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Abstract — A model capable of predicting guided wave (GW) modes in plates subjected to multiaxial
stresses has been developed, initially based on the assumption of an isotropic initial state of the plate.
Using tomographic inversion based on a simplified model of these variations, the stresses were successfully
mapped. Here, the model is extended to handle the case of a plate that is initially anisotropic due to
rolling. First, a simple description of the initial anisotropy is defined. Next, a SAFE-type calculation is
used to predict GW in a rolled plate subjected to stresses. Its predictions are compared with results
computed by a finite element code for validation purposes. The model is used to conduct parametric
studies. More specifically, we investigate the variations in velocity between waves propagating in a stressed
and rolled plate and those propagating in an unstressed one, as a function of the direction of propagation
and frequency. These variations are then fitted by simple analytical functions that can be inverted and
used as a basis for the tomographic reconstruction of stress distributions within a plate. The initial elastic
anisotropy due to strong rolling leads to caustics for the SHO modes that prevent the use of certain range of
propagation directions in the tomographic inversion, whilst the velocity variations of ¢Sp and gAp modes
can be successfully used (as in the isotropic case) to map non-uniform stress distributions.
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1 Introduction between each pair of transmitters and receivers involved
in the tomographic reconstruction. The model itself was
developed from results obtained using a theoretical model
of acoustoelastic (AE) effects on guided waves [2]. It
should be noted that a recent review about AE on GW

has been published [3], to which interested readers are

Metal sheets produced in the steel and alu-
minium industry undergo rolling process, in which their
microstructure can be significantly changed, leading to
a certain anisotropy. In addition, residual stresses may

also be induced. If they reach significant values, these lat-
ter can cause problems, notably when cutting the sheet
metal during the industrial process of its use. It would be
useful to characterize residual stresses and to map them
non-destructively to enable a safer use of rolled sheets.
But stress characterization methods presently applied
industrially are generally local and mostly destructive.
In a previous study, we developed a guided wave (GW)
tomography method [1] for determining multiaxial resid-
ual stress maps. This tomography method was based
on a simple invertible model describing the variations
in velocity of the different guided modes resulting from
stresses, relative to propagation in a stress-free reference
state. These variations are integrated along all wave paths
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referred. In this review, several other contributions pub-
lished after ours [2] but of a similar nature are described
for modelling these effects.

In our previous works, both the tomographic inver-
sion and the theoretical forward model assumed that
the stress-free sheet, in its natural state, was elastically
isotropic. The objective of the present study is twofold:
(i) we want to extend the capabilities of the theoreti-
cal model to the case where the metal sheet is initially
anisotropic, in order to (ii) determine whether findings
made previously in the case of stress-free isotropic sheets
can be adapted to the case of sheets that are initially
anisotropic due to rolling.

The paper is organized as follows. The second section
describes different tools to attain our goals. A simple tool
for describing anisotropy due to rolling is first presented
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that is based on a single parameter to account for vary-
ing rolling force that can be easily varied for parametric
studies. Then, the extension of the model derived in our
previous work [2] is described. It takes into account the
combined effects of stress and rolling. It is specifically
applied to the computation of GW modes. Computed
GW modes are introduced in a field radiation model [4]
to compare predictions of the new model with those com-
puted with a finite element code [5] dealing with waves
in stressed media for validation. In the third section, a
parametric study is carried out with the proposed model
to determine whether and how the previous conclusions
concerning the feasibility of tomographic inversion for
mapping multiaxial residual stresses in a plate when the
reference stress-free state is isotropic also apply to rolled
sheets. Simple invertible formulas readily usable in tomo-
graphic inversion are obtained for the velocity variations
due to stress in a rolled plate relatively to the unstressed
rolled plate (for Lamb waves and with restrictions for
shear horizontal mode) similar to formulas previously
obtained in the isotropic case [1].

2 Theory of GW propagation in stressed,
rolled plate

This section aims to present a model for predicting
a modal solution for guided wave propagation in a plate
that is initially rolled and that undergoes stress. Residual
or applied stresses and rolling cause anisotropy, and these
phenomena combine. In order to adapt the guided wave
tomography method proposed for an initially isotropic
plate to the case of a rolled plate, it is essential to be
able to deal with these phenomena and their combina-
tion. First, simple formulae are presented (Sect. 2.1) that
are derived from a classical model for generating vari-
ous states of anisotropic elasticity of a medium struc-
tured by rolling. These states are easily varied by means
of a single parameter, easing further parametric studies.
Next (Sect. 2.2), the model combining acousto-elasticity
to deal with effect of stress on the initially anisotropic
medium is described and applied to GW modal computa-
tions. Elements of validation are shown in Section 2.3 by
means of comparison of results computed by the present
model with results predicted by a very different method
(time-dependent finite element method).

2.1 Simple description of anisotropy induced by rolling

Here, we present a simple method for describing the
elastic anisotropy of a sheet textured by rolling. The
effects of rolling on microstructures have been the sub-
ject of numerous studies over the past few decades. Inter-
ested readers are referred to a recent review [6] on this
subject: various models can be used to predict the effects
of the many parameters that influence the microstruc-
ture resulting from phenomena occurring during rolling
processes (of steel sheets in this study). Our aim here is

,
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Figure 1. Schematic diagram of the rolling process in which
the plate moves relative to axis 1.

to provide a simple description of the global anisotropic
elastic state (second-order elastic constants) of a sheet
resulting from a rolling process, as well as a realistic range
of variation for this state.

In many publications about the effects of texturing
on elastic constants, a polycrystalline medium is consid-
ered made of cubic monocrystal of constants CY;, C9,,
C3,. The Voigt procedure, which consists of calculating
the average of the elastic constants of a polycrystal is fol-
lowed: the preferred orientation of crystallites is described
by the orientation distribution coefficients Wi;,,, (ODC).
Assuming orthorhombic symmetry and considering the
axes defined as shown in Figure 1, axis 1 being the direc-
tion of advancement of the plate in the rolling process, the
nine independent orthorhombic constants are expressed
as functions of only three ODCs Wyg, Waoo and Wyyg.

Defining C° = CY; — CY, — 20Y,, the orthorhombic
constants are classically expressed by (see [7] for example)

1 6
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_ 5 ) _
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(1)
These expressions are fairly simple and methods for
inverting them and determining the three ODCs from
measured ultrasonic wave velocities have been extensively
studied.

Assuming for simplicity that the effects of rolling lead-
ing to thinning of the metal sheet exhibit higher sym-
metry, namely, transverse isotropy, only five indepen-
dent constants fully define the homogeneous medium at
the macroscale. Under this assumption, four relations
between C;; are taken into account

Cia = Cis, (2a)

Cag = Cia, (2b)

Css = Ceg, (2c)
Coy — C

Cuys = % (2d)

Introducing equations (2) into equations (1) and after
some algebra, two simple relations between the three
ODCs involved are obrained

V70

Waao = TWéLOOa (3a)

V10
Wazo = TW4OO' (3b)
Finally, substituting equations (3) into equations (1)
allows us to express the elastic constants of the trans-
versely isotropic medium constituting the laminated
plate. We get

1 128
Cp = CY, —20° ( - = 27T2W400> ,

4
5 105 (42)

1 1
Cog = C33 = C}; —2C° (5 - £ 27T2W400) , (4b)
1 128
Cra =Ci3=CPh+C° (5 ~ 105 27T2W400) ;o (4e)
o wf1l. 32 -,
Coz = Cfy +C° | - + ——V2r° Wi |, (4d)
5 105
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Table 1. Numerical values of cubic crystals Cf; [in GPa]

and C° taken for further computation, based on steel
properties in [8].
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Figure 2. Variations of the five stiffness constants defining
different transversely isotropic materials as functions of the
ODC Wygo.
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The sixth equation is redundant, as the first five
fully define the transverse isotropy. Anisotropy at the
macroscale is therefore described either by five indepen-
dent constants Cy1, Cos, Cia, Co3 and Cs; or by the
three constants CY;, CJ,, C, of the cubic single crys-
tal and one ODC, Wyqo. In Hirao and Ogi’s book [7],
a chapter, which includes many references to previous
and foundational works on elasticity of textured materi-
als, is devoted to texture monitoring. Equations (1) given
above are described exhaustively and the decreasing lin-
ear relationship between Wy and the average plastic
strain ratio 7 is examined. This ratio 7 can be related
to rolling parameters. The values of the elastic constants
Cp; of the cubic crystal as well as the value of C* taken
into account in what follows for the material considered
(steel) are given in Table 1.

We can now examine the (linear) variations of the
five independent coeflicients C;; as a function of Wyqo,
as shown in Figure 2. These values converge to three
distinct constants as Wygo approaches zero, which cor-
responds to elastic isotropy. Indeed, one of these three
constants depends on the other two.

Now, as an example of typical anisotropy induced by
rolling in a plate, we consider a 3-mm-thick steel plate
subjected to rolling associated with different values of
Wioo (low, mid and high). Figure 3 displays the energy
velocity of the three fundamental guided modes (below
the first cut-off frequency) by angular plots. Because of
symmetries, it is enough to display them in a quadrant
from 0° (along the axis 1 of rolling) to 90° (axis 2).
Modes are computed using our implementation of the
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semi-analytical finite element (SAFE) method [4] for
anisotropic plates.

For high rolling, leading to highest anisotropy, caus-
tics (inflection points of the velocity curve) appear in
Figure 3c for the SHy mode. Within a small angular range
between these caustics, in a given direction of energy, up
to three wavefronts appear. This is important to study
because the use of time-of-flight between emitters and
receivers to measure wave velocity variations is the basis
of the tomographic method we want to develop. Figure 4
shows how the angular range between two caustics for
the SHy mode varies with Wyoo. They appear for abso-
lute values of Wygo higher than 4.5 x 1073, This has been
computed at two different frequencies. The angular range
does not depend on frequency, and is roughly linearly
dependent on Wygo. As soon as rolling leads to these
values of Wyqp, it is not possible to determine a single
energy velocity for SHy waves within this angular range,
which must be excluded from any tomographic inversion
process. As a consequence, for strong rolling force, only
the two fundamental Lamb modes can be used safely for
inversion.

The present simple description is not a necessary step
for achieving our overall goal of stress characterization.
There exist many methods to obtain the five indepen-
dent elastic constants describing at a macroscale a trans-
versely isotropic medium. Here, it is only a simple way
of synthesizing various anisotropic unstressed media by
considering various values of a single parameter to ease
simulation studies.

2.2 Simple model of acoustoelastic effects in
anisotropic plates

Modelling waves whose propagation is affected by
acoustoelastic phenomena in a stressed medium is far
more complex than modelling waves propagating in an
elastic medium. In the most general case (with the weak-
est symmetries), 21 second-order independent elastic con-
stants (SOECs) are involved in linear elasticity theory,
whereas 21 SOECs plus 56 third-order independent con-
stants (TOECs) are involved in acoustoelastic theory.
This simple fact clearly shows that it is not feasible in
practice to develop a method for characterising stresses
based on the inversion of measurements using algorithms
relying on a precise theoretical description of wave prop-
agation in these most general media. It is therefore neces-
sary to formulate simplifying assumptions regarding the
symmetries of these phenomena, to model them using
a limited number of independent constants that can be
measured in practice.

Th simple description in the previous paragraph is an
example of such a simplification where the unstressed but
rolled plate, taken to be the natural state [2] is consid-
ered to be made of a homogeneous transversally isotropic
medium. Here, we follow a similar approach to model
phenomena associated with acoustoelasticity.

The idea consists mostly in re-using the previous theo-
retical work derived in [2], which resulted in the develop-
ments of a semi-analytical finite element (SAFE) method
to predict the GW modes propagating in an isotropic
plate submitted to multi-axial stresses. The overall the-
ory and its use for the development of GW solutions com-
puted by the acoustoelastic SAFE method (AE-SAFE in
what follows) are presented in details in this reference
and adopted here. The main formulae given in [2] and
the computer model implementing them are the bases of
the present work.

The assumptions made here consist in considering that
(i) the unstressed medium (taken to be the natural state)
is transversally isotropic with an axis of symmetry along
the rolling direction 1, requiring the knowledge of five
independent SOEC; (ii) locally, acoustoelastic effects are
described similarly as those that would take place in an
isotropic plate and are only dependent on the local direc-
tion of stress relatively to the propagation direction of
the GW. Therefore, as far as TOEC are concerned, only
three independent constants, the Murnaghan constants
[, m,n are required.

Finally, the only difference to combine acoustoelas-
ticity and anisotropy of the natural state is to replace
the simple expressions of the SOEC as functions of Lamé
coefficient by the actual values of the constants obtained
in the previous subsection. The various TOEC are other-
wise expressed as functions of the Murnaghan constants
l,m,n as

Cijklmn =2 (l —m+ %) 5ij6kl5mn
n
+2 (m - 5) (5ij-[klmn + 5kl-[mnij + 5mnI7,'jkl)

n
+ 5 (5ik1jlmn + 5ilekmn + 5jk-[ilmn + 5leikmn) )
(5a)
dikdji + dudjn
2

Standard developments of the SAFEM dealing with linear
elastodynamics use the symmetries of Cj;y;. Voigt nota-
tion is used to transform the 4th order stiffness tensor
into a 6 x 6 matrix of SOEC. Here, the equivalent stiff-
ness tensor C°? resulting from acoustoelasticity does not
possess these symmetries (as explained in [2]). To apply
the SAFE method in the presence of stress by accounting
for these lower symmetries, a 9 X 9 matrix can be defined.
The following notation is used (11 — 1, 22 — 2, 33 — 3,
23 -5 4,31 - 5,12 -6,32 - 7,13 — 8,21 — 9),
allowing to rewrite C°? (a sixth-order tensor) as a 9 x 9
matrix. In what follows, we show various 9 x 9 matrices
corresponding to different cases of interest for the present
study. The Murnaghan coefficients taken for steel in what
follows are given by Table 2.

For the unrolled unstressed plate, the 9 x 9 matrix
C¢ is easily obtained from the usual 6 x 6 C;; matrix of
an isotropic medium. All the symmetries are obvious and
the AE-SAFE formulation exactly reduces to the usual

Liji = (5b)
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Figure 3. Energy velocities of the three fundamental guided modes at a frequency of 100 kHz for three values of Waoo [(a) low,
(b) medium, (c) high], shown in the range [0°, 90°], 0° being the direction of rolling.
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Figure 4. Angular range, in which more than one wavefront
of SHp mode exist, corresponding to the range between the
two caustics, as a function of Wy, for two frequencies (100
or 500 kHz).

SAFE formulation for guided modes in isotropic plates.
The matrix is given by

291.4 113.8 113.8
113.8 291.4 113.8
113.8 291.4 291.4
88.8 88.8

88.8

88.8

88.8
88.8
88.8
88.8

88.8

88.8

88.8 88.8

Similarly, for the rolled (along axis 1, with Wy =
—4 x 1073) unstressed plate, the 9 x 9 matrix C? is eas-
ily obtained from the usual 6 x 6 C;; matrix of a trans-
versely isotropic plate. Again, the AE-SAFE formulation
is equivalent to the usual SAFE formulation for guided

modes in transversely isotropic plates. The matrix is now
written as:

309.9 104.5 104.5
104.5 298.3 116.1
104.5 116.1 298.3

91.1 91.1
79.5 79.5
79.5 79.5
79.5

79.5

91.1

79.5
79.5

79.5

Now, for an initially isotropic (unrolled) plate subjected
to an axial stress along the axis 1 (0; = 500MPa),
the acousto-elastic effect results in the creation of an
anisotropy with a symmetry, slightly lower than that
resulting from rolling as modelled in this paper, as it
appears in the 9 x 9 matrix C*®? given by

285.9 113.2 113.2

113.2 295.0 115.7

113.2 115.7 295.0

89.8
88.6

89.5
89.9
88.3
89.5
88.3

88.6
89.8
88.6
88.6

88.9

Similarly, for the same initially isotropic (unrolled) plate
subjected to an axial stress but this time along the axis 2
(o2 = 500 MPa), the 9 x 9 matrix C¢? is easily obtained
from the previous one by a simple rotation. The values of
Ce? (after rotation) are identical. It is given by
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Table 2. Murnaghan coefficients for the steel considered
in the computations of the present paper.

l (GPa)
—750

m (GPa)
—999

n (GPa)
—1050

295.0 113.2 115.7
113.2 285.9 113.2
115.7 113.2 295.0
88.3
89.9
88.9
88.9
89.5
88.3

88.6
89.8
88.6
88.6
89.9
88.6

Now, for the rolled (along axis 1) and stressed (along the
same axis o1 = 500 MPa) plate, the symmetries combine
easily and the overall symmetry of C¢ is similar to that
observed for the unrolled but stressed (along axis 1) case,
but with different values due to the natural anisotropy.
We get

304.7 104.0 104.0
104.0 301.9 118.0
104.0 118.0 301.9
91.8
79.7
79.0
91.8
79.0
79.7

92.1
79.3
79.3
92.1

79.3
79.3

Eventually, the 9 x 9 matrix C®? for the rolled (along axis
1) and stressed (along the axis 2 oo = 500 MPa) plate
does not exhibit anymore the same symmetry as before,
as expected. In that case, we get

313.4 104.0 106.5
104.0 293.0 115.6
106.5 115.6 301.9
90.7
80.3
79.7
91.3
80.3
79.0

90.9
80.6
79.3
90.9
80.6
79.3

Before using the developed model to conduct a paramet-
ric study, we will first provide in the next subsection some
elements to demonstrate its validity.

2.3 Elements of validation

In this sub-section, our aim is to give elements of
validation of the modal GW solution described in the

0 10 20 30 40 50 000 005 010 015 0.20
time [us] frequency [MHz]
Figure 5. Time-dependency and associated spectrum of the
excitation centred on 0.1 MHz used in the validations.

previous subsection for a stressed and rolled plate. In
another work, we developed a modal GW field radiation
model [4] accounting for transducer diffraction effects. It
is based upon the use of GW modal solutions, which
can be computed by whatever means and an approxi-
mate theory (pencil method) to predict Green’s dyadic
linking a point source of surface stress to the particle dis-
placement at an observation point. A simple numerical
integration over the sources allows the prediction of the
radiated field. This model can use a GW modal solution
provided by our AE-SAFE model of GW in rolled and
stressed plate. These solutions being obtained for a har-
monic excitation, predicting time-dependent field is made
possible by Fourier synthesis of these solutions over the
source bandwidth.

In parallel with the developments described herein,
a time-domain finite element method has recently been
developed by co-workers [5] to take into account an arbi-
trary hyperelastic potential in an elastodynamic compu-
tation. It can consider various sources of waves. Here, it
is used to validate the present model by comparing the
predicted waveforms computed by both methods.

The two computational approaches, the modal GW
radiation approximate model using modes computed by
the AE-SAFE method followed by Fourier synthesis in
the one hand, the time-domain FE solution accounting for
hyperelastic potential in the other hand, imply very differ-
ent computations by essence. Comparing their predictions
based upon exactly the same input data (material SOEC
and TOEC, plate thickness, transducer size, behaviour
and excitation) constitutes an efficient way of validation.
A few results are given here (among many that are not
shown herein for conciseness). A similar approach was
used by two of the present authors to validate the modal
GW radiation model for an unstressed anisotropic plate
[4]. Note that an experimental validation is in prepara-
tion for a plate that has been characterized in its nominal
state to which controlled stress has been applied.

Here, a 10-mm-diam circular source of normal stress
is considered excited by a signal shown on Figure 5.
On Figure 6, the u; component of the particle displace-
ment predicted at two different points at the surface of
the plate, in direction 1 (# = 0°) and in direction 2
(0 =90°) 350mm away from the source centre is shown.
Results predicted by both methods are superimposed,
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Figure 6. Time-dependent u; component of the particle
displacement computed by both methods of prediction are
shown at two points at the top surface of the rolled plate
(Wa0o = —4.0 x 10_3) subjected to an uniform axial stress of
500 MPa along 1. Top: point 350 mm away from the centre of
the source along the axis 1. Bottom: same as top, but along
the axis 2. Results predicted by the model described in this
paper perfectly superimpose with those predicted by the FE
method as the time-traces are not discernible.

without scaling. In both cases, waveforms predicted by
the two methods superimpose, so much so that it is almost
impossible to see there are actually two results for each
time-trace shown. The first arriving contribution (around
80 us) corresponds to the arrival of the ¢Sy mode and the
second (around 150 ps) corresponds to the arrival of the
qAp mode. For this excitation, it appears that the gAg
mode is more dispersive than the ¢Sy one. Similar perfect
superimpositions were observed for various values of the
parameters Wy, various values and direction of applied
stress and various components of the displacement field.

3 Results

Now that we have a validated simplified model to
predict GW modes in a rolled and stressed plate, we
can study in details the differences in their behaviour as
compared to what was studied before when the natural
unstressed state of the plate was modelled as an isotropic
medium [1, 2]. As the final goal is the development of a
GW tomographic method to reconstruct maps of stresses

based onto the inversion of measured time-of-flights vari-
ations associated with energy velocity variations along
different wavepaths [1], the quantity of interest is the vari-
ation, in all possible directions of propagation, of energy
velocities of the various modes due to stress relative to
those in the unstressed plate. The idea is also to inves-
tigate whether, for an initially anisotropic plate, we can
draw conclusions similar to those we reached in the case
of an initially isotropic plate.

3.1 Parametric studies at one given frequency

In this subsection, the analysis focuses on a specific
frequency of 100 kHz. Group velocity variations (percent-
age) are examined under three distinct scenarios. The first
illustrated by Figure 7 shows the influence of texture. It
presents the velocity variation of the fundamental modes
in a textured medium (Wygp = —4.0x 1073) relative to an
isotropic medium, as a function of the energy direction.
The second case (Fig. 8) highlights the effect of stress. It
describes the velocity variation induced by the acoustoe-
lastic effect due to a given load (o7 = 500 MPa), again
relative to an isotropic state. In the case considered of
a steel plate, anisotropy due to rolling leads to higher
variations than that due to stress. The results obtained
for similar calculations but involving an aluminium plate
(not presented in this article) show that these two types
of induced anisotropy are quantitatively more compara-
ble: texturing results in lower anisotropy, whereas stress
results in higher anisotropy. Finally, the last case (Fig. 9)
evaluates this same stress-induced variation, but within
a textured medium. The specific effect of stress is iso-
lated by subtracting the influence of the texture. It can
be seen that the variations in group velocity are very sim-
ilar between the isotropic and anisotropic cases for the
fundamental Lamb modes Ay and Sy. However, this is no
longer true for the SHy mode. Even though, for the value
considered (Wypp = —4.0 x 1073), there are no caustics,
the variations in group velocity around the 45° angle (and
by symmetry around 135°) are strong enough to cause a
perturbation that cannot simply be subtracted in order
to highlight the effects of stress alone. The coupling of
the two effects is not simply additive.

These initial results are essential for achieving our
objective of characterising the stresses through the appli-
cation of a more advanced inversion, as they demonstrate
that the complex interaction between lamination and the
effects of stresses on wave propagation can be decou-
pled from the effects of texture (by subtraction), at least
for the two fundamental Lamb modes. Consequently, it
should be straightforward to use these modes in an inver-
sion process similar to that implemented in our previous
study with an isotropic natural state.

3.2 Parametric studies for various frequencies

The results presented in this subsection generalise
those obtained in the previous one by examining how



8 F. Agon et al.: Acta Acustica 2026, 10, 61

1.0 g
5
[-5.7;5,9] %
05 4 4
C) > . 0, >
S 32 -1.0;5.1]1 % s
3 A0 i%g [-1.0;5.1] £ oSHO
-0.5
1 -2
-1.0 . o L -4
[-1.4;0.9] %
1 {
0 15 30 45 60 75 90 105 120 135 150 165 180 0 15 30 45 60 75 90 105 120 135 150 165 180 0 15 30 45 60 75 90 105 120 135 150 165 180
Energy direction [°] Energy direction [°] Energy direction [°]
Figure 7. Anisotropy induced due to rolling (Wioo = —4 X 10_3). The variations in terms of group velocity are estimated

relatively to the isotropic plate before rolling.

0.4 0.05 [-0.28;-0.07] %
o 0.2- 0.00
— 02 § 0.0 Q\T -0.05-
= o = oy o -0.10
a oo AO 3 04 SO 3 015 e
0.2 o ~020
[-0.33;0.65] % 08 [-0.9;0.5] % 025

0 15 30 45 60 75 90 105 120 135 150 165 180

Energy direction [°]

0 15 30 45 60 75 90 105 120 135 150 165 180
Energy direction [°]

0 15 30 45 60 75 90 105120 135 150 165 180
Energy direction [°]

Figure 8. Anisotropy induced by a stressed state (o1 = 500 MPa). The variations in terms of group velocity are estimated

relatively to the isotropic, unconstrained plate.

0.6 0.4
0.2
. 04 .
= = 00
S 02 A0 S _o2!
< 4
0.0 -0.4 S0
-0.6
~02| [-0,25;0.67] % os

0 15 30 45 60 75 90 105 120 135 150 165 180

Energy direction [°]

[-0.8;0.5] %
0 15 30 45 60 75 90 105120 135 150 165 180

Energy direction [°]

0.1

[-0.35;0.15] %

0.0

g‘ -01/SHO

=0:21

(%]

~0.3
0 15 30 45 60 75 90 105 120 135 150 165 180

Energy direction [°]
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rolled plate.

energy velocity variations evolve as functions of the fre-
quency. This is an important consideration, as the appli-
cation of the tomographic reconstruction method involves
time-of-flight measurements; this means that the excita-
tion signal must have a certain bandwidth so that the
time difference between the arrival of a given signal and
that of a reference signal can be easily measured, which
is impossible with continuous-wave excitation. Here, the
So mode is considered in a wide bandwidth below the
first cut-off frequency. Four results are shown and fully
described in the figure caption of Figure 10. Results were
obtained for the same set of parameters as before. The
result important here is that one shown on the right col-
umn for the bottom row. This is the frequency-dependent
generalization of that shown on Figure 9. The combined
effect of rolling and stress, after simple subtraction of
rolling effect, are very similar to what is obtained for
stress effect in an isotropic (unrolled) plate, whatever
the frequency considered. Similar results were obtained
for the Ay mode. Therefore, the use of these two modes
excited by a pulse having a certain bandwidth can be con-

sidered as it was done in our previous studies on plates
with isotropic natural state.

3.3 Obtaining of invertible functions usable in
tomography

As shown in the previous subsection, once the effects
of natural anisotropic state have been simply subtracted
from the results obtained for a rolled and stressed plate,
the variations of energy velocity in all directions are
almost the same as those obtained in our previous study
[2], which considered an isotropic natural state. This is
true for Lamb waves below the first cut-off frequency. This
was also verified for the shear horizontal mode but only
for low absolute value of Wyqq. Therefore, when such simi-
lar behaviour is observed, developing an inversion method
in the present case of a (anisotropic) rolled plate can be
done as it was done previously when the natural state is
isotropic [1].
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For this, it is necessary to describe the variations of
energy velocity with the energy velocity direction as sim-
ple functions that are invertible. Following our previous
study, it can be seen that a typical approximation of these
variations Av™ can be written as follows if one consid-
ers that the directions 1 (rolling) and 2 are the principal
direction of stress:

A =AM (f) (01 + 02) + BY(f) cos (23) (01 — 02) (6)

where o1 and o9 are the in-plane stresses, 3 is the direc-
tion of energy velocity, and where AM(f) and BM(f)
are two coefficients dependent on frequency specific to
the mode M considered. Figure 11 shows how a simu-
lated variation of energy velocity with direction is approx-
imated by such a function. The curve is that for the Ag
mode at 100kHz in the same rolled plate as before that
is subjected to a stress o1 of 500 MPa. The function that
fits the simulated results is simple as it only implies the
prior determination of two frequency-dependent coeffi-
cients; it leads to simple inversion of wavespeed variation
measurements.

Next results in Figure 12 show how the coefficients
AM(f) and BM(f) vary with frequency. They are given
for the two fundamental Lamb modes. On each figure,
the coefficients in solid lines (resp., in dashed lines)
are predicted for a plate of isotropic (resp., transversely
isotropic) natural state.
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Group velocity direction [°]

Figure 11. Example of fit of energy velocity variations with a
simple invertible function as given by equation (6). Here, the
Ap mode is considered in the same rolled and stressed plate
as the one considered in the previous subsection.

The frequency dependence of each coefficient is spe-
cific to the mode under consideration. Regardless of the
symmetry of the natural modes, the variations follow sim-
ilar patterns. However, they must be accurately deter-
mined to ensure precise inversions, as they clearly depend
on the sheet’s intrinsic anisotropy. This shows that
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(i) the effects of lamination (structuring) and stress do
not simply add together, but combine in a complex man-
ner, yet (ii) subtracting the effect of lamination from the
combination of the two effects is sufficient to characterise
the stresses through the acoustoelastic effect they have
on guided waves.

Once this has been demonstrated, it becomes possible
to go further and to use these invertible fitted functions
in a tomographic inversion algorithm as this has been
successfully done in [1].

4 Conclusion

In this study, we have developed a theoretical model
capable of predicting the propagation of guided waves
in plates subjected to both multiaxial stresses and ini-
tial anisotropy induced by rolling, by extending a recent
model in which only stresses were taken into account [1].
It combines a semi-analytical finite element method (AE-
SAFE) with simplified descriptions of texture and acous-
toelasticity. It has been validated by comparing its pre-
dictions with those calculated using a time-domain finite
element code.

Extensive parametric studies have shown that the
combined effects of rolling and stresses on guided wave
velocity can be effectively separated in certain cases of
interest. For the fundamental Lamb modes (A4g and Sp),
the initial anisotropy due to rolling can be subtracted
from the global velocity variations. However, the cor-
rect use of these Lamb modes for tomographic inver-
sion requires the prior determination of acoustoelastic
coefficients, which depend on the natural state anisotropy.

Conversely, the horizontal shear mode (SHy) requires
greater caution, particularly in cases of high anisotropy
associated with strong rolling. For this mode, the for-
mation of caustics makes it impossible or imprecise to
measure a single velocity within a specific range of prop-
agation directions. This means that these angular ranges

must be systematically excluded from the tomographic
inversion process.

These results have therefore made it possible to deter-
mine when and how the tomographic inversion method
— initially developed for isotropic natural states — can be
applied to mapping non-uniform distributions of residual
stresses in rolled sheets.

Overall, these theoretical and numerical results pave
the way for a more reliable and non-destructive char-
acterisation of residual stresses in an industrial set-
ting. Future work will focus on the experimental vali-
dation of this methodology on rolled sheets subjected
to controlled stresses, ultimately leading to the practi-
cal implementation of a tomographic method for stress
reconstruction.
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