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Abstract – Input impedance plays a fundamental role in the acoustics of wind instruments, representing
many musical properties. This study investigates both the numerical simulation and experimental measure-
ment of pipe input impedance, focusing on simple geometries such as cylindrical and conical pipes. Through
a collaborative effort involving multiple operators, the reliability, reproducibility, and sources of variability
in both simulation and measurement processes are examined. The aim is to reflect practices in different
laboratories rather than idealized conditions. Numerically, various modeling approaches were used, incor-
porating different physical models for wave propagation, boundary conditions, and thermo-viscous effects,
followed by various discretization methods to solve them (TMM, 1D or 3D FEM, etc.). The presented data
are the result of iterative comparisons and discussions. The possible origins of the remaining simulation dis-
crepancies are discussed (implementation errors, numerical convergence issues, or modeling assumptions).
Experimentally, sources of variability–such as intra-/inter-operator and intra-/inter-specimen differences,
and geometric uncertainties–are analyzed in detail, highlighting the predominance of inter-operator vari-
ability. Overall, the study proposes practical recommendations for improving the consistency and accuracy
of both impedance simulations and measurements in musical acoustics research.

Keywords. Impedance measurement, Impedance simulation, Linear acoustics, Musical acoustics, Wind
instruments

1 Introduction

The input impedance of wind instruments is a cru-
cial quantity in musical acoustics, forming the basis for
physical modeling approaches leading to sound synthe-
sis, time-domain simulations, and automatic design [1,
2]. This quantity, denoted Z(f), is defined as the ratio
of the acoustic pressure P (f) over the acoustic flow U(f)
for each frequency f :

Z(f) =
P (f)
U(f)

· (1)

∗Corresponding author: augustin.ernoult@inria.fr

This is a complex number whose modulus represents
the ratio of amplitude between these two quantities, and
whose angle represents their phase shift. Research labora-
tories and wind instrument manufacturers now commonly
use both experimental [3–5] and numerical [6] tools to
estimate this input impedance, in order to study exist-
ing instruments [7], design new ones [8, 9], and con-
trol manufacturing processes [10]. However, the accuracy,
reliability, and reproducibility of these tools are rarely
questioned. Sources of inaccuracy vary between experi-
mental and numerical setups. In measurements, variabil-
ity can arise from sensor uncertainty ([11], Appendix B),
climate variations, etc. In simulations, inaccuracies may
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stem from omitted physical phenomena (e.g., humidity),
implementation errors, numerical approximations (e.g.,
rounding), and spatial discretization artifacts. Practical
constraints in different domains often lead to trade-offs
between time and accuracy. In practice, the final uncer-
tainties in both cases are also due to constraints specific
to each research or application domain (manufacturing
control, real-time sound synthesis, prototyping, etc.).

The main objective of this work is to quantify the
variability of impedance simulations and measurements
under realistic conditions and evaluate the significance of
various sources of inaccuracy. Unlike studies that seek to
establish ideal measurement and simulation conditions,
the approach presented here attempts to reflect real-world
practices that can be carried out in craft workshops, lab-
oratories, and instrument manufacturing facilities. It con-
siders diverse motivations and scientific cultures, such
as metrology, numerical analysis, industrial applications,
and education. A secondary objective is to study the
agreement between simulations and measurements while
accounting for these uncertainties.

The presented work is inspired by the “Verification
and Validation” process (V&V), first proposed by the
Computational Fluid Dynamics (CFD) and Mechanical
Engineering communities [12, 13] to ensure the accuracy
and reliability of simulations based on physical models.
Verification aims to ensure that the model accurately
solves the underlying mathematical equations. Errors
generally come from numerical methods (e.g., uncon-
verged discretization) or implementation issues. This step
typically involves comparisons with analytical solutions
when available, or with results from independent numer-
ical models in configurations where both are expected
to be valid. Validation, on the other hand, focuses on
assessing how well the model reproduces experimen-
tal data, accounting for uncertainties due to variability
in geometry, material properties, boundary conditions,
and measurement procedures. This V&V process is not
well established in wind instrument modeling. Although
comparisons between simulations and experiments are
common (e.g., [14, 15]), the verification step is often
omitted. Studies typically focus on validating new devel-
opments in configurations where existing models fail
(e.g. [16]), without first verifying consistency between
models on simpler, well-understood test cases. For chor-
dophones, the V&V approach has been applied to validate
finite-element models of guitar soundboards [17] or as a
decision-making support tool for curators in cases of deep
uncertainties [18].

To apply this V&V process to the input impedance of
tubes, relatively simple test configurations were selected:
open or closed cylindrical and conical pipes. This set
enables rigorous comparison of data and the identifica-
tion of potential sources of error. In addition, for these
configurations, reference or analytical solutions exist and
a relatively good agreement between simulations and
measurements is expected.

To study these configurations, a consortium was
formed, bringing together researchers from different insti-

tutions (academic laboratories, manufacturers, and a
manufacturing school) with diverse scientific backgrounds
(acoustics, signal processing, numerical analysis, etc.).
The work was organized as a round-robin test, a struc-
tured benchmark in which the same configurations are
independently studied by each participant. For the veri-
fication step, the input impedance of each configuration
was computed by the researchers with their own indepen-
dent methods and implementations, then compared. For
the experimental part, a batch of tubes traveled between
laboratories and was measured by the researchers with
their own setups. The measured data were analyzed
to estimate the experimental uncertainties and then
compared to simulation results for the validation step.
Modeling and experimental choices were not imposed uni-
formly. Each contributor employed their own tools and
assumptions, thereby reflecting the diversity of practices
in the field. One aim of this collaborative work was to
initiate a discussion about these technical aspects, par-
ticularly by highlighting the strengths and limitations of
each method, as well as the main factors influencing the
obtained results. Another aim was to establish guidelines
that will enhance the reliability of impedance data and
ensure consistency across various methodologies.

The remainder of this paper is structured as follows.
First, in Section 2, we describe the studied configurations
and the different measurement and simulation techniques
employed. Section 3 focuses on the verification step by
comparing simulated data. In Section 4, the uncertainty
of measuring the input impedance of a given pipe is stud-
ied through intra-specimen and inter-operator variability.
The validation of the models is studied in Section 5 by
comparing experiments with simulations while taking into
account geometric uncertainties. Finally, Section 6 dis-
cusses key findings, proposes recommendations, and con-
cludes with perspectives on enhancing model validation
and measurement reliability in musical acoustics.

2 Material and methods

2.1 Geometries and radiation conditions

The seven configurations studied here are described
in Table 1. The tubes were designed to have dimensions
similar to the bore of common instruments. The short
length (180 mm) was chosen to reduce the computation
time of simulations for numerically heavy methods, but
also to reduce manufacturing cost and allow the possi-
bility of additive manufacturing (3D printing). The inner
diameter of the cylindrical tubes was set to 14 mm to
be close to those of some musical instruments (for a B[
clarinet it is about 15 mm) and corresponds to a standard
commercial dimension to facilitate the experimental part.
The conical tube has a half-angle of about 2◦, approxi-
mately corresponding to that of a soprano saxophone ([1],
Chap. 7.4.4, p. 328). Three opening conditions are con-
sidered: closed, open unflanged (infinitely thin wall), and
open with finite flange (finite wall thickness or circular
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Table 1. Description of the simulated configurations. All tubes are 180 mm long. The wall thickness corresponds to
the value at the radiating opening. These are the target dimensions for the manufactured pipes.

Shape Length Inner diameter Wall thickness End condition Experimental

Cylinder 180 mm 14 mm / Closed Yes
Cylinder 180 mm 14 mm 0 mm Open – Unflanged No
Cylinder 180 mm 14 mm 2 mm Open – Circular flange Yes
Cylinder 180 mm 14 mm 7 mm Open – Circular flange Yes
Conical pipe 180 mm 10 → 22.6 mm / Closed Yes
Conical pipe 180 mm 10 → 22.6 mm 0 mm Open – Unflanged No
Conical pipe 180 mm 10 → 22.6 mm 2.7 mm Open – Circular flange Yes

Figure 1. Samples used for the experimental round-robin
test, with the adapters and caps.

flange following the nomenclature of [19]). The simulated
data for the unflanged cases are not compared to measure-
ments because this condition cannot be perfectly achieved
experimentally.

2.2 Experimental samples

For the experimental part of this study, samples of
tubes in different materials were fabricated using the
dimensions of Table 1 as targets. Each sample consists
of five specimens numbered 1–5, so that measurements
can be compared with simulations, taking into account
manufacturing repeatability and geometric measurement
uncertainties, as detailed in Sections 2.4 and 4. The three
materials chosen for the cylinders are brass (as provided
by the supplier), boxwood (handmade by a craft instru-
ment maker not connected to the authors), and Acry-
lonitrile Butadiene Styrene (ABS), a common polymer
used in 3D-printing, printed by Fused Deposition Model-
ing (FDM) using a Zortax M200 3D-printer. The conical

tubes are also 3D-printed in ABS with the same printer.
The samples are shown in Figure 1.

After manufacturing, the actual geometrical parame-
ters were measured with a ruler for the length, a caliper
for the external diameter, and a telescopic gauge plus
caliper for the internal diameter (the wall thickness is
deduced from internal and external diameters). The mean
µ and standard deviation σ of each dimension are given
for each type of sample in Table 2. The standard devia-
tions are estimated from the measurement tools’ resolu-
tions (0.5 mm for the ruler and 0.02 mm for the caliper)
and the measured variability. The same pipes were used
for the open (O) and closed (C) conditions, using 3D-
printed caps for the closed conditions and grease to
guarantee good sealing.

From Table 2, it appears that the brass tube sample
is the most uniform. The boxwood sample, handcrafted
using a wood lathe and gouges, has the largest length
deviation, and the 3D-printed samples (ABS cylinders
and cones) have the largest wall thickness variation (for
cones, the small absolute value should be compared to
the thin wall).

2.3 Observables

The impedances resulting from measurements and
simulations were shared through three-column files (fre-
quency, real part, imaginary part). In order to facilitate
the comparison between simulated and measured data,
all impedances were post-processed to be scaled by the
lossless approximation of the characteristic impedance at
the entrance of the pipe:

Zc =
ρc

πR2
0

(2)

with ρ and c the air density and the speed of sound
(imposed in simulation and estimated from the temper-
ature and humidity in measurements [20]) and R0 the
entrance radius. From these scaled impedances, two types
of observables were extracted as represented in Figure 2:
resonance characteristics of both impedance and admit-
tance, specifically adapted to musical acoustics, and the
value of the reflection coefficient at specific frequencies,
specifically adapted to compute distances between sim-
ulations. This study focuses on observations within the
frequency range of interest: f ∈ [20, 5000] Hz.
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Table 2. Mean and total standard deviation (µ± σtotal) of the actual dimensions of the manufactured pipes: length,
inner diameter, and output wall thickness, for each sample of five tubes.

Length Inner diameter Wall thickness
[mm] [mm] [mm]

Brass cylinder 180.0± 0.3 13.92± 0.03 2.12± 0.11
ABS cylinder 179.85± 0.3 14.03± 0.09 6.58± 0.67
Wood cylinder 179.9± 0.65 13.97± 0.07 6.57± 0.12
ABS cone 179.5± 0.5 9.5± 0.05/22.2± 0.11 2.50± 0.05

Figure 2. Modulus (top) and angle (bottom) of an impedance
with some observables (simulation of an unflanged open cylin-

der): the frequency f
(2)
res and amplitude a

(2)
res of the 2nd reso-

nance, the frequency f
(3)
anti and amplitude a

(3)
anti of the 3rd anti-

resonance (or admittance resonance), and the impedance at
the observed frequencies Z(fobs), used to compute the distance
between the reflection coefficient.

2.3.1 Resonance characteristics

From a musical perspective, it is interesting to analyze
the frequency and amplitude of the acoustic resonances
of the pipe. The methods of determining these character-
istics have been chosen here to avoid, as much as possi-
ble, a complex algorithm including a minimization pro-
cess (as in mode fitting). For simplicity, the impedance
and the admittance peaks are referred to as reso-
nance (index res) and anti-resonance (index anti) peaks,
respectively.

For the ith (anti-)resonance peak, the frequency f (i)

is defined as the frequency at which the impedance phase
crosses zero (Fig. 2). For both simulated and measured
data, this is estimated using a linear interpolation of the
phase adjusted over a range of ±5 cents and at least 11
samples around the zero-crossing point. The amplitude
a(i) is defined as the modulus of the impedance (or admit-
tance) at that frequency (Fig. 2), estimated by using a
quadratic interpolation of the logarithm of the modulus
fitted over the same interval.

To facilitate comparison between resonances and
between studied cases, these quantities are analyzed
through their relative deviation with respect to a refer-
ence value for each peak. This is expressed in cents for
frequencies:

d
(i)
f = 1200 log2

(
f (i)

f
(i)
ref

)
(3)

and in decibels for amplitudes:

d(i)
a = 20 log10

(
a(i)

a
(i)
ref

)
, (4)

with x(i) the characteristic (frequency or amplitude) of
the ith impedance peak. The choice of these reference
values is not always trivial and will be discussed in Sec-
tions 3 and 4 for each pipe configuration investigated.
However, since the absolute values of these observables
are less relevant than the deviations between the shared
data, the choice of reference values is not critical.

2.3.2 Reflection coefficient

In numerical studies, it is common to analyze a norm
of the deviations between two simulation results to quan-
tify their agreement. This approach is adopted here for
both simulations and measurement. In an impedance
curve, the presence of peaks can lead to large deviations
from small variations (e.g., a slight shift in a resonance
peak). To mitigate this effect, the reflection coefficient is
preferred here [8, 21]:

R(f) =
Z(f)− 1
Z(f) + 1

· (5)

where Z(f) is the considered impedance. The distance
between two reflection coefficients (Rp,Rq) is then com-
puted from the `2-norm at the N arbitrarily imposed
frequencies f (i)

obs (Fig. 2):

d
(p,q)
R =

N∑
i

|Rp(f (i)
obs)−Rq(f

(i)
obs)|2

N∑
i

|Rp(f (i)
obs)|2

· (6)

For simulations, these N observed frequencies were
decided at the beginning of the collaborative work
(before starting the experimental step): fobs,simu ∈
{20, 100, 500, 1000, 5000}Hz. For experiments, they were
modified afterwards because some datasets were acquired
only over a restricted frequency range: fobs,meas ∈
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{110, 200, 500, 1000, 2000, 3900}Hz. This distance d
(p,q)
R

was computed for each pair (p, q) of impedance curves,
giving a two-dimensional distance matrix per studied
case. For numerical simulations, this distance should
reach machine precision for two equivalent models and
numerical methods. In the current study, with some data
being shared in single precision, this distance should be
lower than 10−6.

2.4 Measurement protocols

The presented experimental data come from differ-
ent experimenters from five laboratories using their own
measuring devices. These experimenter-sensor pairs are
hereafter labeled as operators Oi1. Nevertheless, the
devices used by operators O2, O3, O4 and O5 were sim-
ilar and produced by Almacoustics in Le Mans [4, 22].
This device requires one calibration step (measurement
of a cap with “infinite” impedance) and has a 16 mm
output diameter. Operator O1 used a handmade sen-
sor with a 4 mm output diameter2 [21], designed from
the two-microphone/three-calibration technique [3] and
using resonance-free calibrations (“infinite”, “anechoic”
and radiation impedance) [23].

All of these devices use a logarithmic sine sweep whose
frequency range depends on the device and the opera-
tor: from 20 Hz to 100 Hz for the minimum frequency and
from 4 kHz to 10 kHz for the maximum frequency. For the
purpose of comparison, all measurements have been trun-
cated to the range [100, 4000] Hz. To measure impedance,
these devices must be connected hermetically to one
end of the pipe. Most operators (O1 to O4) attached
the tubes to the impedance head with a connector to
facilitate alignment. Initially printed in polylactic acid
(PLA, operator O1), these connectors were reprinted in a
flexible material (thermoplastic polyurethane, TPU) for
operators O2 to O4 to accommodate small external diam-
eter variations between specimens. Operator O5 preferred
to place the tube by hand. Because the quality of the
impedance measurement strongly depends on air tight-
ness at the contact between the impedance head and the
sample, cork grease or clay was used at this junction.

For a batch of five tubes, the measurements were
repeated five times for tube 1 to estimate the intra-
specimen variability (labeled intra hereafter) for a given
tube. Then, the four remaining tubes (2–5) were each
measured once and, together with one of the measure-
ments of tube 1, used to estimate inter-specimen variabil-
ity (labeled inter), analyzed in Section 5. Each batch was
measured this way for closed and open boundary condi-
tions. Because the complete protocol is time consuming,
some operators focused on selected configurations with,
at least, the closed cylinders (Tab. 3). Each operator was
free to redo some measurements using their own criteria

1 In this study, as each experimenter used a single sensor,
the words operator and experimenter can be interchanged.

2 This small diameter is due to the fact that the device was
originally designed to measure oboes and bassoons.

Table 3. Operators having measured each configuration.

Closed Open

Brass cylinder All 1, 2, 3, 5
ABS cylinder All 1, 2, 3, 5
Wood cylinder All 1, 2, 3, 5
ABS cone 1, 2, 5 1, 2, 4, 5

(deviation between similar measurements or modulus of
the reflection coefficient above one).

Both sound velocity and air density depend on air
temperature T and relative humidity RH. This depen-
dence affects the amplitude of the impedance and either
stretches or compresses the frequency axis. The calibra-
tion steps naturally scale the obtained data by the lossless
characteristic impedance Zc (Eq. (2)), removing the main
amplitude dependence. However, in order to compare the
data, it is necessary to correct the effect on the frequency
axis by applying conservation of wavelength:

fcomp = fmeas
c

cmeas(T,RH)
(7)

where fmeas is the measured frequency axis, fcomp is
the one used for comparison, c is the dry-air speed of
sound (Tab. 4), and cmeas(T,RH) is the speed of sound
during the measurement estimated with the expressions
developed in [20], from the measured temperature T and
relative humidity RH. This correction neglects the depen-
dence of thermo-viscous effects on T and RH. The devi-
ations of the observables induced by this approximation
have been quantified through simulations (Appendix A).
These deviations are negligible compared to other uncer-
tainties (|∆fres| < 0.2 cent and |∆ares| < 0.2 dB for
T ∈ [18, 32] ◦C). The sensors used to measure the temper-
ature and the relative humidity generally have a precision
of 0.1 ◦C and 2% RH; however, due to possible hetero-
geneity between the measured point and the air inside
the tube, the following uncertainties are assumed: 0.5 ◦C
and 5%.

2.5 Numerical models

Six researchers (partly overlapping with those involved
in the experiment), labeled A to F, simulated the input
impedance for the configurations listed in Table 1, using
their own software or implementations of different mod-
els. In these simulations the wall surface was assumed
perfectly smooth, rigid, and non-porous, neglecting the
effect of the material. The values of the physical quan-
tities were also imposed to focus on deviations due to
models or numerical methods. They correspond to dry
air at 25 ◦C, computed with formulae given by Chaigne
and Kergomard [1], Chap. 5, p. 241. They are listed in
Table 4 in SI units, with eight digits, in order to reach
this precision in the comparisons.
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Operators A to D used a 1D representation of propa-
gation in the pipe and effective boundary conditions for
the radiation of the open pipes. The propagation model
is based on the telegrapher’s equation in the frequency
domain [1]:


Zv(D(x), ω)u(x, ω) +

dp(x, ω)
dx

= 0

Yt(D(x), ω)p(x, ω) +
du(x, ω)

dx
= 0

∀x ∈ [0, L]

(8)
where p(x, ω) is the average acoustic pressure across the
tube cross-section at the location x and, u(x, ω) is the
acoustic flow, defined as the integration of the acous-
tic velocity across the tube cross-section. The coefficients
Zv(D,ω), Yt(D,ω) model the thermo-viscous effects (dis-
persion and losses) that depend on the inner diameter
D and the angular frequency ω. The main expres-
sions used are those obtained by Zwikker and Kosten
(ZK) [24] for cylindrical pipes. Because these expres-
sions involve Bessel functions, historically difficult to
evaluate, Keefe [25] proposed a “wide-tube” approxima-
tion involving a development valid for radii much larger
than the boundary-layer thickness. In a recent devel-
opment, Thibault [26] proposed another expression for
conical pipes.

For the radiation condition, the expressions proposed
by Silva [27] to approximate the solution of the Levine
and Schwinger model are mainly used. More details are
given for each case in Sections 3.1, 3.2, and 3.3. Oper-
ators A and B used their own implementation of the
transfer matrix method (TMM) to solve these 1D equa-
tions (8). This technique uses the analytical solution for
cylinders and approximations for other geometries (cone,
etc.). Operator D used the unmaintained version of the
PAFI toolbox [28] based on the same approach, but with-
out full control over all aspects of the model. Operator C
used the software Openwind [29, 30] that offers the pos-
sibility to solve the equations with TMM or a 1D finite-
element method (FEM) [31]. In these 1D simulations, the
input impedance is simply defined as the pressure–flow
ratio at the entrance of the pipe.

Operator E used their own implementation of the
multimodal (MM) approach [32, 33]. The thermo-viscous
effects are taken into account as a modification of
each mode shape through the expressions proposed
by Bruneau et al. [34]. For open pipes, the radiation
domain is modeled using a larger pipe with Perfectly
Matched Layers (PML) on walls surrounding the actual
pipe of interest [35]. Operator F used the software Mon-
tjoie [36] to solve 3D acoustic propagation with FEM
(or 2D axisymmetric). The thermo-viscous effects are
taken into account using a two-step simulation (sequential
linearized Navier–Stokes model, SLNS) [37], or effective
boundary conditions based on the Cremer approach [38].
More details are given in [39]. For open pipes, the
radiation domain is bounded by perfectly matched lay-
ers. These two methods, used by operators E and F,

Table 4. Values of physical quantities used in the simula-
tions. They correspond to dry air at 25 ◦C, computed with
formulae given by Chaigne and Kergomard [1], Chap. 5,
p. 241. Numerical precision is given up to eight digits to
be able to reach a 10−6 precision in the comparison.

Quantity Symbol Value Unit

Temperature T 298.15 K
Atmospheric pressure patm 1.0131015× 105 Pa
Heat capacity Cp 1004.16 J/(kg.K)
Heat cap. ratio γ 1.402 –
Air density ρ 1.1844898 kg/m3

Speed of sound c 346.28592 m/s
Viscosity µ 1.83183× 10−5 kg/(m.s)
Thermal conductivity κ 2.6133369× 10−2 J/(m.s.K)

which incorporate 2D or 3D effects are especially inter-
esting to study propagation in pipes with discontinu-
ities or 3D folding or even conical pipes, in which the
assumption that the acoustic energy is carried mainly
by the first propagating mode is not satisfied. This is
not the case in the cylinders; however, applying the
V&V process to such simple cases may give confidence
to use these models in much more complex configura-
tions. In these higher-dimensional simulations, the input
impedance is defined as the mean pressure across the
input area over the integral of the velocity on the same
domain3.

For the least computationally intensive calculation
methods (e.g. 1D models), the recommendation was to
use the following frequency axis for the simulations:
[0.2 Hz, 20 kHz] with a 0.2 Hz step. For the simulations
using methods with higher computation cost (e.g. MM
or 2D and 3D FEM), it was recommended to use a
multiple of the frequency step (e.g. 1 Hz). Only the refer-
ence frequencies needed for reflection-coefficient observ-
ables were imposed (f ∈ {20, 100, 500, 1000, 5000}Hz,
cf. Sect. 2.3). The time needed to perform the entire
set of computations varies strongly with the method.
For TMM, it ranges from less than one second to a
few seconds depending on the implementation, whereas
1D FEM requires about 1 min and the MM approach
between 2 and 4 min. The 3D FEM requires dozens of
seconds per frequency. It is important to note that this
computation is particularly disadvantageous for FEM,
as it requires a very fine mesh for the extremely high
frequencies.

In order to study the practical use of simulation,
each operator was responsible for choosing the spatial
discretization, making their own compromise between
accuracy and computation time.

3 It is important to compute and use the actual acoustic
velocity field and not the pressure gradient, as is sometimes
found in the literature. These two quantities differ because of
boundary layers induced by visco-thermal effects.
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3 Simulation and model verification

3.1 Closed cylinder

The first simulation case considered is the closed cylin-
der. Here, the “closed” condition is defined numerically
by imposing a velocity normal to the cap wall equal to
zero, which gives a zero-flow condition in 1D or an infi-
nite impedance. For a cylinder, the telegrapher’s equation
(Eq. (8)) can be solved analytically even with thermo-
viscous effects. Together with the boundary condition just
defined, the input impedance is simply:

Zclosed cyl = Zcc coth(ΓL) (9)

where L is the length of the cylinder, Zcc =
√
Zv/Yt and

Γ =
√
ZvYt are the complex characteristic impedance and

the wave number including thermo-viscous effects. This
impedance, using the original Zwikker and Kosten [24]
(ZK) expressions for Zcc and Γ, has been computed by
operator C4 and is used as the reference. The obtained
values for the observables are given in Table B.1 in
Appendix B. The existence of this solution and the clear
definition of the boundary condition make this case a
good starting point for this verification stage. In particu-
lar, all the TMM simulations should give exactly the same
results (apart from the choice of expressions for visco-
thermal effects). Indeed, in this case, TMM is formally
similar to the analytical solution of equation (9). For this
configuration, operators A, B, and C used TMM with the
ZK expressions; operator C also used 1D FEM and TMM
with the first- and second-order Keefe approximations
(Keefe 1 and 2), and operator D used the second-order
Keefe approximation. Operator E used the MM model
and operator F used 3D FEM with SLNS resolution (2D
axisymmetric).

The deviations from the reference (Eq. (9)) of both
the frequency (x-axis, Eq. (3)) and the amplitude
(y-axis, Eq. (4)) of the resonance characteristics are rep-
resented in Figure 3. The markers represent the median
value for the 10 peaks considered per simulation (5 reso-
nances and 5 anti-resonances) and the error bars indi-
cate the min–max ranges. The FEM-3D simulation is
not represented as the frequency step was too wide to
extract the resonance characteristics. From a practical
perspective, all the simulations are consistent, with fre-
quency deviations within ±0.3 cents and amplitude devi-
ations within ±0.3 dB. Nevertheless, while certain results
match the reference solution almost perfectly (in Fig. 3,
markers from B and from C using ZK expressions or
2nd order Keefe approximation are superimposed on (0,
0)), others deviate slightly. The deviation of operator E
using MM simulation (mainly 0.08 dB higher) is certainly
due to the model of thermo-viscous effects retained. The
deviation of operator D (−0.05 dB and −0.09 cents) can-
not be explained only by their use of Keefe’s first-order

4 Since this impedance results from a numerical implemen-
tation that may introduce issues, the operator is specified.

Figure 3. Closed cylinder, 18 cm long and 14 mm inter-
nal diameter. Resonance characteristics deviations from the
mean value over all simulations for each resonance from equa-
tions (3), (4). The marker is the median value for a given
simulation and the error bars the min–max range. The shapes
of the markers correspond to the operators and the colors to
the model and numerical method. Four markers are superim-
posed on (0, 0): Keefe 2 TMM C, ZK 1D-FEM C; ZK TMM
B and ZK TMM C.

approximation, because the results computed by opera-
tor C with the same expression are markedly closer to the
reference values, particularly for the resonance frequency.
This is certainly due to an implementation choice or the
rounding of a numerical value (e.g., the physical quanti-
ties of Tab. 4), and similarly for the small deviation of
operator A.

To quantify more precisely the similarity of the sim-
ulation results, Figure 4 displays log10(dR), the matrix
of distances of the reflection coefficient (Eq. (6)). For
this observable, the 3D-FEM simulations are included. In
addition, although dR does not rely on a reference value
(Eq. (6)), the analytical solution from equation (9), used
as the reference for df and da, is also provided for com-
parison. Theoretically, this relative distance between two
equivalent models should reach machine precision (here
log10(dR) < −6, cf. Sect. 2.3.2). By this criterion, the
TMM implementations of operator B and the two simu-
lations provided by operator C (ZK–TMM and 1D FEM)
are consistent, which confirms previous observations on
resonances (Fig. 3). The TMM simulations from opera-
tor A, the 3D FEM implementation of operator F, and the
second-order approximation of operator C are also very
close with a distance log10(dR) < −3.7 ≈ log10(2 · 10−4).
For the 3D FEM, this small distance can be due to a not
fully converged simulation. This first simulation group
points to a consensus on the closed-cylinder simulation.

The impact of the approximation on the thermo-
viscous effects is evident here, particularly for the multi-
modal method (MM, log10(dR) ≈ −2.4 ≈ log10(4 · 10−3))
and for the first-order development (Keefe 1, log10(dR) ≈
−3.5 ≈ log10(3 · 10−4)). The implementation error in
the software used by operator D is also clearly visible
(log10(dR) ≈ −3.2 ≈ log10(7 · 10−4)).
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Figure 4. Closed cylinder. Relative distance log10(dR)
of the reflection coefficient at reference frequencies (f ∈
{20, 100, 500, 1000, 5000}Hz). The symbol “=” corresponds to
distances below the precision of shared data (log10(dR) < −6).
By construction, this matrix is almost symmetrical, as long
as the two compared quantities are close enough. The color
scale conveys the same information as the numerical values,
and is common to all similar figures (Figs. 5c, 5d and 6b). It
ranges from dark blue (low difference) to light yellow (high
difference), here limited to light green.

3.2 Open cylinder

For the open cylinder, the same solution of the tele-
grapher’s equations can be used. However, the resulting
impedance

Zopen cyl = Zcc tanh(ΓL+ tanh−1(Zrad/Zcc)) (10)

features the radiation impedance Zrad that models the
radiation at the open boundary. In this study, three radia-
tion configurations were simulated: assuming an infinitely
thin wall (unflanged), taking into account the 7 mm or
2 mm width of the wall (flanged). Results for the 2 mm
wall width are omitted here to avoid redundancy, as
the 7 mm case exhibits similar but more pronounced
behavior5.

Each operator was free to choose how to model
the radiation. For the unflanged pipe, a model of this
impedance was established by Levine and Schwinger, with
several approximations proposed by Silva [27]. It can
be directly used in 1D simulations. For the multimodal
approach, which needs finite wall width, very thin walls
were chosen (<1 mm). Conversely, the finite flange can be
modeled naturally in multimodal simulations, whereas in
1D simulations, the empirical model proposed by Dal-
mont [19], Eq. (42) was used, interpolating between
unflanged and infinitely flanged conditions.

5 Data for the 2 mm configuration are available in the open
data repository.

The values used as reference are given in Table B.1

in Appendix B. For the unflanged configuration, this is
computed with equation (10) and the non-causal expres-
sion ([27], Eqs. (21), (22)) for Zrad. For the flanged case
(finite wall), without an analytical solution, the median
value of each observable is used as reference. This choice
affects the absolute values of the observables, but has lit-
tle impact on the relative distances between operators
and models, which are the focus of this analysis.

As for the closed cylinder (Sect. 3.1), the observables
are compared in Figure 5. For the unflanged configura-
tion (Unfl., Fig. 5b and 5d), the two simulations of oper-
ator C are similar to the reference (analytical solution). A
very small deviation is observed for operator B, only vis-
ible in the `2-norm (log10(dR) ≈ −3.3). Similar deviation
is observed between these two operators for the flanged
configuration (Fl. Fig. 5a and 5c). Operator A is very
close to the others for the unflanged configuration, but
deviates substantially for the flanged one (df ≈ 0.1 cent,
da ≈ 0.2 dB, log10(dR) ≈ −2.6). This may result from
a different choice of expressions for the unflanged and
infinitely flanged conditions used in the radiation model
of [19], or from an implementation error. The deviation
between the 1D simulations and the multimodal ones
remains of the same order of magnitude as for the closed
cylinder (for the three configurations log10(dR) ≈ −2.4),
making it difficult to interpret whether this comes from
the model of thermo-viscous effects or from the radiation
model.

Analysis of these two configurations suggests that
opening the pipe leads to additional modeling complexity,
which increases the deviation between the results while
keeping them within an acceptable range (df < 1 cent,
da < 0.5 dB).

3.3 Conical pipe

Since the telegrapher’s equations with thermo-viscous
effects have no analytical solution for conical pipes, the
TMM approximates the thermo-viscous effects by com-
puting them in an equivalent cylinder ([1], Chap. 7.4.5).
By slicing the pipe, this approach slowly converges to the
solution of the telegrapher’s equations [31]. This corre-
sponds to a spatial discretization. As with other numeri-
cal methods, the spatial resolution is chosen by each oper-
ator according to their own habits regarding the balance
between accuracy and computational time.

For a conical shape, there are several modeling or com-
putational options available. This affects the shape of the
wavefront, introducing an additional source of variation
in the simulation results. In 1D, it is possible to impose
plane wave or spherical wave by slightly changing the
telegrapher’s equations ([1], Chap. 7.4, p. 322). Without
instruction, operators A and C simulated plane wavefront
(PW) and operator C and D spherical wavefront (SW).
One of the advantages of multimodal, 2D or 3D finite
element methods is that they do not impose the shape of
the wavefront. However, the chosen shape of the source
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Figure 5. Open cylinder, with two radiation conditions simulated: with 7 mm wide wall (Fl.: flanged, (a) and (c)) and infinitely
thin wall (Unfl.: unflanged, (b) and (d)). Deviation of the resonance characteristics from the reference: (a) and (b) (marker:
median; error bar: min–max range). Relative distance matrix for the reflection coefficient: (c) and (d).

surface (and the radiating surface if the pipe is open),
indirectly affect the wavefront. Operator E uses a plane
boundary condition at the entrance, which is compati-
ble with a plane wavefront. Operator F, on the other
hand, uses a spherical cap, which is more compatible
with a spherical wavefront. For simplicity, they are subse-
quently associated with the plane and spherical wavefront
simulations, respectively.

Because of these two factors (discretization and wave-
front) and the lack of analytical solution, the median
values over all simulations of each observable are used
as reference in equations (3) and (4) (Tab. B.1 in
Appendix B). Here again, the choice of reference value
mainly impacts absolute values, with negligible effect on
the relative distances under study.

Only the results for the closed conical pipe are ana-
lyzed in detail. The resonance characteristics for this
configuration are shown in Figure 6, where two groups
of simulations are visible, corresponding to the wave-
front shape. These two groups have similar amplitudes,
but the spherical-wavefront simulations are about 1 cent

flatter (Fig. 6a) because the characteristic length is
the wall length (hypotenuse) and not the central axis.
The distance between the reflection coefficients is about
log10(dR) ≈ −2 (Fig. 6b). However, within each assump-
tion, the deviations are substantially higher than for the
closed cylinder (Sect. 3.1).

Within the plane-wavefront simulations (Pw.), the
`2-norm reaches log10(dR) = −1.9 (i.e. dR > 1%)
(Fig. 6b) and, even if the medians are close, the devi-
ations of resonance characteristics reach 5 cents and 2 dB
for the MM simulation (Fig. 6a), the maximum of devi-
ation occurring for the lowest frequency peaks. This
suggests the existence of “non-plane” modes in such
non-cylindrical pipes.

Within the spherical-wavefront simulations, the agree-
ment is slightly better (a pairwise comparison gives:
df < 1 cent, da < 0.8 dB, log10(dR) < −2.7). For
this conicity (2◦ half-angle), the use of the hydraulic
radius in Zwikker and Kosten expressions, as proposed
by Thibault [26] to better model thermo-viscous effects in
conical tubes (“Sw+HR” in Fig. 6), has a negligible effect
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Figure 6. Closed conical pipe. The notation “Sw” indicates simulations with spherical wavefronts or assimilated (empty
markers) and “Pw” plane wavefronts (filled markers). (a) Deviation of the resonance characteristics from the reference.
(b) Relative distance matrix for the reflection coefficient.

(log10(dR) ≈ −5). The distance between TMM and 1D
FEM computed by operator C (log10(dR) ≈ −3) illus-
trates the importance of spatial discretization and sug-
gests that the TMM simulation is not fully converged
here.

3.4 Summary of the verification step

These observations are summarized in Table 5 by dis-
playing the mean and maximal deviations obtained by
pairwise comparison of the simulations for each configu-
ration. The deviations df and da are estimated for each
resonance peak and pair of simulations. Then, the RMS
and maximum values are computed for each configura-
tion. For the reflection coefficient, the mean and maxi-
mum values are computed directly from log10(dR), i.e.
the values shown in Figures 4, 5c, 5d and 6b. This table
also includes the results for the open conical tube (Cone
Unfl.), which were not presented previously, as this config-
uration combines elements already discussed for the open
cylinder and the closed cone.

From a practical point of view, the deviations between
all these simulations remain relatively small (mainly df <
1 cent and da < 0.5 dB) and those despite the diversity
of methods used. This relative good agreement allows a
comparison with experiments.

However, this table illustrates that adding complexity
to the model (radiation, or pipe shape) induces wider
deviations between numerical results. Indeed, the worst
agreement is obtained for the closed conical pipe with
plane waves, followed by the open conical pipe, etc. At
this stage it is difficult to say whether this is due to a
limitation in the models (e.g. wavefront shape or radiation

condition in the 1D models) or numerical problems caused
by the increasing complexity of the configurations (wall
conditions, radiation, etc.).

4 Impedance measurement uncertainties

To assess the reliability and accuracy of measure-
ments, it is essential to identify the sources of variability.
This study focuses on four categories of variability asso-
ciated to the specimen (i.e., a given pipe with a given
boundary condition, such as one of the five closed brass
tubes) and the operator (i.e., the experimenter–sensor
pair):
– The intra-specimen/intra-operator variability refers

to the variability observed in the outcomes when one
operator (an experimenter using one device) repeats
the measurement on one specimen (a given shape and
boundary condition). This includes the sensor resolu-
tions but also variations due to handling. It is possible
to separate these effects by studying the variability of
repeated measurements with or without removing the
specimen between repetitions, and with or without
recalibrating the sensor.

– The intra-specimen/inter-operator variability is that
observed when different experimenters or different
setups measure the same parameter on the same spec-
imen. In this study, this includes the post-processing
steps necessary to compute the impedance from the
microphone signals.

– The inter-specimen/intra-operator variability refers
to the variability observed in the results when one
experimenter uses one device to repeat measure-
ments on different specimens of the same shape and
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Table 5. Mean (logarithmic or root mean square, RMS) and maximal values of pairwise deviations between simulations
for each configuration: log10(dR), df (in cents), and da (in dB). “N” is the number of simulations analyzed for each
configuration.

Configuration N df [cents] da [dB] log10(dR)
RMS Max RMS Max Mean Max

Closed cylinder 9 0.05 0.2 0.06 0.2 −3.7 −2.4
Unflanged cylinder 5 0.2 0.6 0.06 0.2 −3.0 −2.4
Flanged cylinder 5 0.2 0.6 0.12 0.3 −2.7 −2.2
Closed cone Sw 5 0.3 1.6 0.16 0.8 −3.1 −2.7
Closed cone Pw 4 1.0 5.5 0.41 2.2 −2.6 −1.9
Unflanged cone Pw 4 0.6 2.9 0.27 1.5 −2.6 −2.2

boundary condition (e.g., the five closed brass tubes).
This includes variations in the intrinsic properties of
the specimens, such as geometric variability. This is
necessary for comparison with simulations.

– The inter-specimen/inter-operator variability is that
observed when different experimenters or different
setups evaluate the impedance on a batch of similar
specimens.

A final source of deviation can arise in the post-processing
step when quantities of interest are extracted from raw
data. This aspect is not studied here, as all impedances
have been processed together by the same operator to
extract the observables. This section focuses on the
intra-specimen/intra-operator variability and the intra-
specimen/inter-operator variability, in order to assess the
uncertainties associated with the impedance measure-
ment of a given object. The inter-specimen variability is
treated in Section 5 in the context of model validation.

The reference values against which the experimen-
tal observables are compared, are given in Appendix B
(Tab. B.2). They come from simulations computed for the
average geometry of each sample (Tab. 2) and with the
values from Table 4 for the physical quantities. Analytical
solutions are used for the cylinders (Eqs. (9), (10)) and a
converged 1D FEM solution is computed for the conical
pipes using Openwind [29]. For open tubes, the finite wall
width radiation model was used [19]. As will be seen later,
the variability of the measurements is much greater than
the differences between the simulations in Section 3, so
any model could be used as a reference without affecting
the subsequent observations.

4.1 One case analysis

First, the variability of the resonance characteristics of
a single specimen, the closed brass tube numbered 1, is
analyzed in Figure 7. This shows the deviation, from the
reference values, of the frequency (x-axis) and amplitude
(y-axis) of the four resonances (first row) and the four
anti-resonances (second row) for the five repeated mea-
surements of the impedance of the same specimen and for
the five operators.

It appears clearly that the intra-specimen variability,
both intra- and inter-operator, is much greater than the

deviations observed between simulations in Table 5 (in
simulations: df < 0.2 cent, da < 0.2 dB, compared to sev-
eral cents and dB in measurements). In addition, the devi-
ation between operators seems to be significantly greater
than the deviation between repeated measurements by a
single operator. These two observations will be confirmed
further in the rest of Section 4 through the global analysis
of all configurations.

Both these intra- and inter-operator variabilities do
not seem to be particularly related to the absolute fre-
quency of the peak. For most operators, the variability
between repeated measurements (intra-specimen/intra-
operator) and the deviation from the reference are sim-
ilar for all resonances and for all anti-resonances. This
is not true for the anti-resonances of operator O1, for
whom the variability varies markedly with the observed
peak. These variations, as well as the size of the devia-
tions from the references, may be attributed to the cap
used to close the tube (in PLA for O1 and in TPU for
the others, Sect. 2.4). This might also be due to the sig-
nificant difference in diameter between the sensor used
by O1 (4 mm) and the tube (14 mm), which results in
a poor signal-to-noise ratio, critical for anti-resonances
(Sect. 2.4).

However, as this observation is specific to experi-
menter O1 and does not appear to be directly related
to the absolute frequency, in the following parts of the
study, for each measurements, the deviation of the four
resonances will be analyzed together on one side, while
the four anti-resonances will be treated on the other. This
is similar to the analysis carried out in Section 3, but by
separating resonance and anti-resonance.

4.2 Intra-specimen/intra-operator variability

For each operator and configuration, the standard
deviation (std) of each observable is calculated across five
repeated measurements on the same specimen, capturing
intra-specimen/intra-operator variability. These standard
deviations give a measure of the spread of an individual
operator’s markers in the sub-graphs of Figure 7. As pre-
viously explained, these std values are averaged across
all resonance and anti-resonance characteristics, yielding
four values per operator and configuration: σf,res, σf,anti,
σa,res, and σa,anti, as shown in Figure 8.
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Figure 7. Deviation from the reference values of the frequency (df in cents) and amplitude (da in dB) of the 4 resonances and
4 anti-resonances, for the 5 repeated measurements of a given closed brass cylinder. Each operator is associated with a marker
shape and a color.

Figure 8. Intra-specimen/intra-operator standard deviation (same specimen, several measurements) for each operator averaged
across all the resonance peaks (dots) and anti-resonance peaks (crosses). The frequency deviations are expressed in cents relative
to the reference values (Tab. B.2).
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Table 6. The intra-specimen/intra-operator standard
deviation of the reflection coefficient σR in percent, for
each operator and configuration, averaged across the 6
observed frequencies fobs.

Operator O1 O2 O3 O4 O5
Brass Cyl. closed 1.4 0.0 0.2 0.6 0.1
ABS Cyl. closed 1.7 1.0 0.4 1.0 0.7
Wood Cyl. closed 0.9 0.3 0.4 0.5 0.4
ABS cone closed 1.7 1.5 / / 0.3
Brass Cyl. open 0.7 0.1 0.4 / 0.1
ABS Cyl. open 1.1 0.1 0.5 / 0.2
Wood Cyl. open 0.7 0.5 0.6 / 0.2
ABS cone open 1.1 2.2 / / 0.4

In most cases, these standard deviations remain small
(σf < 5 cents, σa < 1 dB). Slightly higher values appear
for closed pipes, particularly in amplitude (Fig. 8, first
row), likely due to the added manipulation associated
with cap placement, which may cause leakage. This effect
is more pronounced in the conical pipe, whose thinner
wall complicates airtight sealing.

As already noted, operator O1 generally shows higher
standard deviations, especially for the anti-resonances of
closed brass and 3D-printed pipes, suggesting the cap is
a key factor. Operator O2 shows an unusually high fre-
quency deviation for the closed wood pipe (σf ≈ 15 cents,
Fig. 8, 1st row, 3rd column), due to an unidentified
experimental issue.

For the reflection coefficient, the standard deviation is
computed for each operator and each observed frequency
fobs. As it shows minimal dependence on frequency, it is
averaged per operator and configuration, then expressed
as a percentage in Table 6. As with resonance frequency
and amplitude, intra-variability is higher for operator O1
under closed conditions, particularly for the 3D-printed
cylinder and the conical pipe.

4.3 Intra-specimen/inter-operator variability

For each configuration and each observable, the intra-
specimen/inter-operator variability can be estimated by
computing the standard deviation across operators of the
average value over the five measurements of the speci-
men 1. The obtained standard deviations, averaged per
observable type, are reported in Table 7.

From Table 7, it can be seen that this inter-
operator variability exceeds the intra-specimen/intra-
operator variability (investigated in Sect. 4.2) for all
observables and reaches more critical values: in nearly all
cases σf > 5 cents (up to 19 cents) and σa > 1 dB (up to
3.4 dB). As before, variabilities are higher under closed
conditions, emphasizing issues with the cap. For closed
pipes, resonance and anti-resonance peaks show similar
deviations. It can be noticed that, in open pipes, the
standard deviation of anti-resonance frequencies remains
comparable to intra-operator levels (σf,anti ≤ 6 cents, as
in Fig. 8).

Table 7. Intra-specimen/inter-operator standard devi-
ations per observable and configuration, averaged
by type.

σf,res σf,anti σa,res σa,anti σR
[cents] [cents] [dB] [dB] [%]

Brass Cyl. closed 7 8 2.2 3.0 2.8
ABS Cyl. closed 8 10 1.3 1.9 4.1
Wood Cyl. closed 13 16 2.1 2.6 9.5
ABS cone closed 8 9 3.4 2.3 2.2
Brass Cyl. open 4 2 1.1 2.3 1.7
ABS Cyl. open 10 3 1.0 1.1 4.0
Wood Cyl. open 8 4 0.7 0.3 2.1
ABS cone open 19 6 1.4 1.1 6.8

Table 8. Intra-specimen/intra- and inter-operator stan-
dard deviations per observable, averaged across all con-
figurations and operators.

σf,res σf,anti σa,res σa,anti σR
[cents] [cents] [dB] [dB] [%]

Intra Op. 3 3 0.5 0.4 1.6
Inter Op. 10 7 1.6 1.8 4.1

To give an overall picture, Table 8 reports average
standard deviations across all configurations and opera-
tors. For intra-operator values, means are computed from
160 measurements for resonance characteristics (8 con-
figurations, 4 peaks, 5 experimenters) and 240 for R (8
configurations, 6 fobs, 5 operators). For inter-operator
values, 32 and 48 measurements are used respectively.
These overall results reflect expected variability in tube
measurements regardless of material or boundary con-
dition. Intra-operator deviations (σf ≈ 3 cents, σa ≈
0.5 dB) align with prior studies ([11], App. B), while
inter-operator variability appears substantially larger and
potentially problematic.

4.4 Origin of inter-operator variations

The high intra-specimen/inter-operator variability
observed, reaching more than 15 cents for certain peaks,
is potentially musically important and warrants investi-
gation. One possible explanation is systematic differences
in measurement protocols, such as variations in how the
tubes are connected to the sensor, potentially introduc-
ing additional effective length. Assuming the frequency
deviation arises solely from such a geometric offset, the
associated length deviation can be estimated as:

σL = L
σf
f
, (11)

Using the values from Table 8, this corresponds to σL ∈
[0.4, 2] mm for resonances, which appears unlikely given
the expected handling precision.

Another hypothesis concerns temperature estimation.
The internal tube temperature may differ from ambient
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conditions due to handling, particularly in thermally con-
ductive brass tubes. Assuming a similar proportionality:

σT = 2T
σf
f
, (12)

with T the absolute temperature in Kelvin. The observed
deviations would require a temperature variation of σT ∈
[1.5, 6] K, which again seems implausible.

This deviation could also come from the sensors. To
test this hypothesis, one operator measured the same
pipe using five different CTTM sensors. Although this
experiment was conducted post hoc with a different tube
(1 m long, 20 mm inner diameter), the resulting stan-
dard deviations, approximately 3 cents and 0.5 dB, are
comparable to intra-specimen/intra-operator variability
(Tab. 8), which suggests sensor differences are not the
primary cause.

Finally, the sensor calibration process may contribute
to variability. Operators typically calibrate only once per
batch of tubes made from the same material. Since the
calibration itself is a measurement, its uncertainty propa-
gates as a systematic bias within each batch. If calibration
were the dominant factor, intra-specimen/inter-operator
variability would be expected to be of similar magnitude,
which is not observed (cf. Sect. 5.1).

In conclusion, the inter-operator deviations most likely
result from a combination of factors, including handling
inconsistencies, environmental conditions, and calibration
practices, rather than a single dominant source.

5 Model validation

A comparison of Sections 3 and 4 shows that the differ-
ences between simulations are significantly smaller than
the intra-specimen variability in the measurements. This
enables comparison between experimental and simulated
data to validate or not the model, i.e., to determine the
extent to which the model predictions agree with the
measurements.

In addition to the experimental uncertainties dis-
cussed in Section 4, this validation of the models requires
accounting for uncertainties in both geometry and phys-
ical quantities (e.g. temperature and relative humidity;
see Sect. 2.4) within both the measurements and the sim-
ulations. These are accounted for in the models by per-
forming Monte Carlo simulations (Sect. 5.3). The influ-
ence of these physical and geometric uncertainties on the
measured observables is assessed by repeating data acqui-
sition across multiple specimens, enabling estimation of
inter-specimen variability (Sect. 5.1).

5.1 Inter-specimen variability

Inter-specimen variability is assessed by computing,
for each operator, the standard deviation across five spec-
imens for each configuration. This yields one value per

Table 9. Median across all operators of the inter-
specimen, intra-operator standard deviations per config-
uration, averaged by observable type.

σf,res σf,anti σa,res σa,anti σR
[cents] [cents] [dB] [dB] [%]

Brass Cyl. closed 3 2 0.3 0.2 1.2
ABS Cyl. closed 3 5 1.3 2.9 3.9
Wood Cyl. closed 5 11 1.5 2.1 7.2
ABS cone closed 2 3 1.7 0.2 1.3
Brass Cyl. open 3 2 0.1 0.05 1.4
ABS Cyl. open 5 3 0.9 0.1 1.5
Wood Cyl. open 9 7 1.5 1.4 2.7
ABS cone open 4 3 0.2 0.2 2.5

variable (σf (1),res, σf (2),res, etc.) and per operator. For clar-
ity, these standard deviations are first averaged by observ-
able type (σf,res, σf,anti, σa,res, σa,anti and σR), and the
median across operators is then reported in Table 9.

The values in this table directly reflect the geometric
variability of the specimens, as summarized in Table 2.
Variability is highest for wooden pipes and lowest for
brass pipes. For the latter, inter- and intra-specimen vari-
abilities are comparable (see Fig. 8 and Tab. 6). In con-
ical pipes, inter-specimen variability is also close to the
already elevated intra-specimen/intra-operator variabil-
ity. In the case of the 3D-printed cylinders under closed
conditions, the elevated amplitude variability is likely due
to surface defects at the sealed end, introduced during the
printing process.

5.2 Total variability

The total variability can be estimated by combining
the sources of variability already discussed with the preci-
sion of the measuring device. As usual, a normal probabil-
ity density function is assumed, with a standard deviation
given by:

σtotal =

√
σ2

intra-spec + σ2
inter-spec + σ2

inter-op +
(2m)2

12
(13)

where σintra-spec, σinter-spec, and σinter-op denote the stan-
dard deviations due to intra-specimen, inter-specimen,
and inter-operator variability, respectively. The term
(2m)2/12 corresponds to the variance of a rectangular
distribution with a width of 2m. This models the mea-
surement uncertainty, where m represents the measure-
ment resolution, taken as m = 0.1 Hz for frequencies,
m = 0.1 dB for amplitudes, and m = 1% for the reflection
coefficient R. These terms are negligible compared to the
other sources of uncertainty.

Table 10 reports the total standard deviations for each
configuration and observable type, along with the overall
median values. The results indicate that inter-operator
variability (see Tab. 8) is the dominant contributor in
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Table 10. Total standard deviation per configura-
tion and observable, combining intra-specimen, inter-
specimen, and inter-operator contributions along with
device resolution. The last row reports the median across
all configurations.

σf,res σf,anti σa,res σa,anti σR
[cents] [cents] [dB] [dB] [%]

Brass Cyl. closed 8 7 2.3 3.2 2.9
ABS Cyl. closed 9 12 2.0 3.6 6.5
Wood Cyl. closed 14 20 2.6 3.4 12.0
ABS cone closed 8 10 4.1 2.4 2.9

Brass Cyl. open 5 4 1.2 2.4 2.4
ABS Cyl. open 12 4 1.4 1.2 4.7
Wood Cyl. open 13 8 1.7 1.4 3.5
ABS cone open 20 7 1.4 1.2 7.5

Median 10 7 1.8 2.4 4.1

most cases. For the wooden pipe, however, the high inter-
specimen variability also has an important impact on
the total. As previously observed, variability tends to be
higher in the closed condition than in the open one, with
the exception of cone resonances.

The frequency variability remains higher than 5 cents
for most configurations, particularly in closed conditions.
These values are significant from a musical point of
view (by comparison, the auditory detection threshold
is around 5 cents). These findings emphasize the need to
reduce inter-operator variability to achieve reliable and
musically acceptable measurements.

These values can be used to design an experiment a
priori. The number of specimens n needed to validate
a phenomenon inducing a deviation of about ∆ on an
observable with variability σ can be estimated by the
expression proposed by Lehr [40]:

n = 16
( σ

∆

)2

. (14)

Let us imagine that a setup similar to the one presented
here6 is used to validate the finite-flanged radiation model
from [41], with respect to the unflanged model. For the
3D-printed pipe with 7 mm wall width, the expected fre-
quency deviation from the models is about ∆f ≈ 10 cents
(App. B, Tab. B.1) and the experimental variability is
about σf ≈ 9 cents (Tab. 10). This results in n = 12
specimens. For brass pipes, the experimental variabil-
ity is lower (σf ≈ 5 cents) but, due to a thinner wall
(2 mm), the deviation between models is also reduced
(∆f ≈ 5 cents) leading to n = 10 specimens. If the aim is
to determine whether the measurement conditions for the
conical pipes correspond to plane or spherical wavefronts,
this would necessitate about n = 1300 specimens, as the
expected deviation is very small (∆f ≈ 1 cent, Fig. 6) and
the experimental variability relatively high (σf ≈ 9 cents,
Tab. 10).

6 A similar experimental setup, with comparable device and
post-processing, leading to similar uncertainties.

Table 11. Numerical standard deviation obtained from
a Monte Carlo experiment with 1000 repetitions per con-
figuration using distributions from Section 2.2. Here, the
standard deviations of resonances and anti-resonances are
equal.

σf σa σR
[cents] [dB] [%]

Brass Cyl. closed 3 0.02 1.3
ABS Cyl. closed 3 0.06 1.4
Wood Cyl. closed 7 0.05 2.7
ABS cone closed 5 0.04 2.1
Brass Cyl. open 3 0.01 1.3
ABS Cyl. open 3 0.05 1.2
Wood Cyl. open 6 0.03 2.4
ABS cone open 5 0.05 1.6

5.3 Simulations vs. measurements

In comparison to the experimental variability reported
in Table 10, all models investigated in Section 3 show
consistent behavior. To evaluate the agreement between
measurements and model predictions, simulations were
conducted using the analytical solution when available
(Eqs. (9), (10)) and a one-dimensional finite-element (1D
FEM) model for conical tubes. These computationally
efficient models allow for Monte Carlo simulations, with
1000 realizations per configuration completed within a
few minutes of computation time.

The simulations incorporate uncertainties in geome-
try, temperature, and humidity by drawing random sam-
ples from normal distributions based on the dimensional
tolerances provided in Table 2 and the estimated uncer-
tainty ranges discussed in Sections 2.2 and 2.4. For open-
end conditions, both unflanged and finite-flange radiation
models are considered.

The mean values for each observable are close to
the reference values computed for the mean geometries
(App. B, Tab. B.2), and the corresponding standard devi-
ations are reported in Table 11. For frequencies and
the reflection coefficient, the simulated variability is of
the same order of magnitude as the experimental inter-
specimen standard deviation (Tab. 9). In contrast, the
simulated standard deviation for amplitude is lower, high-
lighting that resonance frequencies can be measured with
greater accuracy than peak amplitudes.

Figure 9 compares the distributions obtained from
simulations with those measured by each operator. Inter-
operator deviations are clearly visible, reaching up to
30 cents for frequency (e.g., between O1 and O2 for the
closed and open wooden pipes) and 10 dB for amplitude
(e.g., between O2 and O5 for the closed 3D-printed pipes).
While no consistent bias is observed across all operators,
some tendencies appear: operator O2 generally reports
slightly lower frequencies, operator O1 often records
lower resonance amplitudes, whereas operator O5 obtains
higher amplitude, especially for closed configurations..
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Figure 9. Statistical comparison of measured and simulated deviations in frequency and amplitude for resonances, across all
configurations and operators. Markers represent the median over all resonance peaks and specimens (4 peaks × 5 specimens),
with error bars indicating the interquartile range. Monte Carlo simulation results are shown as crosses. For open conditions,
black crosses correspond to simulations using the finite-flange radiation model, while gray crosses indicate the ideal unflanged
case.

Table 12. Statistical significance (p-value) of the dif-
ference between experimental and simulated results for
the resonances. Lower values indicate stronger differences.
Values below 0.01 (in bold) suggest that the model is sta-
tistically distinguishable from the measurements and can
not be considered valid. For simulation of open pipes, the
flanged model is used.

fres ares

Brass Cyl. closed 10−4 10−4

ABS Cyl. closed 0.5 10−9

Wood Cyl. closed 10−4 10−8

ABS cone closed 0.8 10−3

Brass Cyl. open 0.02 0.4
ABS Cyl. open 0.03 0.05
Wood Cyl. open 10−5 10−6

ABS cone open 0.3 10−3

In general, measured amplitudes tend to be lower than
those predicted by simulations, especially under closed-
end conditions (except for O5). Deviations are most pro-
nounced for wooden pipes, likely due to their greater
variability. Lastly, the radiation model accounting for
wall thickness (finite flange) shows better agreement with
experimental data than the idealized unflanged model.

To quantitatively assess model validity for each con-
figuration, i.e., whether model predictions agree with the
measurements or not, two statistical analyses are per-
formed. First, a bilateral test dealing with heterogeneous
variance (heteroscedastic) [42] was applied to the absolute
values of each observable. Because results were consistent
across configurations for a given observable type, the val-
ues were averaged accordingly and reported in Table 12.
Low values (typically p-value < 0.01) indicate statisti-
cally significant differences between the simulated and
measured distributions. No conclusions can be drawn for
higher values.

In order to evaluate the agreement between simula-
tions and measurements, the deviation

∆µ = µMC − µexp (15)

is computed for each observable, where µMC is the mean
of the Monte Carlo simulations and µexp is the mean
of the measurements. This deviation is compared to its
associated uncertainty,

σ∆µ = σMC +
σtotal√
Nexp

, (16)

obtained by propagation of uncertainty, where σMC is
the standard deviation of the Monte Carlo simulations,
σtotal is the experimental variability from equation (13),
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Table 13. Deviation between the mean model predic-
tions and the mean measurements, and the associated
uncertainty, for the resonance frequency (in cents) and
amplitude (in dB) for each configuration. A deviation
smaller than the uncertainty supports model validity. For
simulations of open pipes, the flanged model is used.

∆µfres±σ∆µfres ∆µares±σ∆µares

[cents] [dB]

Brass Cyl. closed 8 ± 5 2.4 ± 0.5
ABS Cyl. closed 2 ± 5 4.4 ± 0.7
Wood Cyl. closed 15 ± 9 5.5 ± 0.6
ABS cone closed 0 ± 8 3.3 ± 1.0
Brass Cyl. open 3 ± 4 0.4 ± 0.3
ABS Cyl. open 5 ± 5 1.1 ± 0.5
Wood Cyl. open 11 ± 9 3.2 ± 0.5
ABS cone open 7 ± 10 1.3 ± 0.4

and Nexp is the number of measurements. The result-
ing values, averaged by observable type, are reported in
Table 13. When the deviation is smaller than the uncer-
tainty (∆µ ≤ σ∆µ, in bold in Tab. 13), this supports
model validity.

The combined results from Tables 12 and 13 sug-
gest that the models accurately predict the resonance
frequency of both ABS cylinders and cones, for open
and closed configurations, as well as for the open brass
pipe. For amplitude, none of the values in Table 13 meet
the validation criterion. However, there is clearly better
agreement between simulations and measurements for the
open brass pipe than for the other configurations. Both
tables also show that discrepancies are more pronounced
for closed configurations (low p-values and high ∆µa)
than for open ones.

For the wooden pipes, both open and closed, the sig-
nificance values in Table 12 are especially low, and the
simulations exhibit significantly higher resonance ampli-
tudes than the measurements as visible in Table 13, and
in Figure 9. Taken together, these results show that the
current models do not accurately reproduce the mea-
sured acoustic behaviour of wooden pipes. Aside from
a possible unidentified bias, one explanation for this dis-
crepancy is the presence of rough and porous inner sur-
faces, which enhance thermo-viscous losses by altering the
boundary layer [43]. Recent advances [44] suggest mod-
eling strategies that account for such surface effects and
could improve simulations. The good agreement observed
for open brass supports the validity of both the propa-
gation model in smooth, non-porous geometries and the
finite-flange radiation model [19].

For closed conditions, it remains unclear whether the
observed discrepancies result from experimental limita-
tions or from assumptions in the modeling approach,
which considers the cap as a perfectly rigid (infi-
nite impedance) termination. However, the experimen-
tal explanation appears more plausible given the prac-
tical challenges associated with measuring closed pipes.
Sealing the cap after placing the tube on the sensor can

increase internal pressure and slightly displace the tube,
thereby degrading measurement quality. Notably, oper-
ator O5 employed an alternative capping method and
obtained results that were in better agreement with the
simulated amplitudes (see Fig. 9).

6 Conclusion

This document presents the results of a collaborative
study conducted by a group of researchers from public
and private research institutes. It is probably the first of
its kind in the musical acoustics community. The study
aims to compare the simulated and measured impedance
of a set of acoustic resonators in the context of musical
instrument manufacturing.

A key feature of the presented approach is the compar-
ison of simulated and measured data obtained by differ-
ent researchers using their own models and experimental
setups within their shared validity range. This allows the
verification and validation of these models and the study
of the accuracy and reliability of impedance measurement
in realistic conditions.

In addition, this work underlines the interest of per-
forming such collaborative round-robin studies for both
numerical and experimental aspects.

The first and main interest of this process is per-
haps that it offers an environment for the authors to
exchange around the technical aspects of their practices.
For example, concerning the simulations, the presented
data reflect the outcome of several iterative refinements,
during which implementation errors and overly coarse
approximations were identified and corrected through col-
laborative exchanges among contributors. Although only
the final results are shown, the good agreement between
simulations (Sect. 3) stems from multiple cycles of discus-
sion and comparison. This process not only enhanced the
accuracy and consistency of the results but also fostered
valuable technical dialogue, reinforcing the robustness of
the proposed best practices.

This work highlights several aspects where further
effort would be valuable. Regarding the simulation part,
the results are very close, but the thermo-viscous model
used in the multimodal approach could be improved.
Similarly, the lack of “three-dimensional” data (or 2D
axisymmetric) for several configurations underlines the
difficulty of including these thermo-viscous effects in some
geometries. However, by focusing on the low-frequency
range (f < 5 kHz and λ � pipe radius) and on sim-
ple geometries, this study avoids discussing the assump-
tions underlying the one-dimensional model (essentially
the presence of a single low-frequency propagating mode).
Multimodal and three-dimensional approaches do not suf-
fer from this limitation and are therefore expected to
provide more accurate results at relatively high frequen-
cies, particularly for radiation effects and non-cylindrical
pipes.

Regarding model validation, it seems necessary to
include the surface condition of the walls in the model
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(porosity, roughness). However, a previous study [43] indi-
cates that post-treatment of the wood of wind musi-
cal instruments (polishing and oiling) tends to eliminate
this effect. Another conclusion of the measurement–
simulation comparison, developed especially in a research
report [20], is the importance of including the humid-
ity effect in the estimation of the values of the physical
quantities.

Regarding the measurements themselves, reducing
inter-operator variability seems to be a priority. This
could be improved by adopting good practices that
emerged from the discussions among the authors. To
achieve this, it seems important both to validate the cal-
ibration step and to assess correct placement of the mea-
sured sample (centering and air tightness). The calibra-
tion can be validated by measuring, for each measure-
ment session, a reference tube whose geometry is per-
fectly known and for which the model is valid (e.g., a
brass cylinder, open to avoid cap issues), and then check-
ing the agreement between the measured and simulated
data. To assess the absence of leakage or misplacement of
the sample, it is useful to repeat the measurement, com-
pare with a similar measurement or, if possible, compare
with simulations. More practically, the discussion under-
lined the importance of allowing the sensor to reach ther-
mal equilibrium with the room, especially for sensors with
closed cavities; otherwise a drift can be observed. In this
study, one type of device was predominantly used (four
out of five sensors), making it difficult to generalize these
conclusions to all impedance sensors. Repeating the pro-
posed protocol with other devices would help overcome
this limitation.

A good practice concerning simulations is to verify
each new software (or code) by assessing the agreement
of the results on simple geometries with known analyt-
ical solutions or valid simulation results from another
software. In this sense, this article, and especially the
numerical values from Table B.1, could be used. When
a spatial discretization is used, it is advisable to esti-
mate the precision of the results provided, for example by
comparing with the calculation obtained with a refined
spatial step, similarly to how measured data should be
given with uncertainties. Finally, the use of common soft-
ware and/or common file formats can also help reduce
implementation errors and facilitate comparison between
software.

To enable other community members to easily com-
pare their simulations and/or measurements with the
data presented here, the raw data [45] and the post-
processing programs used to extract observables and
to generate the presented tables and figures are avail-
able [46]. This allows anyone to share their own data
and increase the representativeness of this round-robin
study, for example, by including other type of impedance
sensor.

This study concerns a very limited set of geome-
tries that are simple compared with woodwind instru-
ments. It could be very interesting to perform similar
round-robin tests with horns, bent tubes, tubes with

side holes, etc. However, as this process is time con-
suming and requires logistics between the participat-
ing laboratories, it is important to resolve the issues
identified here before extending it to more complex
configurations.
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Benchmark study of pipe input impedance simulations and measurements for verification and validation in musical acoustics
context. Acta Acustica, 10, 51. https://doi.org/10.1051/aacus/2026048.

https://theses.fr/2023PAUU3051
https://zenodo.org/uploads/18624541
https://zenodo.org/uploads/18624541
https://gitlab.inria.fr/aernoult/acoustic-impedance-benchmark
https://gitlab.inria.fr/aernoult/acoustic-impedance-benchmark
https://doi.org/10.1051/aacus/2026048


A. Ernoult et al.: Acta Acustica 2026, 10, 51 21

Appendix A Temperature correction

Figure A.1. Simulation of the deviation induced by the cor-
rection of the speed of sound with temperature on frequency
of resonance in cents (top) and the impedance amplitude (dB)
at this frequency.

The compensation for the temperature difference by apply-
ing equation (7) to the measured frequency axis neglects the
modification of the thermo-viscous effects. The bias induced
by this simplification on the observables of Section 2.3 is stud-
ied here. The impedance of a closed cylinder with the dimen-
sions from Table 1 is simulated with physical quantities esti-
mated for dry air and temperature within [18, 32] ◦C using the
expressions from [20]. Equation (7) is then applied to the fre-
quency axis to compensate the variation of the speed of sound
with respect to 25 ◦C. The deviations of the resonance fre-
quency and peak amplitude from the reference values actually
computed at 25 ◦C are represented in Figure A.1.

It appears that the consequence of neglecting the thermo-
viscous effects in this compensation is negligible for this
wide temperature range with respect to the actual variability
between measurements (Tab. 8). A similar conclusion holds
for the humidity rate.

Appendix B Reference values

The reference values of the observables used for the sim-
ulations in Section 3 are reported in Table B.1. For the coni-
cal pipe, the values correspond to the median over all shared
simulated data. For the cylinders, analytical solutions were
computed using the physical quantities from Table 4. For
the closed cylinder, equation (9) was applied; for the open
cylinder, equation (10) was applied with radiation impedance
obtained either from the non-causal expression in [27] for
unflanged radiation or from the expressions in [19, 27] for
finite-flanged radiation.

The reference values of the observables used for the mea-
surements in Sections 4 and 5 are reported in Table B.2.
These values were obtained using the mean geometries from
Table 2 and the physical quantities from Table 4. For closed
pipes, equation (9) was used. For open pipes, equation (10)
was used together with radiation impedance accounting for
wall thickness, using the expressions of [19, 27]. For conical
pipes, converged 1D FEM simulations were performed using
the Openwind software [29].
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Table B.1. Reference values for the 25 observables for each simulated case. f
(i)
res refers to the ith resonance frequency, f

(i)
anti to

the ith anti-resonance frequency, and a
(i)
res and a

(i)
anti to the amplitudes at resonance and anti-resonance, respectively. R(f) is the

reflection coefficient at frequency f .

Closed Cyl. Unfl. Cyl. Flanged Cyl. Closed cone Open cone

f
(1)
res [Hz] 954.642 464.839 462.537 1014.676 620.549

f
(2)
res [Hz] 1913.533 1400.901 1393.751 1947.379 1457.156

f
(3)
res [Hz] 2873.126 2338.556 2326.049 2896.725 2355.390

f
(4)
res [Hz] 3833.085 3277.425 3258.925 3851.415 3271.625

f
(5)
res [Hz] 4793.274 4217.523 4192.592 4808.436 4196.871

f
(1)
anti [Hz] 475.860 932.640 927.960 333.410 919.656

f
(2)
anti [Hz] 1434.004 1869.633 1859.879 1397.931 1843.853

f
(3)
anti [Hz] 2393.316 2807.909 2792.483 2372.508 2771.023

f
(4)
anti [Hz] 3353.115 3747.397 3725.720 3338.784 3701.403

f
(5)
anti [Hz] 4313.195 4688.153 4660.016 4302.509 4635.014

a
(1)
res [dB] 32.48 35.22 35.24 31.50 29.72

a
(2)
res [dB] 29.46 28.81 28.76 29.75 25.48

a
(3)
res [dB] 27.69 24.75 24.52 28.28 20.83

a
(4)
res [dB] 26.43 21.59 21.02 27.12 17.18

a
(5)
res [dB] 25.44 19.00 17.96 26.18 14.34

a
(1)
anti [dB] 35.42 31.40 31.40 40.97 30.60

a
(2)
anti [dB] 30.68 26.60 26.48 31.91 23.85

a
(3)
anti [dB] 28.46 23.06 22.68 29.44 19.25

a
(4)
anti [dB] 26.99 20.21 19.42 27.90 15.87

a
(5)
anti [dB] 25.88 17.85 16.54 26.76 13.26

R(20 Hz) 0.996e−0.14j 0.990e+3.00j 0.990e+3.00j 0.990e−0.37j 0.995e+3.08j

R(100 Hz) 0.990e−0.66j 0.979e+2.45j 0.979e+2.45j 0.984e−1.58j 0.990e+2.84j

R(500 Hz) 0.965e+2.98j 0.965e−0.24j 0.965e−0.25j 0.979e+2.51j 0.961e+1.11j

R(1000 Hz) 0.953e−0.30j 0.944e+2.69j 0.944e+2.65j 0.949e+0.11j 0.946e+2.64j

R(5000 Hz) 0.898e−1.35j 0.756e+1.06j 0.714e+0.86j 0.900e−1.33j 0.628e+0.84j
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Table B.2. Reference values of the 22 observables for the measurements. To save space, the cylinder shape (Cyl.) and the
material of the conical pipe (ABS) are omitted from the header.

Brass closed ABS closed Wood closed Cone closed Brass open ABS open Wood open Cone open

f
(1)
res [Hz] 954.6 955.2 955.4 1022.2 463.4 462.8 462.9 627.1

f
(2)
res [Hz] 1913.5 1914.6 1915.1 1955.3 1396.8 1394.6 1395.1 1460.1

f
(3)
res [Hz] 2873.1 2874.7 2875.5 2906.4 2331.6 2327.5 2328.4 2355.2

f
(4)
res [Hz] 3833.0 3835.2 3836.2 3863.2 3267.4 3261.0 3262.2 3268.7

f
(1)
anti [Hz] 475.8 476.1 476.2 329.1 929.9 928.5 928.8 918.6

f
(2)
anti [Hz] 1433.9 1434.8 1435.2 1400.6 1864.1 1861.0 1861.7 1841.6

f
(3)
anti [Hz] 2393.2 2394.7 2395.3 2378.2 2799.4 2794.3 2795.3 2767.1

f
(4)
anti [Hz] 3353.0 3355.0 3355.9 3347.3 3735.7 3728.1 3729.5 3695.1

a
(1)
res [dB] 32.4 32.5 32.4 31.0 35.1 35.2 35.1 29.2

a
(2)
res [dB] 29.4 29.5 29.4 29.4 28.8 28.8 28.8 25.4

a
(3)
res [dB] 27.6 27.7 27.7 28.0 24.8 24.5 24.5 20.9

a
(4)
res [dB] 26.4 26.4 26.4 26.8 21.6 21.1 21.1 17.2

a
(1)
anti [dB] 35.3 35.4 35.3 40.8 31.4 31.4 31.4 30.5

a
(2)
anti [dB] 30.6 30.7 30.7 31.6 26.6 26.5 26.5 23.9

a
(3)
anti [dB] 28.4 28.5 28.4 29.2 23.1 22.7 22.7 19.3

a
(4)
anti [dB] 26.9 27.0 27.0 27.6 20.2 19.5 19.5 15.9

R(110 Hz) 0.99e−0.7j 0.99e−0.7j 0.99e−0.7j 0.98e−1.7j 0.98e+2.4j 0.98e+2.4j 0.98e+2.4j 0.99e+2.8j

R(200 Hz) 0.98e−1.3j 0.98e−1.3j 0.98e−1.3j 0.98e−2.5j 0.97e+1.8j 0.97e+1.8j 0.97e+1.8j 0.99e+2.5j

R(500 Hz) 0.97e+3.0j 0.97e+3.0j 0.97e+3.0j 0.98e+2.5j 0.97e−0.2j 0.97e−0.3j 0.97e−0.2j 0.96e+1.2j

R(1000 Hz) 0.95e−0.3j 0.95e−0.3j 0.95e−0.3j 0.95e+0.2j 0.94e+2.7j 0.94e+2.7j 0.94e+2.7j 0.95e+2.6j

R(2000 Hz) 0.93e−0.6j 0.93e−0.6j 0.93e−0.6j 0.93e−0.3j 0.90e+2.2j 0.90e+2.2j 0.90e+2.2j 0.88e+2.2j

R(3900 Hz) 0.91e−0.4j 0.91e−0.4j 0.91e−0.4j 0.91e−0.2j 0.81e+2.0j 0.80e+2.0j 0.80e+2.0j 0.73e+1.8j
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