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Abstract — For the ultrasonic inspection of bounded elastic structures, finite-duration imaging functions
are derived in the Fourier-Laplace domain, where efficient computational tools exist for solving problems
in linear elasticity. The signals involved are exponentially windowed, so that early reflections are taken
into account more strongly than later ones in the imaging methodology. Applying classical approaches
to the general case of anisotropic elasticity, we express the Fréchet derivatives of the relevant data-misfit
functional with respect to arbitrary perturbations of the mass density and stiffnesses in terms of forward
and adjoint solutions. Their definitions incorporate the exponentially decaying weighting. The proposed
finite-duration imaging functions are then defined on that basis. As some areas of the structure are less
insonified than others, it is necessary to define normalized imaging functions to compensate for these
variations. Our approach in particular aims to overcome the difficulty of dealing with bounded domains
containing defects not located in direct line of sight from the transducers and measured signals of long
duration. In this preliminary and methodological work, we demonstate the potential of the proposed
approach on a two-dimensional test case featuring the imaging of mass and elastic stiffness variations in a
region of a bounded isotropic medium that is not directly visible from the transducers. The results show
that the early-reverberation imaging (ERI) method allows for mapping anomalies in masked regions of a
structure with reasonable computational efforts.

Keywords. Ultrasonic imaging, Exponential window method, Fréchet derivative, Adjoint-state method,
Anisotropic elasticity

1 Introduction principle which assumes a globally homogeneous semi-
infinite medium. The underlying heuristics is as follows:
an heterogeneity located at given coordinates produces
an acoustic signature in the measured signals at a time

corresponding to the wave propagation from emitters to

Ultrasounds are widely used to image fluid and solid
media. The produced image is expected to allow the visu-
alization in space of either the variations of the mechan-

ical properties of the medium being probed, or of the
location and shape of defects (such as holes, cracks or
delaminations) that may be present. Numerous active
techniques exist, all based on two principles. First, one
or several transducers emit waves that propagate in the
inspected structure and are received by the same or other
transducers, to give the response of the structure. Then,
the image is computed from the emitted and received
signals based on a model of the wave propagation in the
inspected medium, whose choice may reflect a compro-
mise between accuracy and computational cost. Classical
well-established methods are based on the delay-and-sum
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the heterogeneity and back to the receiver. The intensity
associated to each pixel is typically defined as the sum of
each signal delayed by this back and forth propagation
duration [1]. This principle allows efficient and detailed
imaging for medical and non destructive testing (NDT)
purposes using transducer arrays when the investigated
regions are accessible with a direct wave path. As such
methods cannot process multiply reflected waves, regions
that are masked by the structure geometry cannot be
investigated. Such difficulties may be addressed with the
help of more general imaging heuristics arising from the
inverse problem community.

Quantitative medium imaging is often based on the
minimization of a misfit functional that quantifies the
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distance between experimental measurements and their
model predictions for a given trial medium. The latter is
modified at each iteration following a descent direction
defined in terms of the Fréchet derivative of the misfit
functional. The latter can be computed by various meth-
ods introduced for inverse problems in geophysics (where
in particular the migration principle of Claerbout [2] was
recast [3, 4] as a local optimization problem) and many
other areas [5]. An efficient evaluation of the misfit gra-
dient usually relies on an adjoint solution approach, that
can be seen as a particular case of the general adjoint-
state method (reviewed in [6]) used in PDE-constrained
optimization, where a Lagrangian is introduced as an aug-
mented misfit functional (e.g. [7]). Full waveform inver-
sion (FWI) algorithms [8, 9] then use the minimization for
mapping the space-dependent mechanical properties of
the medium. Such algorithms exist in many forms, includ-
ing one based on the error in constitutive relation [10] and
applied to wave-based elasticity imaging from full-field
measurements [11].

The fact that optimization-based quantitative
medium imaging is computation-intensive elicits the
formulation of faster alternatives that achieve qualita-
tive medium imaging. This work aims at proposing one
such approach, which exploits the Fréchet derivative at
the reference material of a misfit functional designed
to emphasize early reverberations. Alternative imaging
approaches belonging to the same general family exploit
the concept of topological derivative, which was initially
developed [12] for finding optimal structures subjected
to static loads via topological optimization. This concept
was extended in [13] to address the inverse problem of
imaging inclusions in a structure interrogated with elastic
waves. The exact expression of the relevant (Fréchet or
topological) derivative depends on the choice of misfit
functional and on the kind of mechanical property (for
FWI) or of inclusions (for topological optimization) to
be mapped. Still, all such derivatives can be expressed
relatively simply, as bilinear functionals on the direct and
adjoint problem solutions defined for the current refer-
ence medium. In addition to optimization-based imaging
methods, qualitative imaging methods based on linear
sampling or factorization ideas are also available, see
e.g. [14] for elastodynamic media and references therein;
they however are not well suited to the present context
as they require abundant data (multiple sources and full
aperture observations).

The absence of restrictive hypotheses for the initial
reference medium and the physical interpretation of the
adjoint problem as a time-reversal process [15] confer
to this approach a strong potential for imaging com-
plex media. Initial attempts at non-iterative imaging
applications were performed for non-destructive testing
[16, 17] using a simple homogeneous semi-infinite refer-
ence medium. An experimental application to a bounded
reverberating medium [18] demonstrates that locating
accurately a masked defect is possible and that the topo-
logical imaging method takes full advantage of reverber-
ation as a single transducer is used. Still, this approach

cannot be used without modifications for realistic appli-
cations, as the system is not only sensitive to the pres-
ence of defects but also to environmental conditions such
as temperature or boundary condition perturbations. To
mitigate the latter issue, a first attempt at truncating
reverberation was numerically evaluated for rail inspec-
tion [19]. While producing interesting results, the trun-
cation approach used therein was not consistent with the
theoretical background of the method. In this work, we
define a reverberation-truncation approach that is incor-
porated directly in the equations governing elastic wave
propagation and the misfit functional defining the inverse
problem of imaging local mechanical parameter varia-
tions, making the whole approach fully consistent with
the elastodynamic propagation model for solids of arbi-
trary shapes. This lays the foundations of an imaging
method for elastic confined media, whose potential is
demonstrated here on a simple two-dimensional test case.
More-comprehensive explorations of the many possibili-
ties opened by the proposed approach are left to follow-up
work.

The remainder of this paper consists of two main
parts. First, we develop in Section 2 the proposed finite-
duration imaging methodology and outline its implemen-
tation. We then assess in Section 3 the potential of our
approach using computational experiments on a two-
dimensional test case. The paper closes with concluding
remarks (Sect. 4).

2 Formulation of finite-duration imaging
functions

2.1 Standard equations for propagation in an elastic
bounded domain

In an elastic bounded domain €2 containing no source,
Newton’s second law and Hooke’s law are written as
follows:

Vx e, Vi>0, p(x)dfu(x,t)=V- -2(xt) (1)

and
X(x,t) =C(x) : Vu(x,t), (2)

where the displacement vector and the stress tensor at
time ¢ and position x are denoted by u and X, respec-
tively. The mass density p and the elastic stiffness tensor C
depend on the position but not on time.

The elastic waves propagating in the domain {2 are
generated by sources located on its boundary 0} and
characterized by a surface force f(x,t):

Vx € 00, vVt >0, X(x,t)n(x)=f(x,t), (3)

where n(x) denotes the outward unit vector normal to
the boundary. Other types of excitations could be consid-
ered instead with minor modifications. Finally, initial-rest
conditions are assumed:

u(x,0) = du(x,0) = 0.
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2.2 Introduction of windowed signals

Since the domain is (by assumption) bounded and
lossless, any excitation, no matter how short, will gen-
erate a response of infinite duration. Such signal can-
not be processed in a standard way by discrete Fourier
transform. For this reason, we choose to work on signals
windowed by a decreasing exponential window, as pre-
viously done e.g. in [20-22]. This technique is generally
referred to in the literature as the Exponential Window
Method (EWM). Indeed, these windowed signals are in
practice of finite duration, contrary to physical signals
which oscillate indefinitely with little or no attenuation.

Accordingly, we introduce the windowed displacement
vector u defined in terms of the physical displacement u
by

u(x,t) = exp(—yt)u(x, t>7 (4>
such that the Fourier transform of the function t +—
u(x,t) coincides with the restriction of the Laplace trans-
form of t — wu(x,t) to a vertical line of equation
MR(s) = ~ in the complex s-plane. This latter point
is crucial for numerical computations in the frequency
domain by means of either by integral transforms in mul-
tilayer canonical structures [22, 23] or the Finite Element
Method in lossless domains, as described below. Win-
dowed versions of other quantities, e.g. X, are defined
in the same manner. Definition (4) implies that u and its
time derivatives are given in terms of u by

u(x,t) = exp(yt)u(x,t),
du(x, t) = exp(vt) (O + y)u(x, 1), (5)
dfu(x,t) = exp(vt) (0 + 278 + v*)u(x, t),
and similarly for all windowed fields. The duration T" and
the parameter v are set as explained in Section 3.4.1; in

particular they are inversely proportional to each other
and such that exp(vy7T) is small enough.

2.3 Forward problem

2.3.1 Standard form of the equations satisfied by the
windowed fields

By using relations (5), Newton’s second law (1) and
Hooke’s law (2) become for the windowed displacement
vector u and the windowed stress tensor 3i:

Vx €Q, Vt>0,
p(x) (8752 +27v0; + Vz)u(x, t) =V - 3(x,t)
and 3(x,t) = C(x) : Vu(x,t),
so that u satisfies the following wave equation:
vx €, Vt>0, px) (87 +270+7*)u(x,t)
-V [C(x):Vu(x,t)] =0. (6)

In addition, the windowed fields obey the boundary
condition

Vx € 00, Vt>0, X(x,t)n(x)=I~f(x,1), (7)

arising from (3), where f denotes the windowed surface
force, and the initial-rest conditions

vx € 2, u(x,0) = du(x,0)=0.

2.3.2 Weak form of the wave equation

The wave equation (6) and boundary condition (7)
can be gathered into a single equation, namely the weak
form of the forward problem, which is perfectly adapted to
both the imaging formalism and finite element methods,
as follows: for any test function w, we have

vt > 0,
/Qp(x) w(x) (07 + 279 +v*)u(x,t) dx
- /Q Vw(x):C(x):Vu(x,t) dx (8)
= / w(x)-f(x,t) dx,
o0
Vx € Q,u(x,0) = du(x,0) = 0.

The solution u(x,t) of the forward problem (8) is called
the forward field.

2.4 Misfit functional

The displacement field is observed on the bound-
ary dQ (or on a portion of 9). From this measure-
ment, denoted by ueps(x,t), we want to image regions
in Q where the material properties differ from a known
background material. For this purpose, the windowed
measured field ugps(x,t) is compared to its model pre-
diction u,(x,t) for a given set u = (p,C) by means of
the following misfit functional involving the squares of
windowed measurement residuals:

J (1)

;/OT/M[UH(XJ) — Uops(x, 1)]% dx dt 9)
;/OT{/SQ[“;L(Xv 1) =W (x, 1)] de} e 2t dt.

The weighting applied to the observed physical signals
decreases with time, in order to emphasize the first
reflections over later multiple reflections. For this rea-
son, we view our approach described next as using (9)
for performing an Early-Reverberation Imaging (ERI).
A PDE-constrained  (full-waveform)  inversion
approach would then consist in seeking a set p that
minimizes the (positive) misfit functional J(u) subject
to u,, solving (8). In this work, we do not perform that
minimization, but instead use J(u) as a basis for defining
imaging functions that provide information on u. Let
to = (po, Co) denote the background (i.e. reference) value
of u corresponding to the healthy medium. Similarly to
available topological imaging methods [13, 16, 17, 24],
our approach exploits a linearization of J(u) about g
and thus exploits only the first iteration of a complete
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iterative minimization process. Generally speaking, this
linearization takes the form

J(po +6p) — J (o) = (J'(po), 6p) +o(|[6pll) — (10)

where J'(po) is the Fréchet derivative of J at the
background medium.

In the present case, considering a small parameter
variation du(x) in the least-squares misfit functional (9),
the first-order perturbation of J can be expressed as:

J(po + 6pe)—J (po)
T
:/ / su(x, t) - r(x, t) dx dt + o(||6p]]),
0 o0

with du(x,t) = w1, (X, 1) — w,,(x,1)

and  r(x,t) = u,,(x,t) — Uohs(X, t) (11)
(measurement residual).

In (11) and hereafter, the perturbation of the windowed
displacement field induced by du is denoted by du(x,t)
and the difference (called residual) between the calcu-
lated field and the observed field by r(x,t). The o(||du|)
remainder in (11) results from du being known from
solution sensitivity analysis to have a O(||0y|) leading
behaviour. The derivative J' (1) is then to be found from
the O(||6p]]) leading-order contribution to the integral
term of (11). This task can be carried out by apply-
ing the well-known adjoint-state method to the present
case, following the approach described in the survey arti-
cle [6] (for least-squares migration applied to acoustic
propagation in a fluid with unknown slowness to be
mapped in space, both in frequency and time domains)
or in [25] (for a weighted misfit functional and an elastic
isotropic medium), among other references. In the present
application-oriented context of using finite-element meth-
ods for solving partial differential equations, we pre-
fer to derive J'(ug) using weak formulations and basic
linearization, rather than function-analytic methods.

2.5 Adjoint problem
We then define the adjoint problem as done in FWI

or topological imaging methods, as follows: find v such
that, for any test function w,

vt < T, /Qp(x) W(x)-(8§—278t+72)v(x, t) dx
+/QVW(X):C(X):Vv(x,t) dx 12)

REESUE

v(x,T) =0v(x,T) = 0.

Vx € (),

The solution v(x,t) of the adjoint problem (12), which
includes final rest conditions, is called the adjoint field.
Explicitly performing a time reversal ¢t — T — ¢ in (12)
recasts the adjoint problem in the same form as the
forward problem (8), the original source term f(x,?)

being replaced with the time-reversed measurement resid-
ual r(x,T — t). From the standpoint of physical units,
r is a displacement (in m) whereas f is a surface force
density (in N/m?), which will impact the definition of
dimensionless imaging functions (Sect. 2.8).

2.6 Imaging functions

By rewriting equation (8) for both po+dp and pg, sub-
tracting the resulting equalities and neglecting o(||ox])
higher-order contributions, we obtain the following iden-
tity, valid for any test function and at the first order in

oy
/Q p(x) w(x) - (87 +27 0, +7°)u(x, 1) dx
n /Q Vw(x) : C(x) : Véu(x, 1) dx
n /Q Bp(x) w(x) - (9} + 270, +77)ulx, 1) dx
+ /Q Vw(x) : 6C(x) : Vu(x, t) dx = 0. (13)

Then, replacing the test function w(x) by the adjoint
field v(x,t) in (13) and by the forward field perturba-
tion du(x,t) in (12), we obtain by difference:

du(x,t) -r(x,t)dx
o0

- / p(x) du(x, 1) - (02 — 27 0)v(x, 1) dx
_ /Q p(x)V(x,t) - (02 +278,)bulx, t)dx  (14)
-/ 5p(x) v(x,t) - (0F + 270 +v°)u(x,t) dx
—/QVv(x,t):6C(x):Vu(x,t)dx, 0<t<T.

We next integrate (14) over t € [0,T], using integration
by parts in time together with the vanishing initial con-
ditions on u and final conditions on v; this in particular
causes the contributions of the first two terms of the right-
hand side of (14) to cancel each other. Using the resulting
value in (11) and recalling (10), we finally obtain

(' (ko) o)
= —/0 /Q {§p(x) v(x,t) - (07 + 270 +7*)u(x,t)
+ Vv(x,t) : 6C(x) : Vu(x, t) }dx dt.

This result suggests to define imaging functions on the
basis of the negative derivative of J at g, by setting

(a0 30) = | 1) () el

+ > /Qfag(x)éc'ag(x)dx

1<a<p<6
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with the imaging function I, for variations of the mass
density p(x) given by

T
I(x) = / v(x,t) - (7 + 270 +v*)u(x,t)dt  (15)
0
and the imaging function I,z for variations of the 21 stiff-

nesses Cyp (using Voigt indexing, 1 < a < 3 < 6) given
by

1 T
Iﬂéﬁ(x) = ﬁ/ |: Z i, Uj1 (X7 t) i, s, (X’ t)
Toaslo iy 5t
(i2,72)€E(B)

D1y (%,8) 0,5, (%, 1) | (16)

where £(a)={(a,a)} (a=1,2,3), E()={(2,3),(3,2)},
E(5)={(1,3),(3,1)} and £(6)={(1,2),(2,1)} and 0 is the
Kronecker symbol. Each imaging function thus defined
is hence positive when the estimate of the real value of
the corresponding parameter found by solving for oy the
linearized equation J(uo+op) = J(uo) + (J'(1o),op) is
greater than the value ug for the healthy medium.

The imaging functions (15) and (16) are defined on the
basis of the Fréchet derivative (10), where the smallness of
perturbations dpu is measured in terms of the supremum
norm |du|| = ||0p)lec = Supyeq |d4(x)]. Imaging func-
tions may alternatively be formulated from the topological
derivative of J [12, 13], whose definition rests on the small-
ness of du being measured in terms of the volume of its geo-
metrical support (finite material variations being allowed in
that case). The mass density imaging functions arising from
both approaches are the same, while the stiffness imaging
functions take distinct forms (both bilinear in u, v).

2.7 Rewriting the equations in the frequency domain
All the fields are of practically finite duration T". More-
over, their frequencies are assumed to be less than a

maximum fiax, such that the direct and inverse Fourier
transforms defined by

T
w(x, f) = /o w(x,t) exp(—2inw ft)dt
)
Smax
w(x,t) = / w(x, f) exp(2iw ft)dt,

- .fmax

can be calculated numerically by fast Fourier transform.
By virtue of Parseval’'s equality and the real-
valuedness of u,v, the imaging functions can also be
written as follows. From equation (15), an alternative
expression of the mass density imaging function is

.
Lp(x) = 29%[/0 (y+2im f)* V(x, f)* - U(x, f)df
(17)

while the stiffness imaging functions (16) take the form

2 fmax
Iop(x) = mm /O {Z
' (i1,51)€€E()
aili)\jl (Xa f)* ai2aj2 (Xa f)

(i2,42)€E(B)
01,0 (%, ) 01,5, (x, f) | alf } (18)

Expressions (17), (18) will be computed by summation
over a finite set F C [0, fmax] of discrete frequencies, with
a sampling step just under 1/T. The Fourier transforms
u(x, f) and v(x, f)* of the forward field and of the con-
jugated adjoint field, respectively, are directly computed
in the frequency domain for f € F.

Writing the wave equation (6) in the frequency domain
and recasting it in weak form by usual methods, the
forward field u is found to satisfy from equation (8):

/ Vw(x): C(x) : Vu(x, f)dx
Q

For2in )’ [ p W) k) dx

Q

= / w(x) - f(x, f) dx
o

for any test function w. Similarly, the conjugated adjoint
field v* satisfies, for any test function w, the same
equation with a different source term:

/ Vw(x): C(x): VV(x, f)"dx
Q

+ (42 f)? / P(%) W(x) - (x, ) dx

SRR

The conjugation of v and T of course reflects the
time reversal inherent in the definition of the adjoint
field.

In practice, a single problem generally with different
canonical source terms is solved with a finite element code
for the set F of frequencies, as detailed below. The differ-
ent solutions are then stored in memory. Finally, the dis-
crete Fourier transforms of the windowed sampled excita-
tion and residual are successively taken as input to obtain
the forward and adjoint fields.

2.8 Normalization of the imaging functions

Not all areas of the domain ) are insonified in the
same way. The total energy density per unit volume
received at position x is the sum of the volume densi-
ties er(x) and ep(x) of kinetic and strain energies of the
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direct field, respectively. Their summation over time leads
to the cumulative kinetic energy density

Sfmax
£4(x) = p(x) / (72 + 472 f2) 6, )" - (. ) dlf,

(19)
and the cumulative strain energy density

fmax
&0~ [ VA ) €60 Vi S (20)

Therefore, dimensionless imaging functions S, and Sz
can be defined from the imaging functions I, and I.g as

_ rx)
Sy(x) = (%) Z.1,(x) and
Sunlo) = 20 2. Loplx). 1)

where Z. is a scaling factor corresponding to the mod-
ulus of a characteristic impedance (ratio of surface force
over displacement, in N/m?) on the receivers area. This
scaling factor compensates for the physical unit mis-
match between the adjoint loading r and the applied
excitation f, see Section 2.5 above. It is arbitrarily
defined using characteristic quantities of the problem
at hand (see Sect. 3.3), and this results in the dimen-
sionless imaging functions taking values of the order
of unity. In addition to easing interpretation, the use
of cumulative energy densities £;(x) and &,(x) to cor-
rect the imaging functions in definition (21) serves to
enhance the imaging potential in areas where the insoni-
fication results in comparatively low energy levels, for
instance due to not being in direct line of sight from the
transducers.

3 A 2D numerical test case

3.1 Medium geometry and transducer location

The medium under investigation is denoted as Qops,
and it is assumed to be composed of an orthotropic mate-
rial. The anomalies tested in the study are described in
Section 3.4. Outside the region of the anomaly to be
imaged, the medium is assumed to be aluminum. There-
fore, the reference medium €2 is considered homogeneous
and made of aluminum. Thus the corresponding mea-
surements can be exploited only if providing information
gleaned by way of multiple reflections on the bound-
aries of the propagation domain. The geometry, material
parameters and excitation signals for the test case are
assumed to be translationally invariant along the x3 coor-
dinate, so that all relevant field quantities only depend on
the coordinates x1, xo of points in the 2D cross-section €2,
shown in Figure 1.

Eight transducers, each 4 mm long, are simulated and
cover the thick line on the edge of the domain drawn
in Figure 1. Under the 2D assumption, wave propaga-
tion is confined to the (x1,x2)-plane and can exhibit

0.06 [ 1

0.04 1

0.02 1

X, axis [m]

-0.02 1 1

-0.04 - 1

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

X, axis [m]

Figure 1. Reference medium 2 of the test case. The thick line
is part of OS2 and indicates the transducer surface that is split
into eight independent transducers used both for emission and
reception.

two types of polarization: in-plane polarization (includ-
ing longitudinal and in-plane transverse waves) and out-
of-plane polarization (transverse waves polarized in the
x3-direction). For simulations involving in-plane polariza-
tion, waves are generated using a stress vector f oriented
normal to 9Q and lying within the (x1,x2)-plane. For
out-of-plane polarization simulations, the stress vector f
is oriented along the x3-axis.

The excitation signal is a 3-cycle Gaussian-windowed
sine burst of central frequency 300 kHz. The correspond-
ing wavelengths for the background medium and at this
central frequency are 10 and 21 mm for transverse and
longitudinal waves, respectively. The transducers are thus
smaller than half of the smallest wavelength. Displace-
ment measurements are simulated by computing the inte-
gral of the displacement vector over the surface area of
each transducer.

3.2 Wave equations and finite element modelling

Due to the assumed translational invariance, the
frequency-domain version of the wave equation (6)
reduces to two uncoupled 2D wave equations. Firstly,
the in-plane components uq,us of U, corresponding to
the propagation of both compressional and shear waves
carrying a polarization in the (x1,xs) plane, satisfy

p(v+2ﬁﬂf)2(31)
U
_ {31(011 oy + Cya (92@2) + 32[066 (81ﬁ2+82ﬂ1)] }

O01[ Co6 (O1U2+0211) | + 02(Ch2 0111 + Cag Dalin)

(). )



E. Ducasse et al.: Acta Acustica 2026, 10, 2 7

This will be referred as the in-plane polarization case in
what follows. Secondly, the out-of-plane component us,
corresponding to the propagation of shear waves with out-
of-plane polarization along the x3-direction, satisfies

p(y+2iw f)* s
— [01(Cs5 01u3) + 02(Cas 2u3)] = 0. (23)

Equations (22) and (23) are recast in the appendix in a
form allowing their implementation in Comsol [26]. They
are used at two stages. First, synthetic values of the
experimental data ueps are computed by solving them
with material parameters set to the perturbed values to
be imaged and on a mesh that explicitly models the
anomaly. Then, the forward and adjoint fields entering
the imaging functions are solved in the form (22) and
(23) with the background material parameters and on a
distinct imaging mesh that is not affected by the anomaly
geometry.

It has to be emphasized that the translational invari-
ance along x3 is also assumed for the sources and the
receivers. In practical applications with bounded trans-
ducers, this hypothesis is valid if the transducer dimen-
sion along the xs-axis is large enough relative to the
wavelength.

3.3 Imaging functions for the 2D case
3.3.1 A single scaling factor common to both polarization
cases

The scaling factor Z. for the dimensionless imaging

functions is set to ZC:‘ twe 1/ pCua | This value, suitable
for both the in-plane and out-of-plane cases discussed
below, uses the mass density p and the stiffness Cyy of
the material near the receivers, and the central angular
frequency w,. of the excitation signal.

3.3.2 The in-plane polarization case

For the in-plane polarization case, the mass density
imaging function I,(x) given by equation (17) becomes

.
Ip(x) = 29‘{[/0 (v+2i7 f)? @u(x, ) (x, f)

—i—i)\Q(X, f)*’/LL\Q(X7f)) df‘| ’

while the stiffness imaging functions I, given by equa-
tion (18) become

fmax
Ill(X)ZQ%[/O 8151(Xaf)*31171(><,f)df]7

Smax
IQQ(X) = 2%[/0 8252(x, f)* 8262()(7.][) df]v

fmax
I3(x) = 2R [/0 0101(x, f)* Dotz (x, f)
+ O020a(x, f)* 011 (%, f) df] )
fmax
Iss(x) = 29%{/0 [0102(x, ) + 0201 (x, f)]"

[O112(x, ) + Opur(x, f)]df }

The formulas (19) and (20) giving the cumulative kinetic
and strain energy densities take the more-explicit form

fmax
Er(x) = p(x) /0 (72 + 472 f2)
([ (x, I + [a2(x, )I?)df

and

Sfmax
&0 = [ {cuto
+ Coa(x) [E22(x, f)] + 4 Cos(x) [E12(x, f)|?
+ 2Cha(x) R[ET (%, f) Eaa(x, f)] } df,

where € (x, f) = (Qiu;(x, f) + 0;ui(x, f))/2 denotes the
ij-component of the linearized strain tensor associated to
the displacement field .

3.3.3 The out-of-plane polarization case

For the out-of-plane polarization case, the density
imaging function I,(x) given by equation (17) becomes

Fmax
Ip(X)ZQ%[/O (y+2imf)* ﬁs(&f)*ﬂs(x,f)df],

the stiffness imaging functions I,g given by equation (18)
are rewritten as

Smax
I44(X) =2 9‘%{/0 625}\3(?(7 f)* 62ﬁ3(x7 f) df] ’

fmax
Is5(x) = 2%[/0 Ns(x, f)* Orus(x, f) df}?

and formulas (19) and (20) giving the cumulative kinetic
and strain energy densities become:

Sfmax
E4(x) = p(x) / (2 + 47 12) fis(x, )P d f

Fmax
&0 =4 [ [Cua) . P

+ Csa() [E1a(x, )] alf.
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3.4 Results

The medium anomaly to be imaged for this example
is a circular inclusion D of diameter 2 mm, located in an
area masked from the transducer array and supporting
a material perturbation such that either p = 0.5py or
C11 = 0.5(Cp)11- The material properties outside of D
are those of the homogeneous background medium. The
transducers are located according to the description of
Figure 1. It has to be emphasized that in such a configu-
ration, there is no direct path for the waves propagating
between the transducers and the perturbation. Thus the
images only rely on waves reflected multiple times on the
domain boundaries. As no dissipation is modelled, the
theoretical elastodynamic field does not decay with time.
Recall that the proposed imaging method relies on an
exponentially decaying time-domain truncation window,
which can also be interpreted as a weighting window used
in the misfit functional (9).

The images of the test case shown below were obtained
by averaging eight images, each acquired with a different
transducer acting as the sole emitter. This acquisition
procedure is also known as the full matrix capture [1].

3.4.1 Practical design of the decaying window

The decaying window ¢ — exp(—~vt) is designed to
satisfy two requirements, namely, (i) the window dura-
tion T is larger than the first back and forth propagation
duration tgp from the emitter to the receiver through
the region of interest, and (ii) the “tail” of the windowed
fields for t>T is of sufficiently small magnitude. This
design rests on the values of T and «. Under the present
conditions, we have tgr ~ 100 pus (an exact value can
hardly be given as there are an infinity of propagation
paths with potential polarization conversion, due to €2
being bounded). Thus requirement (i) is here fulfilled
choosing T > 100 us. Requirement (ii) is met by setting
exp(—yT)=10"" for some m >0 and we chose m=3.
In order to give some insight on the effect of the value of
T, different values are tested for the masked density per-
turbation and the resulting density images are presented
in Figure 2. In the interest of conciseness, the results are
presented for the in-plane wave case only.

A T=100pus duration is too short, as artifacts are
dominant (Fig. 2b). All larger values (c—f) used give sat-
isfactory results as the region of lower density is accu-
rately located and the negative extremum does indicate
a region of smaller mass density. The localized artifacts
on the right of the perturbation (b-d) tend to decrease,
while the overall background noise tends to increase, as
T is increased. At this stage we do not have an auto-
matic method for finding the best value of the duration T',
which depends on the medium shape, on the presence or
absence of direct wave path, on the size of the pertur-
bation and on its contrast to the surrounding environ-
ment. The choice of T" also determines the frequency step
Af =1/T used in the computations, and thus drives the
computation cost. In the present example, an empirical

compromise is chosen by setting 7'= 800 us for both cases
studied hereafter.

3.4.2 Locating a masked density variation

The local density variation to be imaged can be seen in
the density map of Figure 3a. All the different gradients
and energies are computed and the dimensionless imaging
functions S, and S, are shown in Figures 3b-3d for out-
of-plane polarization and in Figures 3e-3i for in-plane
polarization. Following the qualitative observations of the
former section, the same window duration 7'=800 us is
chosen for all imaging functions.

For both polarizations, S, presents a local minimum
at the location of the real inhomogeneity, which indi-
cates an accurate location of the perturbation while its
negative sign correctly predicts a mass density value
smaller than the background value. However all other
Sap functions are nonzero near the inhomogeneity loca-
tion. This could be expected, as the underlying inverse
problem is ill-posed: two different parameter sets may
produce the same acoustic signature at the transducer
location. For instance, it is likely that introducing two
C11 inhomogeneities with higher values on both sides of
the actual inhomogeneity location leads to a similar signa-
ture (Fig. 3f). Still, it is remarkable that the imaging func-
tions S, exhibit a specific pattern linked with the axis
direction corresponding to a and (. For instance Sao has
an influence on the longitudinal waves propagating along
the xo-direction and Sy4 on the out-of-plane transverse
waves also propagating along the xs-direction. They both
exhibit two spots surrounding the real inhomogeneity in
the zo-direction.

In the present case and under the supplementary
assumption of an unknown but single localized inhomo-
geneity, the comparison of those functions would allow
the identification of a density inhomogeneity.

3.4.3 Locating a masked C4, variation

The actual local C11 variation can be seen in the Cq;
map presented in Figure 4a. All the requisite gradients
and energies are computed, to obtain the imaging func-
tions S, and S,g presented in Figures 4b—4d for out-
of-plane polarization and in Figures 4e—4i for in-plane
polarization.

The imaging function S7; presents a local minimum
at the location of the real inhomogeneity, which indi-
cates an accurate location of the perturbation, and its
negative sign correctly predicts a stiffness value that is
smaller than the background value. As C7; has influence
only on the longitudinal waves, the functions Sy4, S55 and
See that only affect transverse waves take negligible val-
ues. However an ambiguity clearly occurs when trying to
identify the nature of the inhomogeneity, since S11, Sa2
and Spo exhibit a similar behavior. The supplementary
assumption of an unknown but single localized inhomo-
geneity would only eliminate the possibility of a mass
density inhomogeneity.
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Figure 2. (a) Geometry of the investigated domain. The localized density perturbation is contained in the circle where the

density is twice smaller than in the surrounding region. (b)—(f) Density images I, obtained using different decaying window
duration and in-plane waves.
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Figure 3. The density distribution of the test case (a) and the normalized imaging functions obtained in the reference medium
with out-of-plane polarization (b—d) and in-plane polarization (e—i).
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Figure 4. The C1; distribution of the test case (a) and the normalized imaging functions obtained in the reference medium
with out-of-plane polarization (b—d) and in-plane polarization (e—i).

3.4.4 Discussion on the robustness versus geometry
accuracy

In both cases presented in Figures 3 and 4, the bound-
aries of the investigated perturbed medium and of the ref-
erence medium (used for computing forward and adjoint
fields) are exactly identical. In practical, the geometry of
the boundaries of the experimental medium is described
with a limited accuracy. This may lead to inaccurate
interpretation of the measured signals especially if many
multiple reflection are taken into account. Thus the longer
the decaying window is, the more sensitive to inaccuracy
is expected to be the image processing. This is exactly the
interest of controlling the decaying window. It is meant to
offer the possibility of finding a compromise for exploiting
the rich acoustic information of multiply reflected waves
in a realistic environment. A systematic study of the opti-
mization of the duration 7" with respect to the uncertain-
ties on both the domain shape and mechanical parameters
of the healthy medium is out of the scope of this paper.
A simple example is presented in Figure 5 to give a first
clue on that matter. The reference medium is the same
as before but the shape of the investigated perturbed
medium exhibits respectively a slight discrepancy at the

right bottom (Fig. 5a) and a larger one (Fig. 5d). The
images obtained with window durations of T = 200 us
and T' = 800 us are presented. The respective discrepan-
cies are 2 and 5mm corresponding to 0.2 A\g and 0.5 \g
where )\g corresponds to the wavelength of transverse
waves at the central frequency.

In both cases, the perturbation is better located and
identified using a shorter duration (7' = 200 us) than
that chosen when the medium geometry was assumed
to be perfectly known (7' = 800 us). In the case where
the geometry discrepancy is small (Fig. 5a), the pertur-
bation is accurately identified as a smaller density for
both window duration (Figs. 5b and 5c) but the arti-
facts are stronger with the longer window. In the case
where the geometry discrepancy is larger (Fig. 5d), a sec-
ond extremum appears near the perturbation location
with a positive sign. Taking T = 200 us (Fig. 5e), it is
of similar magnitude as the awaited minimum. With the
longest window, the maximum exceeds the minimum in
magnitude. Beside larger artifacts, the other consequence
of the too long window is a misidentification of the per-
turbation as being a higher density region. These results
demonstrate that the truncation window is also a tool for
mitigating the effects of an inaccurate knowledge of the
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Figure 5. (a) & (d) Geometries of the investigated and reference (red boundary) domains. The localized density perturbation
is contained in the circle where the density is twice smaller than in the surrounding region. (b) & (c) Density images I, obtained
using different decaying window duration and in-plane waves for the medium presented in (a). (e)—(f) Density images I, obtained
using different decaying window duration and in-plane waves for the medium presented in (d).
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Figure 6. Images S, obtained for a local density anomaly in front of the transducer array, using in-plane waves and different

decaying window durations.

medium geometry or material properties and still takes
advantage of multiply reflected acoustic information.

3.4.5 Performance of ERI for a defect in direct view from
the transducers

While the ERI method allows to localize defects that
are not in direct view from the transducers, it is use-
ful to also examine its performance for a defect in direct
view. Numerical experiments are performed in the same
reference medium, with a local density anomaly inserted
this time in front of the transducer array. Correspond-
ing images are presented in Figure 6 for different window
durations.

The image obtained with a short window duration
(Fig. 6a) is similar to that expected with a classical delay
and sum method before applying a spatial envelope. This
can be explained by the fact that with such a short dura-
tion, multiply reflected waves are neglected, which amounts
to assuming a semi-infinite homogeneous domain such as
that implied in delay and sum methods. When increasing

the window duration (Figs. 6b and 6¢), the signature of
the defect in the image is getting more similar to its actual
shape. Increasing window durations also leads to increas-
ing pixel intensity in the defect vicinity. These two observa-
tions combined show that the wave interferences operating
in the imaging function for longer window durations both
reduce artifacts and increase the coherent reconstruction of
the investigated domain. Thus, the ERI method also takes
advantage of the reverberated data when imaging defects
in direct view from the transducers.

4 Conclusion

The foundations of the early-reverberation imaging
(ERI) method are now established. RI is motivated
by the quest for a realistic compromise between the
rich information contained in reverberated measurements
and imaging robustness. In this paper, a mathematical
framework is proposed and illustrated with a numerical
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two-dimensional test case. Distinct ERI functions have
been defined in order to specifically image anomalies in
either the mass density or one of the elastic stiffnesses.
The proposed ERI method is particularly convenient for
imaging elastic confined media where the inspected area
is not directly visible from the ultrasonic transducers, as
demonstrated in the presented test case. The many possi-
bilities opened by the proposed approach will be explored
in follow-up work. In particular, comprehensive investiga-
tions still need to be conducted on (i) the influence of the
duration T and the v parameter on the imaging perfor-
mance and robustness and (ii) the sensivity of the imaging
functions to uncertainties on the geometry.
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Appendix A PDE formulation for Comsol software

Using the Comsol partial differential equation module
formalism [26], a complex angular frequency is defined:

w=27rf—~v1

and equations (22) and (23) are implemented as follows:

(5 ) (0 %)
pw2(al> Lv. 0 Coes Ces 0 V<El)

( 0 066) (066 0 ) U2
Ci2 0O 0 Co2
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