” within which acoustic vari-
ables change drastically. In these layers, the shear motion
enforced by the no-slip boundary condition will gener-
ate viscous and thermal dissipative effects. These can
be modeled explicitly using the linearized, compressible
Navier-Stokes equations, albeit at a high computational
cost. Not only do extra field variables must be accounted
for (velocity, temperature, etc.), but also the often very
thin boundary layers need to be discretized. Hence, many
efforts have been made over the years to find efficient ways
to approximate these dissipative effects [4].

These phenomena are notably difficult to model in the
time domain, since fractional-order derivatives appear in
the formulation [9, 15]. This occurs because the bound-
ary layer thicknesses, both thermal δt and viscous δv, are
known to be proportional to

√
1/ω. For linear perturba-

tions along a wall’s surface, they are given explicitly by [4]

δv =

√
2ν
ω

δt =

√
2κ
ωρCp

(9)

where ρ is the static density, ν is the kinematic viscos-
ity, κ is the thermal conductivity and Cp is the coeffi-
cient of specific heat at constant pressure. In the fre-
quency domain however, these problems are not posed.
For example, one-dimensional models in the frequency
domain (e.g., TMM method), commonly consider com-
plex wavenumbers, which provide reasonable approxima-
tions when the waveguide geometry is made up of simple
geometric elements (e.g., cylinders, cones) [32].

Nevertheless, in the context of musical instru-
ments, the size of the boundary layers is generally
extremely small compared to the characteristic dimen-
sions/wavelengths. In these scenarios, it is enticing to
model the phenomena using artificial boundary condi-
tions that mimic the effects of the (thin) boundary layers,
while retaining the conservative Helmholtz equation for
the acoustic domain. Here, we have followed the model
proposed by Berggren et al. [12], that gives the following
impedance boundary condition in the frequency domain

−δv
i− 1

2
∆φ+ δtk

2 (i− 1)(γ − 1)
2

φ+
∂φ

∂n
= 0 on Γvt.

(10)
Such approaches have proven to be a powerful tool to
model wall losses, since they provide accurate approx-
imate solutions at low computational cost and are valid
for a wide range of geometries (the only constraint is that
the minimum radius of curvature of the considered sur-
face must be larger than the boundary layer – which is
largely the case in musical instruments).

3 FE model and complex modal
superposition

3.1 FE model

As mentioned before, our aim here is to use a finite
element discretization of the linearized system in order to
obtain a suitable modal basis, which will serve as a basis
of functions on which to subsequently project the nonlin-
ear Blackstock equation. To solve the linearized problem,
we assume damped harmonic solutions with angular fre-
quency ω and exponential decay coefficient α. Its temporal
character is eλt, where λ ∈ C is the eigenvalue parameter,
expanded as λ = α + iω. A complex angular wavenumber
can then be defined as k = −iλ = ω − iα. Then, the linear
axisymmetric problem to be solved in the frequency domain
is written in terms of the wavenumber k as
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k2φ−
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φ+
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(13)
∂φ

∂n
= 0 on Γw,s,e

(14)

where, aside from the boundary conditions already dis-
cussed, we include a Neumann boundary condition at
Γw, Γs and Γe, corresponding to the exterior walls of the
horn (Γw), the axis of symmetry (Γs) and the boundary
at the mouthpiece entry (Γe), respectively (see Fig. 2).
It is worth noting that the problem is here formulated
in term of the acoustic velocity potential φ(r, z), but an
equivalent formulation for the acoustic pressure can be
obtained by replacing directly φ(r, z) by p(r, z). This is
possible because, in linearized conditions, the pressure
and velocity potential are related simply by p(r, z) =
−iωρφ(r, z) and, because there are no constant (zero-
order) terms in the formulation, the factor iωρ cancels
out upon substitution.

For compactness, here we do not derive the weak for-
mulation or FE discretization procedures involved, as
these can be found in reference literature (e.g., [33]).
For now, we simply state that second-order (6-node)
triangular elements were used and the longest edge of
each element hmax was kept smaller than one-fifth of the
smallest considered wavelength, i.e. hmax ≤ 2π/5kmax,
a commonly used rule-of-thumb. Aside from this upper
limit, we have also used refined meshes in narrow regions,
notably near the mouthpiece, with at least two ele-
ments in the radial direction. All meshes were com-
puted using Comsol Multiphysics. Additionally, we note
in passing that FE formulations including nonlinear prop-
agation (Kuznetsov equation) have also been derived
recently [34].

3.2 Complex modal decomposition

After the FE discretization of the linear, frequency-
domain system (11)–(14), we eventually reach an eigen-
value problem of the form(

λ2M + λC(λ) + K
)
w = 0 (15)

with complex eigensolutions (λn,wn) ∈ C. Here, the
damping matrix is composed of two sub-matrices C(λ) =
Cr+Cvt(λ) corresponding to the radiation and viscother-
mal losses, respectively. Notably, the matrix is frequency-
dependent and hence we have a nonlinear eigenvalue
problem whose matrices depend on the eigenvalues

themselves. This class of problems can typically be
framed in the context of nonviscous damping models [35],
where the modelled dissipative phenomena is non-local
in time. That is, they contain “hereditary/memory”
effects that cannot be modeled as proportional to the
instantaneous velocity (viscous damping).

Despite their particular structure, solving eigenvalue
problems of this type (15) poses no significant difficulty.
Typically, they need to be solved in an iterative man-
ner [36]. That is, evaluating the frequency-dependent
matrices at an initial value λ0 and solving for (λn,wn)
iteratively, until converged solutions are obtained. Fur-
thermore, in the context of brass instruments, we know
that the viscothermal losses will have a small effect on
the natural frequencies. Hence, here we solve the prob-
lem with a single iteration. In a first step, we solve for
N modes (λ̃n, w̃n) of the system without viscothermal
losses, i.e. setting Cvt(λ) = 0. Subsequently, we solve
for each mode n including the viscothermal losses using
Cvt(λ̃n). This procedure is generally sufficient for systems
where the damping law depends slowing on frequency, as
noted by Woodhouse [37] (see p. 556). Some numerical
tests have been performed indicating that, for our system,
relative errors on the obtained eigenvalues λn are in the
order of 10−4% after a single iteration. Naturally, since
matrices M, C and K are large (in our case between 500
and 20,000 degrees-of-freedom), the eigenvalue problem
must be solved using dedicated solvers [38] that extract
only a finite set of N eigensolutions at low computational
cost, instead of redundantly solving for the full set of
eigensolutions. Here we have used either Matlab’s eigs
or Comsol’s inbuilt ARPACK solver (with the latter often
being quicker to compute).

In viscously damped systems, decoupling is gen-
erally achieved using either real or complex modes,
depending on the nature of the damping, classical or
non-classical [39], respectively. In nonviscously damped
systems, decoupling can also be achieved, even if
(bi)orthogonality conditions become slightly more com-
plicated [40]. Here however, we build our model in the
more familiar framework of complex modes, assuming a
“mode-by-mode” viscous damping. This type of simpli-
fication, widely used in musical acoustics [41], is often
physically justifiable under certain conditions, eventu-
ally even through quantifiable measures [42]. They essen-
tially involve neglecting potential cross-coupling terms
stemming from the projection of the frequency-dependent
damping matrices onto a complex (viscously damped)
modal basis. In our particular case, the (non-local) damp-
ing effects are accounted for in-resonance (since each
mode n is calculated correctly, i.e., using Cvt(λn)), but
not necessarily off-resonance. However, since we have
lightly damped modes with well-separated modal fre-
quencies and, most importantly, a damping law with a
slow-varying frequency dependence

√
1/ω, the associated

approximation errors are of secondary importance, i.e. the
resulting modal matrices are diagonal dominant. With
that said, we feel these points are rarely discussed in the
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musical acoustics literature and are deserving of more
attention.

Since M, C, and K are symmetric, eigensolutions
occur in pairs of complex conjugates, with eigenvectors
(wn, w̄n) and eigenvalues

(λn, λ̄n) = −ωnζn ± iωn
√

1− ζ2
n (16)

where the overbar denotes complex conjugation, ωn are
the undamped angular frequencies and ζn the modal
damping ratios. Once a suitable complex modal basis is
obtained, the acoustic field can be expanded in terms of a
truncated set of N complex modal pairs. Letting φ(t) be
the velocity potential evaluated at the nodes of the FE
discretized field, we define α(t) = φ̇(t) and the complex
modal transformation is performed in state-space [13],
given by{

φ(t)
α(t)

}
=

N∑
n=1

[unqn(t) + ūnq̄n(t)] (17)

= Uq(t) + Ūq̄(t) = 2Re[Uq(t)]

where q(t) are the modal coordinates, un = [wn λnwn]T
are the “extended” modes shapes stemming from the
state-space reformulation of system (15)(

λn

[
C(λn) M

M 0

]
+
[

K 0
0 −M

])
un = 0 (18)

and the modal matrix U is then

U =
[

W
WΛ

]
with

{
W = [w1, w2, . . .wN ]
Λ = diag (λ1, λ2, . . . λN ) (19)

After modal projection [43], we arrive at the reduced
decoupled system

q̇n(t)− λnqn(t) =
wT
n f(t)
an

for n = 1, 2...N (20)

where f(t) is a generic force vector that can represent
external and/or nonlinear forces and an is a complex
factor stemming from the orthogonality conditions for
complex modes

an = wT
nC(λn)wn + 2λnwT

nMwn

bn = wT
nKwn − λ2

nwT
nMwn

(21)

where we note the following relation λn = −bn/an. Note
that the final system (20) is of size N (using only one
mode of each conjugate pair), first-order in time and
where all coefficients and variables are complex-valued.

3.3 Projection of external forces and nonlinear terms

In the previous section, we have presented the pro-
cess of complex modal decomposition in a discrete set-
ting for clarity. Note, however, that the same analysis can

be done for continuous systems [43]. Particularly since
we can obtain an (approximate) continuous representa-
tion of modes shapes from the FE model, and the asso-
ciated integrations can be performed numerically using
Gaussian quadrature. With that said, the right-hand-side
terms presented in equation (20) can also be represented
in continuous form. The modal forces in each equation n
are given by

wT
n f(t)⇔

∫
Ω

f(r, z, t)Wn(r, z)drdz (22)

where f(r, z, t) is a generic force term and Wn(r, z) is the
continuous version of the nth complex mode shape. We
will now consider an expanded force term composed of a
generic external force as well as the nonlinear terms from
equation (6)

f(r, z, t) = fext(r, z, t)− 2φ̇′φ′ − (γ − 1)φ̇φ′′ (23)

where, to simplify notation, we use the over-dash to rep-
resent the partial derivative ∂/∂z. Expanding the nonlin-
ear terms in modal coordinates, and furthermore, assum-
ing an external force with separable spatial and temporal
components, i.e., fext(r, z, t) = gext(t)S(r, z), gives

f(r, z, t) = gext(t)S(r, z)

− 2

(
2N∑

m=1

W
′

mq̇m(t)

)(
2N∑

k=1

W
′

kqk(t)

)

− (γ − 1)

(
2N∑

m=1

Wmq̇m(t)

)(
2N∑

k=1

W
′′

k qk(t)

)

(24)

or, more compactly

f(r, z, t) = gext(t)S(r, z)

−
2N∑

k,m

[
2W ′mW

′
k + (γ − 1)WmW

′′
k

]
q̇m(t)qk(t). (25)

Then, replacing the expansion (25) in (20)–(22) yields the final
set of N nonlinear ODEs

q̇n(t)− λnqn(t) +
1

an

2N∑

k,m

Akmnq̇m(t) qk(t) =
Sn
an
gext(t)

for n = 1, 2, . . . N (26)

where the constant terms associated with the modal projec-
tion are given by

Akmn =

∫

Ω

[
2W

′
m(r, z)W

′
k(r, z)

+(γ − 1)Wm(r, z)W
′′
k (r, z)

]

Wn(r, z)drdz

(27)

Sn =

∫

Ω

S(r, z)Wn(r, z)drdz. (28)

At this point, there are a few important aspects of the derived
system (26)–(28) that should be underlined. Firstly, the non-
linear tensor Akmn is constant and calculated “off-line”, i.e.,
prior to any temporal integrations, nonlinear analysis, etc.
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This renders the reduced system more computationally effi-
cient compared to, for example, performing spatial integra-
tions multiple times during a particular analysis. Secondly,
note that even though the original equations have two dis-
tinct nonlinear terms, these have the same temporal char-
acter. Therefore, when expanded in modal coordinates, they
can be combined in a single nonlinear tensor Akmn. On the
other hand, because we are using a complex modal basis (as
opposed to real modes), nonlinear terms need to be calcu-
lated using both modes in each conjugate pair, leading to
a complex tensor Akmn ∈ C of size 2N × 2N × N . More-
over, this tensor is dense, albeit with a clear dominance of
certain elements. Hence, this induces modal coupling and can
sometimes present bottlenecks in computational time, particu-
larly when truncations N are large. Nevertheless, by choosing
an appropriate truncation N , we can build reduced models
that are tailored to specific applications, e.g. relatively large
N (say 50–100) for strongly nonlinear scenarios or smaller
N (say 10–15) for linear, or weakly-nonlinear ones. Finally,
here the mode shapes Wn(r, z) serve essentially as a func-
tional basis to discretize the problem spatially (converting
a PDE into a truncated set of ODEs). However, modal dis-
cretization provides other advantages associated to the fact
that they have characteristic modal frequencies and damp-
ing ratios. Notably, modal decomposition also represents a
frequential discretization (objectively in linearized conditions
and tentatively in nonlinear scenarios as well [43, 44]), where
a particular modal truncation will ensure an accurate descrip-
tion of physical phenomena in the frequency-bands of inter-
est. Furthermore, modal approaches are particularly useful in
modeling of intricate dissipative phenomena since these are
encapsulated in the modal damping ratios and complex mode
shapes. In the particular context of viscothermal losses for
example, we avoid dealing with fractional-order derivatives in
the time-domain equations of motion.

3.4 Modes in external acoustics problems: filtering
the modal basis

Eigenvalue problems stemming from systems with ideal
non-reflecting boundaries often lead to a particular family
of modes with infinite eigenvalues [45]. When solving them
numerically however, these eigenvalues typically become finite.
In practice, our particular FE-discretized system will lead to
two types of modes: (1) the so-called “trapped” modes, cor-
responding to the modes of the resonator and (2) external
modes, localized mostly in the external spherical cavity. The
latter are “artificial” and should therefore be removed from
the modal basis. To illustrate their nature, Figure 3 shows
the distribution of the eigenvalues λn in the ωn − ζn plane,
for a system with a 1-meter-long cylindrical pipe with 3 cm
radius coupled to a spherical exterior domain. Additionally,
to illustrate the role of the viscothermal losses, we show the
resonator modes calculated with and without condition (10).

In Figure 3, we notice firstly that exterior modes have a
relatively large damping compared to the resonator modes.
Secondly, we note how their associated acoustic fields are local-
ized in the exterior sphere. Strictly speaking, the distinction
between resonator modes and exterior modes should be made
with respect to the spatial distribution of their mode shapes
Wn(r, z). However, in our particular scenario, one can easily
distinguish them through their location in the ωn − ζn plane.
Hence, a simple filtering mechanism is to set an appropriate

Figure 3. Eigenvalues of a system composed of a meter-long
cylinder in the ωn − ζn plane. The top plots show the modes
shapes associated to each family: the trapped/resonator
modes (left) and the exterior field modes (right).

limit value for the modal damping ζn < ζmax , above which
modes are considered “exterior” and hence discarded. Alter-
natively, one can also use an eigenvalue-based filter informed
by the nature of exterior modes (acoustic modes of a spherical
cavity in this case). For example, a heuristic choice that works
well for various values of the sphere’s radius R, is to set

ζmax =
1

β

(
c

Rωn

)
(29)

where values for coefficient 1 < β < 4, typically work well.
An example of this curve is illustrated as a thin-dotted line
in Figure 3. This might seem trivial for the example shown
in Figure 3 but it provides a robust approach for more
general scenarios, where the eigenvalues of resonator modes
might have a less regular behavior (as seen later in Fig. 5).
Finally, Figure 3 illustrates well how viscothermal losses play
a dominant role on the damping of the lower-order res-
onator modes. When frequency increases and wavelengths
become comparable to the radius of the cylinder, we note that
both models tend to similar damping values, indicating that
radiation losses are dominant in higher-frequency modes, as
expected.

4 Illustrative results on a simplified trumpet
geometry

In this section, we present some illustrative numerical
results on a simplified trumpet geometry made up of seven reg-
ular sections (cylindrical and conical). This geometry, intro-
duced in [46], serves as a laboratory benchmark that is easy to
prototype and approximates the bore geometry of a typical Bb
trumpet, while avoiding issues related to confidential commer-
cial information. Details of the considered geometry are pre-
sented in the upper table of Figure 4. For the numerical model,
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Figure 4. Illustration of meshes used in the FE model. They lead to discretized systems with about 1000 and 10,000 degrees-
of-freedom for the top and bottom examples, respectively, corresponding to maximal frequencies fmax of about 1400 and
8000 Hz.

a wall thickness of 5 mm was considered (same as the proto-
type – described in the next section). The finite-element mesh
was adapted according to the analysis performed. Namely,
coarser meshes were used for linearized analysis where lower
truncations N are reasonable while finer meshes were used
for nonlinear analysis, where a larger number of modes needs
to be considered for an accurate representation of nonlinear
propagation phenomena. Two illustrative meshes are shown
in Figure 4. Unless stated otherwise, the air properties used
for the numerical results presented are shown in the lower
table of Figure 4.

4.1 Complex modal decomposition of simplified
trumpet

Following the analysis presented previously, Figure 5 shows
the distribution of the eigenvalues λn stemming from the sim-

plified trumpet model in the ωn − ζn plane. These underline
the key role of the viscothermal losses, which affect to a great

degree the losses of the first ten modes. This is particularly
important since these are the modes that will generally cou-

ple with the vibrating lips to generate self-sustained oscilla-
tions. It is interesting to note that the damping ratios of the

trumpet modes with and without viscothermal losses remain
almost “parallel” above the cut-off frequency, suggesting that

the viscothermal losses have a persistent effect, even at very
high frequencies. This is contrary to the simple cylinder exam-

ple we have seen previously (Fig. 3), where radiation losses
clearly dominate above a certain frequency. It is still unclear

to us why exactly this occurs in the trumpet geometry, but
it might be related to the small dimensions of the “throat”

(narrowest part of the mouthpiece) and the larger localized
viscothermal losses at this juncture.

Complex mode shapes are notably difficult to illustrate
in a static image. This is because, contrary to the motion of

real modes where all points move in unison, complex modes
contain phase shifts between different spatial regions. Hence,
while real modes represent standing wave patterns, complex
modes are a combination of standing and travelling waves.
They are generally represented by their real Re[Wn(r, z)] and
imaginary Im[Wn(r, z)] parts separately. Moreover, complex
modes are defined up to a multiplicative complex factor. In

Figure 5. Distribution of eigenvalues, in the ωn − ζn plane,
resulting from the model of the simplified trumpet. Blue dots
denote exterior modes, that are removed from the modal basis,
red dots denote the eigenvalues from a system with radiation
losses only and black dots the eigenvalues for a system with
both radiation and viscothermal losses.

this case, it is often useful to “rotate” the complex mode by
an angle βn (i.e., multiply by e−iβn) such that it maximizes its
real part. In this way, we can assess the “degree of complexity”
of each mode by examining how large is its imaginary part.
A simple way to find the optimal rotation angle β∗n is given
in [47], written here for discrete and continuous cases

β∗n =
∠(wT

nwn)

2
=

∠
∫
W 2
n(r, z)drdz

2
· (30)

Figure 6 shows a few examples of the complex mode shapes
Wn(r, z) for the simplified trumpet model where the (maxi-
mized) real part is shown on the left-side and the (minimized)
imaginary part on the right-side. Firstly, we note that the
lower-order modes (n < 10) have a negligible imaginary part
meaning they represent nearly standing waves and behave
approximately as real normal modes. On the other hand, as
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Figure 6. Complex mode shapes Wn(r, z) of the simplified trumpet. The real and imaginary parts are represented in the left
and right sides of each plot, respectively. Note: modes shapes were rotated such that their real part is maximized (imaginary
part minimized).

frequency increases, we note an increasing “modal complex-

ity”. This relates to the fact that higher-frequency modes are
mostly radiative, i.e., they essentially represent waves trav-

elling through and out of the resonator. In simpler models,
these high frequency modes are often neglected as they do

not interact significantly with the lips (note their weak modal
amplitudes near the mouthpiece). However, they play an

important role when attempting to accurately represent radia-
tive behavior as well as nonlinear propagation.

Another benefit of modeling the exterior field is that, for
example, the directivity of the trumpet at various (modal)

frequencies can be assessed directly through the mode shapes
themselves. That is, one can easily calculate the acoustic

intensity at the radiative boundary Γr in each complex mode
shape W rad

n (θ) ∈ Γr, hence obtaining an approximation of

the far-field directivity at each modal frequency. Normalizing
by the maximal absolute pressure one can obtain the modal

directivity patterns via

Dn(θ) =
W rad
n (θ)W̄ rad

n (θ)

max (|W rad
n |)

(31)

where W rad
n pertains to the mode shape evaluated at the

boundary Γr and θ is the associated angle from the central
axis. These are illustrated in Figure 7 for various modes in
two different frequency ranges: <4000 Hz (upper plot) and
>4000 Hz (lower plot).

We note how, at low frequencies (below 500 Hz), directivity
patterns are nearly omnidirectional. This is expected since the
associated wavelengths are much larger than the dimensions of
the flaring horn. Between 1000 Hz and 4000 Hz, the directivity
becomes much narrower, and relatively little acoustic energy
is radiated behind the instrument’s horn. Here, the maximal
values of the directivity remain on-axis. At very high frequen-
cies however, when wavelengths are clearly smaller than the
dimensions of the horn’s exit, directivity patterns can acquire
rather complex patterns, with multiple lobes and maximal
values that are not necessarily centered on-axis.

5 Experimental validation

Here we confront the results from the presented model to
experimental measurements in both linear and nonlinear con-
texts involving harmonic forcing. The 7-cone trumpet is used
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Figure 7. Modal directivity patterns Dn(θ) for low/mid-
range frequency modes (top) and high-frequency modes
(bottom).

as a test case geometry. For the experimental prototype, the
long cylindrical section was made of brass piping while the
conical parts were built using a resin stereolithography-based
3D printer, aimed to minimize rugosity on the inner surfaces
(in contrast to filament-based printers).

5.1 Linear scenarios: input-impedance and radiation
response

Regarding linear scenarios, two experimental tests were
carried out on the simplified trumpet prototype to val-
idate model results. Firstly, the input impedance of the
trumpet was measured in a semi-anechoic chamber, using a
CTTM impedance sensor [48]. Moreover, during the input-
impedance measurements, a microphone was also placed
outside the flaring horn to measure its radiative response
(transfer impedance). For the latter, three measurements
were performed with the microphone placed at three differ-
ent angles θ, and a constant distance of 100 mm from the
center of the horn’s exit plane. These measurements allow
for an indicative characterization of the horn’s directivity at
various frequencies and highlight the role of higher-frequency
modes, that are not observed in the input impedance measure-
ments. Exponential sine sweeps, from 20 to 4000 Hz, were used
to measure the input-impedance and the transfer impedance
functions simultaneously.

Analogous model results were obtained via a modal
description of a generic impedance transfer function relating
a response pressure to a harmonic flow-rate excitation

Z(ω) =
1

ρc

N∑

n=1

(
cn

iω − λn
+

c̄n

iω − λ̄n

)
(32)

where over-bar denotes complex conjugation. For the input-
impedance Zin(ω) in particular, the modal residues cn are
given by [41]

cn =
λn(W e

n)2

an
with W e

n =

∫

Γe

Wn(r, z)drdz (33)

Figure 8. Measured and modeled normalized input
impedance Zin(ω) of the simplified trumpet. Magnitude and
phase are shown on the top and bottom, respectively. Model
results were calculated using 15 modes.

Figure 9. Experimental and modeled normalized radiative
transfer functions for three microphone positions located at
different angles with respect to the exit of the instrument.
Here, modal truncation was set to N = 40.

where Γe pertains to the boundary of the mouthpiece entry.
For a transfer impedance Zrad(ω), relating a pressure response
at an exterior point (rext, zext) to a harmonic excitation at the
mouthpiece, the residues are given by

cn =
λnW

e
nWn(rext, zext)

an
· (34)
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Figure 10. Snapshots of the measured (top) and modeled (bottom) on-axis pressure fields inside the resonator when excited
at three modal frequencies at small (blue) and large (red) amplitudes. In the experimental results, dots denote the actual
measurements while the connecting lines are a product of interpolation. Model results were calculated via temporal integrations
where modal truncation was set to N = 100 and where the geometry was aimed at emulating the experimental configuration,
i.e., including a cavity at the entrance (driver’s inherent volume).

Modeled and measured results of the normalized input-
impedance are shown in Figure 8, in terms of magnitude and
phase. These illustrate the benefits of using a refined 2D-
axisymmetric modeling framework and the motivation behind
the current work as the modeled input-impedance is nearly
a perfect fit to the measured results. An excellent correlation
is seen even at higher frequencies, where commonly used 1D
models may be less accurate, particularly when they are based
on the assumption of plane waves.

Experimental and model results for the transfer impedance
functions are shown in Figure 9. As expected, responses for all
microphones are quite similar at low frequencies with a slightly
larger response on-axis. As already indicated in the directivity
results, at higher frequencies, the response amplitude gradually
decreases as one moves away from central axis. The model repro-
duces well the measured results, including the overall tendencies
at higher frequencies as well as the small oscillations, product of
the excitation of higher-frequency modes. Note that the latter
effect can produce variations in response in the order of 4–5 dB
SPL. Although small, this represents a non-negligible effect that
emphasizes the role of higher order modes to the radiated sound
and which is often neglected under the assumption of a flat
response above the “cut-off” frequency. In the measured results,
we also note an (unexpected) upwards drift of the overall ten-
dency towards higher frequencies. Here, it must be noted that
the actuator-cavity system in the CTTM impedance sensor has
a resonant frequency around 5 kHz. Hence, these (slight) devi-
ations might tentatively be attributed to an uneven response of
the excitation system itself.

5.2 Nonlinear scenarios: large amplitude harmonic
excitation

Subsequently, we aimed to assess the validity of the model
in nonlinear, large amplitude scenarios. The conceived exper-
imental set-up was aimed at exciting the trumpet prototype

harmonically at its modal frequencies and examine the evo-
lution of the (pseudo-)standing wave patterns when the exci-
tation amplitude is increased, something that has not been
previously presented in the context of musical instruments.
Acoustic excitation was provided by dual-diaphragm compres-
sion driver (BMS 4599) placed at the entrance of the exper-
imental prototype (this time without the embouchure, i.e.,
only the cylindrical section plus the bell). Note that this sort
of set-up will inevitably influence the studied resonator since
drivers have an non-negligible internal volume that is diffi-
cult to remove/reduce. For model validation purposes, this
poses no problem since the internal volume can be taken into
account in the model. However, naturally, the studied system
in this case is not the same as the one described in the previous
section.

The modal frequencies of the system were first identified
via the exponential sine-sweep method at low amplitude. Sub-
sequently, the system was excited at the various identified
modal frequencies at increasing amplitudes. A pressure sen-
sor (Endevco 8507C-5) was placed iteratively on 40 locations
along the resonator’s length, aimed at giving a spatial illus-
tration of the nonlinear standing wave patterns. Small holes
(of 2.4 mm in diameter) were drilled alongside the resonator
wall to fit the sensor tightly. A second reference pressure sen-
sor was fixed inside the cavity of the compression chamber to
get a phase reference. Signals from the pressure sensors were
recorded at a sampling frequency of 96 kHz. It is worth not-
ing that in the largest amplitudes measured, near shock wave
behavior was observed, with spectral content clearly above
48 kHz.

Snapshots of the experimentally measured pressure fields
inside the resonator when excited at different modal fre-
quencies is shown in Figure 10, for small (blue) and large
(red) amplitudes of excitation. The analogous results from the
model (shown in the bottom of Fig. 10) were calculated via
temporal integrations using a modal truncation of N = 100.
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Figure 11. Temporal signals of the measured (left) and mod-
eled (right) pressure at different locations along the resonator
axis: z = −1.09 (top); z = −0.4 (center) and z = −0.1 (bot-
tom), when excited at its 8th modal frequency (∼967.7 Hz) at
different amplitudes. Time is here normalized by the period
of the forcing frequency T0 = 2π/ω0.

An implicit scheme was used, namely, Matlab’s variable-order
and variable-step ODE solver ode15i. Integrations were car-
ried out for a fraction of a second (simulating about 0.3–0.4 s),
until the system had reached a stable steady-state. For refer-
ence, computations generally took 1–5 min on a desktop com-
puter with an Intel Core i9-13950HX (2.20 GHz) processor.
Furthermore, to emulate experimental conditions, a cylindri-
cal cavity was included at the entry of the model. The cavity
dimensions (5 cm in height and 4 cm in radius) were roughly
estimated based on a fit of measured and modeled modal fre-
quencies (the lowest frequency being the most indicative, in
this case at around 27 Hz).

Results in Figure 10 show that standing wave pattern can
be significantly deformed at large excitation amplitudes. As

expected, we notice pressure fields with much steeper gradi-
ents. Curiously, we note a somewhat regular pattern whereby
lobes near the open-end seem to be “rotated” clockwise while
those near the closed-end counter-clockwise. Another impor-
tant observation, that is not directly evident from the results
in Figure 10, is that much steeper pressure gradients are found
near the exit of the instrument compared to its entrance. This
effect is seen clearly from the animated results presented in the
supplementary material (“animated trumpet X.mp4”). Here,
we note what seems to be a kind of superposition of a (slightly
distorted) standing wave pattern and a travelling shock wave,
or development thereof. This phenomena can interpreted from
the point of view of localized radiation losses. That is, dur-
ing motion, the cumulative nature of the nonlinear propaga-
tive terms will generate steep wavefronts. When these wave-
fronts reach the open-end of the instrument, most of their
high-frequency content will be dissipated as radiation to the
free field. In the context of harmonic forcing, this process of
generation and extinction of steep wavefronts (or eventually
shock waves) repeats periodically and, moreover, it is superim-
posed on the established standing wave pattern which retain
most of the acoustic energy below the cut-off frequency (here
at about 1–1.5 kHz).

Figure 12. Normalized spectra of the periodic signals shown
in Figure 11. Each marker denotes the magnitude of each
harmonic component in the periodic signal, normalized by the
magnitude of its first component. The red-dotted line denotes
the frequency of the highest considered mode ωN . Frequency
is here normalized by the forcing frequency ω0.

From Figure 10, the model results seems to reproduce
remarkably well the observed behavior, at least qualitatively. A
closer look at the match between measured and modeled behav-
ior in Figure 11, showing pressure signals at different locations
along the resonator at different amplitudes (excitation at mode
n = 8, 967.7 Hz). Overall, we retrieve the same temporal pat-
terns for both the model and the experiment. Note that the
small, noise-like oscillations in the large amplitude measure-
ments are not “physical” but product of the sensor’s resonance
(estimated around 50 kHz, but likely lower). This is likely the
case since we have tested similar set-ups using different pres-
sure sensors, resulting in perturbations with different dominant
frequencies. Clearly, at these amplitudes, pressure sensors with
higher resonance frequency are more adequate.

Aside from that, we also note a slight underestimation
of the pressure gradients, indicating that, perhaps, the non-
linear propagation is underestimated by the model. This
becomes clearer in Figure 12, showing the spectra correspond-
ing to the signals in Figure 11. Firstly, we note the typical
patterns of spectral enrichment, with higher harmonic con-
tent appearing with increasing amplitude. Secondly, we note
that spectra of the modeled results drops-off abruptly above
a certain frequency (red line), effectively corresponding to
the frequency of the highest considered mode ωN . Clearly,
the model cannot represent dynamics above this frequency
limit. Note however that this does not necessarily mean that
results are well approximated below this frequency, since the
effects of modal truncation in nonlinear scenarios cannot be
assured as in linear cases. Notably, we see that even below ωN
the model slightly underestimates the experimental results.
This underestimation could eventually be attributed to modal
truncation errors. However, one must not forget that the non-
linear acoustics model also has its limits. As mentioned before,
the range of validity for the Blackstock equation is estimated
at about Mach number M < 0.1. Seen that we are clearly at
very large amplitudes (discussing the eminence of shock waves
in the experiments, i.e., M ∼ 1 locally), it is also possible that
the Blackstock model has reached its limits and higher-order
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models would be necessary (e.g., Söderholm, see Eq. (1)). final
note, it is worth mentioning that the accurate description of
shock wave behavior in a modelling framework is a very ambi-
tious task. In a modal framework, this would entail a very
large (infinite in the conservative limit) modal truncation N .
Similarly, in finite-element or finite-difference contexts, these
would entail extremely fine meshes.

Nevertheless, overall, the model results were shown to
approximate remarkably well the main features of the mea-
sured nonlinear behavior. With the exception of extreme cases,
this illustrates how such models could be used reliably to char-
acterize the timbre of real instruments with respect to their
tendency (or otherwise) to generate nonlinear propagation.

6 Conclusion

Based on the second-order Blackstock equation for non-
linear acoustics and complex modal superposition, we pre-
sented in this work a framework that bridges the accuracy of
2D-axisymmetric models with the efficiency and compactness
of reduced-order modal approaches. This allows one to build
models including viscothermal losses, 2D radiation effects, the
explicit calculation of radiated pressures as well as nonlinear
propagation in large amplitude standing wave scenarios, at rel-
atively low computational costs. Illustrative results for a simpli-
fied trumpet geometry are presented to clarify the procedures
involved and the benefits of the proposed model are highlighted.

Experimental validation under harmonic forcing is per-
formed in both linear and nonlinear scenarios. Overall, model
results compare remarkably well with measured ones. In lin-
ear scenarios, both input- and transfer- (radiative) impedances
are calculated with negligible errors. Similarly, under large
amplitude forcing, the nonlinear model is able to accurately
represent the distorted standing wave patters observed exper-
imentally, despite a slight underestimation of nonlinear prop-
agation effects at extreme amplitudes (near shock wave behav-
ior). The latter point suggests the need for relatively large modal
truncations and/or the use of higher-order nonlinear acoustics
models.

The framework proposed here retains the same structure
and efficiency of models typically used in musical acoustics
while, at the same time, it can capture subtle features that are
often missed by 1D models. Due to its relative compactness,
these refined models are also compatible with heavier compu-
tational tasks like optimization, parametric studies, bifurca-
tion analysis, etc. In a near future, we aim to use such models
in more realistic playing conditions (including the coupling
to a lip model) and study the effects of, among others, non-
linear propagation in the ensuing bifurcation diagrams (some
preliminary studies have been published recently [49]).

Supplementary material

– “animation trumpet 1.mp4”: Animated experimentally
measured pressure fields of the trumpet prototype excited har-
monically at its 4th modal frequency (∼412.6 Hz). The blue
and red curves reffer to excitations at small and large ampli-
tudes, respectively.
– “animation trumpet 2.mp4”: Animated experimentally
measured pressure fields of the trumpet prototype excited har-
monically at its 4th modal frequency (∼703.2 Hz). The blue
and red curves reffer to excitations at small and large ampli-
tudes, respectively.
– “animation trumpet 3.mp4”: Animated experimentally
measured pressure fields of the trumpet prototype excited har-
monically at its 6th modal frequency (∼967.7 Hz). The blue

and red curves reffer to excitations at small and large ampli-
tudes, respectively.
– “animation cylinder 1.mp4”: Animated experimentally
measured pressure fields of a meter-long cylinder excited har-
monically at its 4th modal frequency.
– “animation cylinder 2.mp4”: Caption: Animated experi-
mentally measured pressure fields of a meter-long cylinder
excited harmonically at its 6th modal frequency.

Supplementary materials are available at https://acta-
acustica.edpsciences.org/10.1051/aacus/2025049/olm.
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